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PREFACE TO THE ENGLISH EDITION 


As any author I am glad to see my book appear in English, a language 
accessible to all physicists nowadays. However, it is hardly necessary to 
wirte a special preface to say this or to mention that in the English edition 
a number of errors have been corrected. The idea that such a preface might be 
necessary arose when I received from Professor ter Haar the preliminary list 
of references for the English edition and noticed the large number of 
references to Ginzburg. Of course, the same references also appear in the 
Russian edition, but there they do not appear together in one lot, and are 
also not so obvious in the text. The reason is that in the Russian edition, 
as is the usage with us, references are indicated by a number, without mention- 
ing the name of the authors. As a result my name never appears in the text, 
while in the English translation one meets it very often! Such a situation is 
unusual for a book meant for students or, at any rate, one which is not a mono- 
graph, and it may cause some unpleasant observations. I want therefore to add 
the following to what I said in the preface to the Russian edition. I am, in 
general, not a teacher and I do not like to lecture, especially not when the 
same material mist be presented more than once. At the same time, for the 
first time lectures one needs a large amount of preparation. In such a situa- 
tion and if I have the possibility to choose the subject of the lectures 
completely freely I have given some lectures just once; the present book was 
written in preparing such a course. When choosing the material and wishing to 
share with my audience or my readers what appeared to me to be interesting and 
important I widely used my own papers and review articles. Of course, the 
result was a very one-sided picture. However, as there was no pretension of 
priority claims to that I had chosen the most interesting problems, there was 
hardly any reason for reproaching me of immodesty. A different question is 
whether the book is useful and deserving attention, that that is, of course, 


up to the reader to decide. 


In conclusion I use this possibility to express my warmest thanks to Professor 
ter Haar for undertaking the arduous task of translation and also for a number 
of helpful remarks. 

Moscow, April, 1978 V.L. Ginzburg 


PREFACE TO THE RUSSIAN EDITION 


There are many textbooks of theoretical physics among which the many- 
volume work of Landau and Lifshitz is the best known and most outstanding. It 
is impossible, however, to deal with all problems in such a course. Moreover, 
even the problems which are considered can usually not be looked at from dif- 
ferent points of view. At the same time, depending on their peculiar abilities, 
the nature of their training, natural inclinations, and so on, different people 


often prefer different approaches, arguments, examples, and proofs. 


A natural possibility to satisfy an existing need is, clearly, to publish dif- 
ferent textbooks and, in particular, different supplementary textbooks which 
are devoted to separate problems, aspects, and methods rather than to a syste- 
matic exposition of a topic. Such supplementary texts differ in principle 
from the systematic ones in that the choice of material to a large extent is 
not predetermined. One can say the same about the style and nature of the 
exposition whereas in a systematic textbook one must impose very rigid restric- 
tions with respect to conciseness, content of technical methods, unified 
notation, and so on. The present book is just such a supplementary text which 
is devoted to a few problems in theoretical physics and astrophysics. From 
the table of contents it is immediately clear, but we may also state it that, 
in general, we are dealing with problems which are in one way or other connec~ 


ted with electrodynamics. 


In order not to violate this trend, even though it was not rigorously expressed, 
we left outside the limits of the book a number of problems of the general 
theory of relativity and of statistical physics which, in the opinion of the 


author, also should be the subject of supplementary courses of a similar kind. 


The basis of the exposition was a lecture course for students in the physics 
and astrophysics departments of the Moscow Physico-Technical Institute. These 
lectures were not meant to replace a systematic course and had just the charac- 
ter of ‘capita selecta’ taking into account the interests of the department and 


not least the interests and capabilities of the author. Of course, we are not 
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saying that the problems which the author at a particular moment in the pasty 
was occupied with are more important or more interesting than many other ond 
It is simply the case that merely presenting 'more or lese moved by the spit! 
material with which he is well familiar, the author may perhaps hope to supp 


ment existing texts and monographs without checking whether he is rewriting of’ 


to some extent duplicating them. 


As to the nature of the exposition one should note that we are dealing here 
not with lectures which are written out but with a special text specially pre- 
pared for these lectures, in which rather often we have also included material 
which is not very suitable and in fact was not used for the lectures themselves 
(that is, for the oral presentation). In this respect the book is in style 
close to a monograph or a review article which finds reflection also in the 
rather large number of references to the literature. As amongst those there 
is a large number of references to work by the author, we emphasize that this, 
like the choice of material, is completely unconnected with any pretentions, 
but caused by the tendency, already mentioned, to touch only upon very familiar 
problems which were dealt with in detail in the papers referred to; moreover, 


a whole number of such papers were used directly in the text. 


We note, finally, that the book is definitely not intended for people with a 
mathematical inclination — such as ‘pure’ theoretical physicists. The excep- 
tionally large role played by mathematics in theoretical physics is completely 
unqueStionable and natural, but aiming at mathematical generality and rigour 
is by far not always justified — one must pay for this. It is generally known, 
in particular, that most new physical results have been obtained by relatively 
simple means while the ‘mathematization'’ occurred only in the later stages. At 
any rate, physics, and not mathematics is the main point of theoretical physics. 
An exposition of theoretical problem with a ‘general physics’ bias is at least 


as permissible as the nowadays more widely propagated tendency to mathematical 
perfection. 


One may hope that this book will turn out to be useful for graduate students 


and also for post-doctoral and research workers. 


In conclusion I use this opportunity to thank all who read the manuscript or 


parts of it and whose remarks contributed to improvements in the text. 


Moscow, July, 1974 V.L. Ginzburg 


Chapter I 


THE HAMILTONIAN APPROACH 
TO ELECTRODYNAMICS 


The Hamiltonian method in classical electrodynamics in vacuo. 
Quantization. Photons and pseudophotons. 
Does a uniform moving electron radiate? 

We shall in what follows widely apply the so-called Hamiltonian method 
for the interpretation of a whole range of electrodynamical problems. When we 
use this method electrodynamics is formulated in a way which is strongly remin- 
iscent of mechanics. The transition from classical to quantum mechanical elec- 
trodynamics is thus in the Hamiltonian framework completely analogous to the 
transition from classical, Newtonian mechanics to non-relativistic quantum 
mechanics. Nowadays much wore sophisticated methods are predominant in quantum 
electrodynamics and in general in quantum field theory and there are strong 
arguments for using them. However, the use of the Hamiltonian method is still 
completely justified for the elucidation of a large number of physical aspects; 
this is, for instance, also done by Heitler (1947) in his book. Moreover, we 


shall in what follows apply the Hamiltonian method mainly to classical electro- 
dynamics, both in vacuo and in a medium. 
Before introducing the Hamiltonian method we shall give the main equations and 


relations and we shall do that in considerable detail for future convenience. 


t 


The usual form of the Maxwell equations in vacuo is: 


(1.1) 


Q 
= 
sa | 
j= 
mm 
n 

( 

} 


divH=0., 


Here H is the magnetic field strength, E the electrical field strength, p the 
charge density, v the velocity of the charges, and c the velocity of light in 
vacuo, We assume for the sake of simplicity that there is a single point 


charge e , at position f;(t), in the electromagnetic field. In that case 


Se 


T We use everywhere in this book cgas units. 


2 THEORETICAL PHYSICS AND ASTROPHYSICS 
the charge density ia given by a 6-function 

p=eS(r-r. (t)) . (1.2) 
It is well known that Eqs.(1.1) can be reduced to the equations for the elec~ 


tromagnetic potentials A and $ which are connected with the fields E and 


H by the relations 


1 3A 
E=- 23,7 grad $ » HM=curl A. (1.3) 


The third and fourth of Eqs.(1.1) are automatically satisfied by virtue of 


(1.3), as can be verified by substitution. 


From the first and second of Eqs.(I.1) we get, using (1.3) and the identity 


curl curlA = - V*A+ grad divA , (1.4) 


equations for the potentials A and 6: 


1 3°A i _ an 
V-A eS a2 - grad (i 38, divA)ax ON, 
V*o +i 2 diva =- 4np (1.5) 


The set of Eqs.(1.5) determines the potentials A and 9. The fields E and H 
can be found using Eqs. (1.3) 


It is well known that the vector potential A and the scalar potential 9 are 


not uniquely determined. Indeed, we can change to new potentials: 


t 


A’ =A+grady , 6 =o- : (1.6) 


I 
c 
where X is an arbitrary function of the coordinates and the time. This is 
called a gauge transformation. One can easily show that the fields E and H 
do not change under a gauge transformation. They can be expressed in terms of 
A’ and $’ just as well as in terms of A and $; one can verify this by sub- 


stituting (1.6) into (1.3). 


The fact that the definition of the potentials is not unique enables us to 
impose Upon A and @¢ an additional condition. This condition can be chosen in 


such a way that the form of Eqs.(1.5) becomes as simple as possible. 
For instance, we can impose as such a condition the relation: 
; 1 do 
d + — = ‘ rs 
ivA rary 0 (1.7) 


This is a relativistically invariant condition which is called the Lorentz 


condition, and the resulting gauge is called the Lorentz gauge. It can be 
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written in the form 
ce =O, (1. 7a) 
ox 
where we have assumed summation over repeated indexes, as will be done every- 
where in what follows. We use here and elsewhere in this book (apart from 
Chapter 12) the notation of Landau and Lifshitz (1975). We refer to that text 
for the definition of four-vectors, for the difference between covariant and 


components and for the summation convention. 


One sees easily that if condition (1.7) is satisfied, the Maxwell equations 


take the following form: 


of =o 8" __ At 
DA = (9 - 2a)A = a ee 
1.8) 
= 2 1 9° ( 
o6 =(9 -4235)0 rah oes + 


One should not think that the condition (1.7) and the set of Eqs.(1.8) deter- 
mine Aand $ completely. We can still perform a gauge transformation of the 
form (1.6), where in the present case X must satisfy the homogeneous equation 


Ox= 0. The fields E and W remain invariant under the transformation. 


Splitting the field into longitudinal and transverse components is important, 
especially in the Hamiltonian framework. We split the vectors E and H into 


components 
E=~E +€E H-H (1.9) 


where divE,; = 0 and, by virtue of (1.1), div, =divH = 0. 


We demand that the vector potential A describe only the transverse field; this 
means that we impose on it the condition 

divA=0, (1.10) 
instead of the additional condition (1.7). Sometimes the potential which 


satisfies the condition (1.10) is denoted by A,,. 


If condition (1.10) is satisfied, the Eqs.(1.5) for A and » take the form 


2 
va - 7 2 =-Move = grad 3 . (1.12) 


We see that we have obtained the ‘static’ Poisson equation for the potential 
If p is the charge density (1.2) of a point charge, the solution is the well 


known one: 
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6° For eIT (1,13) 
where r s(t) is the position of the charge at time t. The vector potential 
A now describes only the transverse field. The gauge (1.10) ie called the 
Coulomb gauge’. The potentials A and @ are here determined apart from a 


gauge function x(",t) which satisfies the condition Vy «<0. 


We now evaluate the energy of the electromagnetic field, 


w= [PE ax (1.14) 
We substitute here the expressions for the fielde E and Hin the form (1.9); 


it is clear that in the case of the Coulomb gauge (1.10) we have 


Er * "SOE > E, =~ grado. (1.15) 


Substituting (1.9) and (1.15) into (1.14) we get 


Poe 2 ge Come om | 243 x| F 3 
H ae [ei +4 )d reo | Ed’r + i (E. E,)d r. 


One shows easily that for a closed system, when the field ‘at infinity’ vanishes, 
the last integral equals zero. The total energy of the electromagnetic field 
is thus the sum of the energies of the transverse and of the longitudinal 
fields. 


If there are several point charges in the field, the energy of the longitudi- 


nal field is simply the energy of the Coulomb interaction between the charges, 
that is, 


e.e, 
_ J f p2gtp wt »: i 
Me =o | e2a°r 5 a) : (1.16) 
1L,J 


The self energy of the point charges is infinite and is here, of course, neg- 
lected. It is important to note that the longitudinal part of the electromag~ 
netic field is not quantized. Only the transverse field is quantized (see 


Heitler 1947 and the discussion later in this chapter). 


tlt is obvious that it is possible to introduce the Coulomb gauge — and to use 
Eqs.(1.11) and (1.12) which are connected with it. It is therefore rather 
interesting that as long as thirty years ago when classical electrodynamics 
was already fully ’grown-up’ the Hamiltonian method wae usually developed on 
the basis of Eq.(1.8), although it led to complications (see, for instance, 
the first edition of Heitler's book — the best one for its time — which ap- 
peared in 1936); another indication of the unpopularity of the Coulomb gauge 
in the past can be seen from the fact that a paper devoted to that gauge was 
published as late as 1939 (Ginzburg, 1939c). 
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As the energy of the field of a point charge is infinite, one is often led to 
assume — at least in an intermediate stage — that the charge is ‘smeared out’ 
over a region of radius ro- In that case ary ~ e*/r,. The electrostatic 
(classical) electron radius, defined by the relation r,=e'/mce*, where e and 
m are the observed electron charge and mass, is equal to r,#2.8™% 107? cm. 
We shall not be concerned here with the problems connected with the electro- 
magnetic mass of the electron — or of other particles — or whether it is a 


point charge, and so on. 


Proceeding now along the path which will lead to the Hamiltonian formalism for 
electrodynamics we expand the vector potential A of the transverse electro- 


magnetic field in a Fourier series, 


A(r,t) = ao 4te e, exp i(k, +r} ‘ (1.17) 
Xr 
The numerical coefficient /4tc is a normalization factor. The polarization 
vector @, is a unit vector, that is, ey = 1; for the sake of simplicity we 


assume here and henceforth that the vectors e, are real. In order that we 
may apply the expansion (!.!7) we must imagine the electromagnetic field to be 
enclosed in a large, cubic ‘'box'. One can verify that the dimensions of this 
"box' do not enter in any of the expressions for physically observable quanti- 
ties. We shall therefore everywhere put the size of this ‘box' to be equal to 


unity: 


The vector potential A is a real quantity; it therefore follows from the 
expansion (1.17) that 4) = 43 . As the field is transverse, (e,*k,) = 0, that 
is, the polarization vector of the harmonic with number A of the potential 

is at right angles to the wavevector k, of this harmonic. To each direction 
of kK) there correspond two vectors 6). We should therefore introduce one 
More index which can take two values, or, in other words, distinguish the vec-— 
tors 85, and e,,° We shall not do this in what follows, in order to simplify 
the notation, but we shall sum over the polarizations, when necessary, in the 


final expressions; we shall assume in those cases that (e,, -e,)) = 0. 


We can realize also a different expansion of the vector potential, namely, 
A = ). 4); A. ’ (1,18) 
rA,i 


where the index i can take on only the values ! and 2, while 
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A, = Yenc e, cos(k, er) : A, - Y8rce ,sin(k,:r) ‘ (1.19) 


One sees easily that the functions A, and A,, in which we have expanded in 


(1.18), are mutually orthogonal, that is, 


@e 3 = 2 
Ja, A.) d3r = 4c oe ; (1.20) 


where the integral is over the volume of the ‘box'. 


We assume the field to be enclosed in a 'box' with specularly reflecting walls; 
the components of the wavevector k, must thus be integral multiples of the 


quantity 2n/L, where L is the linear size of the ‘box', that is 
r L x? Loy” L223" 


nL» oo are here integers; the summation in (1.18) is over a hemisphere of 
the directions of ky. Apparently, what we have just said contradicts the ear- 
lier statement that the size L of the ‘'box' is unimportant and can be put 
equal to |. However, one can easily check that there is here no contradic- 
tion: for sufficiently large values of L this quantity does not occur in the 


final results. 


It is clear from (1.18) that the transverse electromagnetic field is completely 
determined, if we give the set of quantities q,,; 6t)- The quantities Gy; 6t) 
form a denumerable infinite set. The field is thus through (!.8) represented 


as a system of an infinite, though denumerable, number of degrees of freedom. 


Let us see how one can express the energy of the electromagnetic field in terms 
of the quantities q,; 6t) which we can properly call the field coordinates. 


We are interested in the energy 
—~ {_tr qs 
¥ = [a (1.21) 


If A is given in the form (1.18), we can use Eqs.(1.3) and (1.15) to deter- 


mine the fields one and H; we can square them and substitute them into the 
integral (1.21). We then get 


aa 2 gat a2 
Mer 72 2, (Pi, rok a; ) cst? 
m1 


We have introduced here the notation 


Pit 44y > wre ; (1.23) 


where the dot indicates differentiation with respect to the time. In deriving 


Eq.(1.22) we used the orthogonality condition (1.20). 
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Rach term in the sum (1.22) is the energy of a classical oscillator of frequency 
Wy « Therefore, (1.22) is the sum of the energies of separate oscillators, which 


we call the field oscillators. 


If all 4,,(t) in (1.18) are known, we can determine the energy of the trans~ 


verse electromagnetic field. The problem is thus reduced to the determination 


of the 9); (t). 


To find the equations for the qd y3 St) we substitute the expansion (1.18) into 
Eq.(1.12) for the transverse vector potential. Multiplying both sides of the 
resulting equation by A); and integrating over the volume of the "box' we get 
the following equations for the dy, (t): 
1 
ee 2 e cos(k,¢r (t)) ; 
Tag 7 PATaL = <(v ges (t))) Sey AMG ye) etal or (t)) ee 
x e 


This is the equation for an oscillator when there is an exciting force present; 


for i=1 we choose cos(k,*r) and for i =2: sin(k,¢r). 


We derived Eq.(!.24) in the assumption that there was a single point charge 
(electron with charge e; see (1.2)) moving with a velocity v(t) present in 


the field. The generalization to the case of several charges is obvious. 


All relations considered here can be written completely analogously to the 


Hamiltonian equations of classical mechanics: 


. 98(p,q) . 9 BCp,q) ; 
pe- 22d |g. Ae (1.25) 


where }(p,q) is the Hamiltonian function of the mechanical system, and q 


and p are, respectively, the generalized coordinates and momenta. 


Our problem now is to find such a function W(p,594);) that we can obtain equa- 


tions of motion such as (1.25) from it. It ia clear that Eqs.(1.24) for the 


for the case of a free field — a field without charges — that is, the 


45 
equations 
eo 2 me 
4; + 43 Oo, (1.26) 
can be written in Hamiltonian form, if 
] 2 ey J 
memes) (rh: * ahi) eee 


a,i 


where } is the energy of the transverse electromagnetic field (1.22). 
tr 


Indeed, from (1.25) and (1.27) we get 
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: Q 2 5 = _on = 
Phi “7 3q,, AAG? TAG Spy” Pad? (1.28) 
1 2 
which is the same as (1.26). 


The series (1.18) with the q). determined from (1.26) is a sum of plane elec- 
tromagnetic waves propagating with the speed of light. Indeed, it follows from 


(1,26) that q),=C,coswt+C,coswt, where w=w,. Moreover, wi 


nook} (see 
(1.23)) and the field thus changes as cos{w,[t-(s,*r)/c]} or sin{w, [t-(s,*n)/cl}, 
where s,=k,/k) , sy}<l. When there are no charges the field thus consiste of 
plane waves moving with the velocity of light; this result is, of course, al- 


ready clear from the original equations. 


If the classical Hamiltonian of the electromagnetic field without charges in 
vacuo is the field energy, when there are charges present we must now take the 
interaction of them with the field into account. It is well known that in the 
non-relativistic case the energy of a charge in the field has the form (see, 
e.g., ter Haar, 1971) : 

H = 3 (p-£a) +e. (1.29) 


e 


The total Hamiltonian for the system of the electromagnetic field + charged 
particles is thus equal to the sum of expressions (1.27) and (1.29): 


2 
= 5(p-EAC.)) + e0(t,) +H (1-30) 


where r, is the position of the charged particle (if there are several parti- 


cles, i is the sum of expressions such as (1.29); we shal] eometimes in what 
follows drop the index i of re). 


Using this Hamiltonian (in actual fact we have spoken so far all the time about 


a classical Hamiltonian) and (1.25) we get the following set of equations 
5. m= Wye picid aS Als 5 
Ba 7 gt ae(LP- SA} Aas)» Qype ray - 


This set can be reduced to Eq.(1.24). Indeed, as the quantity -¢ = dN ap = 


[p-(eA/c)]/m is simply the particle velocity v =f we are led to the equa- 


tion we have already derived earlier. We can algo obtain the equation of 


motion for the particle in the field from the Hamiltonian (1.30); differen- 
tiating HW with respect to r we find 


: ox ] ; 
p a e{E++ty sWi}+£A, (1.31) 
We thus get from Eq.(1.30) for the Hamiltonian both the equation of motion for 
the field oscillators and the equation of motion for the charged particles. 
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We have here considered everything in the non-relativistic Spptoutmacion’ in 
order to use the fact that non-relativistic mechanics and non-relativistic 
quantum mechanics are go close in form. In the relativistic quantum theory of 
apin-} particles, where one uses the Dirac equation which does not have euch 


an obvious classical analogue, this similarity is lost to a certain degree. 


The transition from classical electrodynamics in a Hamiltonian form to quantum 
electrodynamics is accomplished in exactly the same way as the change from 
classical non-relativistic mechanics to quantum mechanics. In fact, the clas- 


sical Hamiltonian for a particle with momentum p and position fF , 


2 
x =F + eg(r), (1.32) 
is replaced by the Hamiltonian operator, or simply, the Hamiltonian 
a a2 
ay 
HoT teo, (1.33) 
where p is the operator of the particle momentum which satisfies the commuta- 
tion relations (Ff = {x3}, j=i1,2,3; note that there is no summation over j 
here) 
K,oXK.p. 2° if (1.34 
Paka oP , ) 


and is given by the expression 
p=- inv. (1.35) 


If the particle is in an electromagnetic field, p in (1.32) is replaced by 


p- (eA/c) and correspondingly p in (1.33) by 


a 


e e 
p re invV- <A . 


The state of the system is determined by the wavefunction ¥(r,t); the change 


of the wavefunction with time is described by the Schrodinger equation 


in2t = fy : (1.36) 


The wavefunctions of stationary states have the form 
¥ (>t) = exp(- iz t/n) yf) ; (1.37) 


where the v tr) are independent of t (n ia the number of the stationary 


State, or its quantum number). The square of the modulus of the wavefunction 
, 


of a stationary state, that is, the probability that a particle will be ob- 


Served in a given point in space, is independent of the time. Substituting 


Sn ne 8 


We are, of course, talking about the particles, as electrodynamics in vacuo 
» © : . 

(or from the quantum theoretical viewpoint the theory of spin-! particles 

with zero rest mass) is always a relativistic theory. 
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(1.37) into (1.36) and dividing by exp(-iE,t/h) we have 
Hy) ebvtn . (1.38) 
Let us consider a one-dimensional harmonic oscillator with unit mass. It is 
well known that the Hamiltonian of such an oscillator has the form 
H=$6% +)hwiq’ , (1.39) 
where q=q is the coordinate and w, the angular frequency of the oscillator, 
The energy of the nth stationary state is equal to 


E = hwy (n+ $) : meSO- 5S Ze eas (1.39a) 


and the wavefunction has the form 
= a 2 
y (a) = © exp (-q°/2q5) H (a/q,) > (1.39b) 


where q, = Yh/w, , Hos) is a Hermite polynomial, and c. a normalization 
factor. In particular, 
l 2/5,2 
~o(q) = ed exp(-q°/2q)5) . (1.39c) 
(a,/n) 
The matrix elements of the coordinate, qian’? and of the momentun, Poanr? corres- 
ponding to transitions from a state with quantum number n to a state with 


quantum number n_ vanish unless n’ #n + 1, and when n’=n+1 equal 


Inn+l J veq4,,)¢0 = oy : 

Tnyn- 1 (Bey 

Payntl = |v (-in 55 )Ynet dq (1.40) 
le a ee 


: hn\d , 
Payn- | iwy (3a, ) Moda ast” 


We mentioned earlier that the transition from classical to quantum electro- 
dynamics is achieved in the same way as in mechanics. The Hamiltonian of a 


system consisting of a particle and the field, 


Heil +h. (1.41) 
where H, is the Hamiltonian for a particle in the field, which we considered 


earlier (see (1.29)), is replaced by the Hamiltonian operator 
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i oe (1.42) 
where A | 
ge set A2 2n2 
Her a! (Bi + 545; ) (1.43) 
ip 


) 
6... =-ib : (1.44) 
) aay: 
and satisfy the commutation relations 
Pritay 7 TgPaa 77 PP Oy 8ay ee! 


If there are no charges, or if their interaction with the field, which appears 
in Ht >» can be neglected, the wavefunction ‘¥(q,t) which describes the state 
of the field (q stands for the whole set of field coordinates 943? will 


satisfy the equation 


in Sh) 2g vase) (1.46) 


The wavefunction ¥ SD of a stationary state then satisfies the equation 
He Ynfd = Ed - (1.47) 


One can easily check that EY has the following form 

Pe Wee. Hate ee 

es Pe a ie PM ME 2 ae hi meee 
The term } Sod ta is infinite. However, this infinity does not lead to any 
Significant difficulties in the theory for the following reason: firstly, the 
physically observable quantity in this theory is not the energy itself, but 
the difference between energies in different states, so that the sum } 2 Rw 
which is constant, does not occur in the final result. Secondly, the transi- 
tion from the classical to the quantummechanical equations is not unique. One 
can find a method of quantizing the field equations in which this term is ab- 


sent. Indeed, we shall start from the classical Hamiltonian for a single 
oscillator in the form 

= 4(p? +w2q’) = 4(p + iwq) (p- iug) . 
If we then change to the Hamiltonian operator, that 1s, replace p by p=-- 


ihd/aq, we find 
= 4(p? +w742) - $ hwo ; 
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this result comes about as the operators p and q do not commute. Thus, if 


we apply this to the field, we are led to the expression 
d Aw n, = (1.49) 


for the energy of a stationary state. The wavefunction of the field has the 


form of a product of the wavefunctions of the separate oscillators, that is, 


v,(4) = Wad (4,,) - (1.50) 


It is clear from Eq.(1.49) that one can treat the energy of the electromagnetic 
field as the energy of a set of particles with energies hu). It is often said 
that we have in this way at once introduced the photon concept, and that the 
number ny); is the number of photons of a given kind. However, it is custon- 
ary — and very reasonable — to use the term photons only for quanta of the 
radiation field, and in particular the field of light. In most cases one uses 
an even narrower definition of photons as quanta of the electromagnetic field 
with energy hw and momentum fk, where k = w/c. We shall in what follows 
call any quanta of radiation in vacuo photons, but that does not change the 

fact that the quanta of the transverse electromagnetic field — which we call 
pseudo-photons — in general do not reduce to photons. The important fact is 
that we do not consider here a radiation field, that is, a free electromagnetic 
field, which is a solution of the homogeneous field equations, but an arbitrary 
field, which is a solution of the inhomogeneous field equations, that is, the 
equations when there are currents and charges present. Such an arbitrary trans- 
verse electromagnetic field differs from a radiation field, or, in quantum 
language, from a collection of photons; as an-example it is sufficient to men- 
tion the transverse field of a uniformly moving charge which moves in space 
with a velocity v< c. Moreover, even if the quantization (1.45) of the trans- 
verse field itself did not involve any assumptions, Eqs.(1.46) to (1.48) as 
well as Eqs.(1.49) and (1.50) were obtained in an inconsistent manner: we neg- 
lect the interaction between the charges and the field. If we did not do that, 
the field coordinates q would clearly occur both in x. and in i and as 
a result it would have been impossible to write the Stee of the transverse 
field in the form (1.48) or (1.49). Nevertheless, the introduction of the 
pseudo-photons has some meaning, as the frequencies Wy in (1.49) can for the 
time being be assumed not to be connected with the wavevectors through the 


: 2 212 = ° 
relations wy ee k}- Such pseudo photons, which are also called virtual 
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photons, occur in the intermediate states in perturbation theory calculations 
(vide infra). In other words, the energy of the virtual photons E, * hw, and 
their momentum p, = hk) are not connected through the relation ES = c*ps 

(w) 7 e*ky) which is valid for photons with a given momentum. We shall see be- 
low that for the transverse field carried along with a moving charge we have 

w = (k.v) where v is the velocity of the charge. If we consider the corres- 
ponding quanta with energy hw they refer to pseudo-photons and one sometimes 


says that they form the 'coat" of the moving charge. 


We emphasize that we do not at all wish to insist on the advisability of intro- 
ducing the pseudo-photon concept, although we use this ear... The importance 
for us lies in the explication of the fact that the transverse field is in 


general not a collection of photons. This will be discussed below. 


The pseudo-photons which occur in Eq.(1.49) do not reduce to photons of energy 
hw and momentum (hw/c) (k/k) even for a radiation field. This is connected 
with the fact that above we used an expansion in standing waves (see (1.18) and 
(1.19)). Standing waves are not eigenfunctions of the momentum operator and 
their quantization leads to photons (we are thinking now of a pure, free, radia- 


tion field) with a vanishing momeneae 


In order to change to the ‘usual’ photons with energy hw and momentum (hw/c) 


(k/k) we write the vector potential as a sum of travelling waves: 


A=) (4,4, + AA] (1.52) 
d 
where 
A = Y¥47c@, exp i(k,°r) : (1.53) 
7 


The term 'pseudo-photon’ is sometimes also applied in a different Sense 
from the one used here. The method in which one approximately replaces 
the Fourier component of the field carried along by a moving charge by 

a set of photons (see, e-g-. Ter-Mikaelyan, 1972) is called the pseudo~ 
photon method. 


tt 


To evaluate the photon momentum one can use the expression for the field 
or L_PLEAHI a? ( 

= —— A r a 
. 4tc 31) 


and express E and H in terms of A, that is, in terms of the quantities 
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while the 


Bt 
gummation in (1.52) ism in contrast to (1.17), over half~a~sphere, ‘ 
that is, over half of all k -directions. Re 


For the Hamiltonian of the transverse part of the field whave then 
_ * 2 * 
Ho L (p,>% * W) 4) a‘ ) . (1.54) 


We shall solely consider a purely radiation field. In that case we may assume 


that p, = a, e-iw 4, (see also (1.26) and (1.28)) and we have 


a 2 k 
Me = 2 } ®. 4,4, - (1.55) 


We note chat the quantities q, and q} are not canonically conjugate vari- 


ables, as the equations of motion in those variables do not have the form 


q™ =- a at So (1.56) 
We therefore introduce new variables: 
* : - 
Q, = 4, +49, : P, =-1, (q, -4))- (1.57) 
We then have 
Hee FL (P+ ote) . re 


Quantizing we get clearly Eq.(1.49) for the energy, and evaluating the momen- 


tum of the field we find 


a) nw, kK, 


5 To ey k.. ] (1.59) 


that is, the momentum of a single photon is, indeed, equal to 


hw, kK) nw , 
ee ee ee oon 


The field and the quanta corresponding to it are characterized not only by 
their energy and momentum, but also by their angular momentum. The angular 


momentum of the electromagnetic field is classically defined as follows: 


l 
rs ||: ALEAH) a?r . (1.61) 
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An unbounded plane wave does not have a non-vanishing angular momentum along 


the direction of the wavevector k as the Poynting vector S=c[EaH)/4n is 


, 
in the direction of k, in such ine. However, for a wave in a cylindrical 
waveguide with perfectly conducting walls, for instance, the value of Memz =Mz> 
where the z-axis is along the axis of the waveguide, may be different from 
zero. To be concrete, for monochromatic circularly polarized waves in a wave- 


guide we have (see Heitler, 1947 and the references cited there) 


M =+t Hef, ‘ (1.62) 


z 
The sign depends here on the direction in which the field rotates in the wave 
and He is again the energy of the transverse field. After quantization 
(which must be done here by expanding the field in terms of the ‘normal’ waves 
in the waveguide) we have He = hw) ny, and Eq. (1.62) indicates that the angu- 
lar momentum of the field is the sum of the angular momenta of the field quanta, 
where for each quantum the value of M. equals +f. Using the nomenclature 
introduced earlier we can call these quanta photons (we assume the waveguide 
to be a vacuum and its walls to be perfectly conducting). It is, of course, 
not the terminology which is important, but the fact that the angular momentum 
of the radiation turns out to be quantized. The angular momentum — or, to be 
more precise, its z-component — is equal to +N, that is, the spin of the 
photons is equal to unity. It is important to consider the problem of the angu- 
lar momentum of the electromagnetic field in general and of the radiation field 
in particular when one expands the field in spherical waves (such waves are 
emitted by electrical and magnetic multipoles, including dipoles). We refer 
to the books by Heitler (1947) and by Berestetskii, Lifshitz and Pitaevskii 


(1971) for a detailed discussion of the angular momentum of the radiation field. 


Let us now once again consider the complete system consisting of field and 
charge. In the non-relativistic approximation we have for the Hamiltonian of 


the system: 


~ 7 (p-2a) is (1.63) 
am \P~ <A si alt = 
and the equation for the wavefunction takes its usual form: 

in Seedy . (1.64) 


ot 


In order to be able to apply perturbation theory for solving this problem we 


write the Hamiltonian in the following form 
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~ _ 6? “ (1.65) 
4, = oa i el 2 
2 
Ar e A e o2 
=- — (p° +— 7A 
(peA aaa? 


A 


’ e e 
where H is considered to be a perturbation. 


We note that p does in general not commute with A and we should Ehererore 
write in the expression for HM’: e {(p ~A)+(A=*p)} /2mc rather than e(p*A)/nc, 
as it is just the former expression which is Hermitean. However, in the case 

of a transverse field, when divA=0, the terms with (p*A) and (Acp) are 


equal to one another. 


The effects which are connected with the interaction of light with electrons 
are proportional to the ‘electromagnetic interaction constant’ which is the so- 


called ‘fine structure constant' 
2 
Ge er ee 1.66 
a" 5 = 797.036 ° (1.66) 


As a «1, the interaction of an electron with the electromagnetic field is 
weak in a well understood satinal We shall therefore assume that the wave~ 
function of a stationary state must differ little from the solution of the 


equation 


HoYno = FE noHno ? (1.67) 


which can be found, at least, in a number of cases. In particular, when there 


is no external electromagnetic field 


ae = exp P22 | iy le Vr ae (1.68) 


That the difference between the exact wavefunction and the solution of Eq. (1.67) 


is small is, for instance, clear from considering electrons in excited levels in 


the hydrogen atom. The lifetime of an electron in an excited level is of the 


order of 10 °s and the time for completing one orbit is of the order of 107*? g. 


If we use the uncertainty relation for the energy, 


+ This statement refers basically to radiative effects and it does, of course 
noe mean Che’ One Cane ee cae cee ene eheceromagnetic interactions to be 
perturbations. It is sufficient to note chat the eléctrostatic interaction 
of an electron with a nucleus with charge Ze is characterized by the para- 
meter Ze7/pv, where v is the electron velocity. For a hyd : - 
ite ground state e*/hv 1. ydrogen atom in 
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we find thus chat the level width AE %~ 107 eV, while the distance between the 
levels is of the order of |eV. The motion of the electrons in the excited 
levela of the hydrogen atom is thus 'quasi-stationary' and differs little from 
the motion which would occur, if the electrons did not interact with the radia- 
tion field. The reason for this is that, as we have already mentioned, the 
fine-structure constant @ = e?/ne is much less than unity. If such a con- 
stant were of the order of unity — as is the case for the interaction between 
a nucleon and che meson field — the width of a level would be of the order of 
the distance between the levels themselves and it would be totally impossible 


: i ; i atte 
to speak, in general, of a ‘quasi-stationary' motion . 


As the functions Wap from (1.67) form a complete set we can write ¥Y in Eq. 
(1.64) in the form 

iE ¢t 
Y= ) b ft) Wag 6? exp ( - ) : (1.70) 


Substituting (1.70) into Eq.(1].64) with che Hamiltonian (].65), multiplying 
ke 
both sides of the equation by Vio , integrating over the whole of space, and 


using the orthonomality of the functions V0 we get 


dpe? Ve i 
ih dt Ym St) oan & (Eno SE] , 
m (1.71) 
f 7 k Ay 3 
Let us assume that at t=0 we have db. =i and bisa 7 0: If we assume that 


the b. with n#k are small at all times and drop higher-order terms, we 


then have 
db (t) ‘ i 
a age. ee Lr a, ~ FQ) | syn 
whence we easily get 
, {2 
bce) |? = - = : {1 ~ cos [—## ae") (1.73) 
ko no 


T In this respect there is a considerable difference between quantum and clas- 
sical theory. In classical theory relatively strong perturbations may not 
lead to any qualitative changes in the nature of the motion. For instance, 
the properties of a free oscillator in thermal equilibrium and those of an 
Oscillator in a dense gas which strongly interacts with the oscillator are 
very close to one another. On the other hand, in quantum theory the proper- 
Cies of the motion are significantly changed when the perturbation leads to 
the width of a Level to become of the order of the distance between levels 
(see Chapter 13 of the present book). 
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If in the first order of perturbation theory 
For instance, the matrix element is 


|b (t) |? = 9, we can use a similar 


procedure to find the next approximation. 


in second approximation given by 


HHL? 
"a -) ae (1.74) 
” n! ko no 


Equation (1.73) determines the probability for a transition to only a single 
final state with energy Eno” We are uSually interested in the transition to 


any of all possible states, that is, in the integral 


f [db Ce |? p(E dE (1.75) 


In this equation p(B )dE is the number of final states — which are as-— 
sumed to be ‘densely’ distributed — in the energy range from ES to a 
As t tends to infinity, the integral (1.75) equals (see Eq. (1.84) or for de- 
tails, Heitler's book (1947)), 


a ee ee (1.76) 
ko 
and the probability for a transition per unit time is thus given by the formula 


! _ _2 
Wet [lp ,co |? p(E dz, = Fe IM’? pe). (1.77) 


Note that the transition occurs only if there are states Ey which are arbi- 
trarily close to EL ; this was reflected in (1.76). It is clear from what 
we have said earlier that when one evaluates the matrix elements Won’ one 

must use Eqs.(1.65), and also (1.18), (1.19), and (1.40) and understand by q 


the operators qi; (for details see Heitler's book (1947)). 


Using perturbation theory in such a simple or in a somewhat more complicated 
form enables us to find the answers to a whole set of problems in radiation 
theory (Heitler, 1947; Berestetskii, Lifshitz and Pitaevskii, 1971). However, 
a wider application of perturbation theory encounters considerable difficulties 
which is formally reflected in the appearance of divergent (infinite) expres- 
sions. The appearance of divergent expressions is connected with the assump- 
tion that the electron is a point particle, with the fact that the field has 
an infinite number of degrees of freedom, and so on. Some of those difficul- 
ties are not caused by the quantization and are classical in nature. It is 
sufficient to remember that the electrostatic energy of a point charge is 
infinite. Even in classical electrodynamics one had learned to avoid such 


difficulties. In particular, one used for this the mass ‘renormalization’ 
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Serer ue In quantum electrodynamics one also renormalizes the charge of the 
particle and the situation altogether becomes more complicated. The study of 
the corresponding field of problems was for a long time in the centre of the 
attention of theoretical physics. As a result a great deal of progress was 
made and the infinities in quantum electrodynamics are practically made ‘harm- 
less'. A framework was developed in which one is able to find the answers to 
problems which may arise and, in particular, in which one can take extremely 
minute radiative effects into account (Heitler, 1947; Berestetskii, Lifshitz 


and Pitaevskii, 1971). 


The present text is not concerned with any of these problems, although the 
material discussed a moment ago may, we hope, be useful for understanding the 
physical basis of quantum electrodynamics. It was only important for us in 
the plan for our further exposition to formulate the Hamiltonian method in 
classical electrodynamics and to get acquainted with the most elementary as- 


pects of quantum electrodynamics. 


It is interesting that the Hamiltonian method has in the past hardly ever been 
applied in classical electrodynamics; the method became popular only when one 
changed to quantum electrodynamics. However, as so often happens, there was a 
"feedback' afterwards. To be precise, it became clear that the Hamiltonian 
method is very convenient also for a number of classical problems, especially 
when chere is a medium present (see Chapters 6 and 7). Recently, when many 
problems turned out to be already solved, when there appeared new and more 
complicated problems and, when moreover, a number of powerful mathematical 
methods, such as the diagram technique or the Green function method, were de- 
veloped and started to be widely applied, the Hamiltonian method dropped out 
of sight both in the quantum and in the classical radiation theory. We are, 
however, convinced that the Hamiltonian method nevertheless retains the advan- 
tage of clarity, simplicity, and rather large universality which makes its 


exposition and use very expedient, at least, for pedagogical purposes. 


As an illustration we use the Hamiltonian formalism to discuss the problem of 
the radiation by an oscillator — a harmonically oscillating charge. To deter- 
Mine the field we must find the quantities q); in the expansion (1.18), while 


GO i ep ee 


As far as we known the term 'mass renormalization’ itself only appeared when 
the corresponding operations were carried out in quantum electrodynamics. 
This led to the assumption that the renormalization method was a product of 
quantum theory but this is, to say the least, incorrect (see Chapter 2 and 
Kramers 1944), 
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the equations of motion for these quantities have the form (1.24) 
cos(k, * r) 


+ W549); =e Yat (e, sv (t)) { (1.24) 


qi sin(k, nr), 


where r@r(t) is the position vector of the emitting charge e; in the cage 


of an oscillator we have 
e e = - 7 1. 
r(t)sa,sinwt , r(t)=v=v coswt=a w coswt (1.78) 


The argument (k,* F(t)) in (1.24) is small, if 
] or 
ay < ky = On ’ 


(1.79) 


where A, is the wavelength of the emitted radiation. Let us accept condition 
(1.79), that is, we shall assume that the amplitude of the oscillations of the 
charge is much smaller than the wavelength of the radiation; this is always 
valid for a non-relativistic oscillator, as the velocity v,=W,a, « c, while 
Ag = 21C/W,- In that case (k,° r) in (1.24) is much less than unity and we are 
justified in putting cos(k,° n=l, sin(k,° r)=0. Therefore 9,9" O and for 


4), we get the equation 


qd} + W544 1 = e(@, Vo) /8n cos w,e ‘ (1.80) 
The solution of this equation which satisfies the boundary condition Vy} =0, 
qyy =0, when t=0 has the form 


b 


4,, = —~— [eos W,t - cos wt] ; b, = e(@,*v) /on . (1.81) 


Having obtained the d,, we have thereby completely determined the electromag- 
netic field and we can now evaluate all other quantities. Let us, for instance, 
find the energy emitted by the charge (oscillator) per unit time. To do this 
we must clearly use Eq.(1.22) to calculate the field energy wee and then find 
its rate of change, that is, du /de. That will just be the energy emitted by 


the oscillator per unit time. 


For ie we get the expression 


[1 -cos(w, -w,)t] 


We have only written down within the braces the term which leads to an increase 
of re with time; the other terms which are omitted in (1.82) do not contri- 
bute to the expression for the energy emitted by the oscillator per unit time 


for large t (we assume here that t is large). 
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For the evaluation of the sum in (1.82) it is convenient to change from a sum- 
mation to an integration. We must then first multiply expression (1.82) by 
the number of field oscillators with frequencies between w and wtdw; this 


number is equal to 


2 
oat (1.83a) 
Cc 


where d& is an element of solid angle. 


The transition from a sum to an integration is thus reduced to the substitu- 


tion 
edbcor wo. Ww? dw dQ (1.83b) 


where the appearance of an extra factor 4 is connected with the fact that we 


integrate over all directions, rather than over a hemisphere of k-directions. 


We can easily integrate expressions (1.82) over w if we use the following re- 


lation which is valid for large values of t: 


+ [1-cos(w-w))tJ 
f = £(w) —————————- du = T£(w)t . (1.84) 
be (w- w,)? 


As a result of all these simple calculations we get an expression for the 


energy emitted by the oscillator per unit time into a solid angle df: 


es ee sin?6 dQ, (1.85) 
3 


where 6 is the angle between the direction of the oscillations @, and the 


wavevector k,, where k,=w,/c. 


The emission which we have just determined — that is, that part of the field 
which increases proportional to the time t — arises when the frequency of the 
‘force’ which occurs on the right-hand side of Eq.(I.24) is equal to the eigen- 
frequency of the field oscillator w= ck). In this respect the harmonically 
oscillating charge is completely typical even though in the dipole approxima- 
tion (condition (1.79)) Which we considered there is emission at only one fre- 
quency, w,. We mote that in the quantum theory of radiation the situation is 
completely analogous in the perturbation theory framework (compare (1.82) and 


(1.73); for details see Heitler, 1947). 


It is convenient at this stage to elucidate a few important aspects which 
usually are kept out of sight by discussing the somewhat rhetorical question: 


can a uniformly moving electron radiate? 
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Th tandard, one might say automatic, answer to that question 18 negative. In 
es A 
actual fact, however, one can make many reservations, many of them are non- 

) 
trivial and have far from always been taken into consideration- which has led 
rivi 


to paradoxes and mistakes. 


Firstly, one must be precise about the frame of reference in which the elec- 
? 


tron — of course, it need not be an electron, but can be any charge, which we 
call ‘electron’ for the sake of convenience — moves uniformly, that is, with a 
constant velocity V. Usually, unless a statement to the contrary is made 
explicitly, one is dealing with motion in inertial frames of reference. The 
initial field equations were written down just in such frames and we were deal- 
ing only with such frames of reference. It is clear that if the electron moveg 
uniformly in a non-inertial frame of reference, it is accelerated relatively to 
an inertial system and will radiate. 

Secondly, one considers uniform motion in vacuo and not in a medium. An 
electron moving uniformly in a medium can emit both Cherenkov and transition 


radiation (see Chapters 6 and 7). 


Thirdly, one assumes that the electron velocity v<c (the velocity of light 
in vacuo). Often this condition is considered to be more or less trivial, but 
that is not the case. The requirement of relativistic invariance does not at 
all lead to the condition v<c and, in particular, Eqs.(1.1) are completely 
valid (and relativistically invariant) also when v>c. It is true that a 
particle of rest mass m can not be accelerated to a velocity v2c, as can 
readily be seen from the expression for the particle energy @=mc*(/(I - y2/c2)4, 
However, this does not exclude the possibility to consider particles (tachyons) 
which always move with a velocity v>c and an energy &= imc? /(1 - y2/o2)? = 
me? /(v2/c2 -1)!, The difficulties which in reality arise when one considers 
motions with velocities v>c are connected with the possible violations of the 
causality principle: it was just this fact and not the violation of relativis- 
tic invariance which led to the requirement that v<c (see Einstein, 1907; 
Pauli, 1958). It is therefore probable that tachyons, which recently have been 
discussed extensively in the physical literature, can not exist. However, 
sources of radiation (even if not separate particles) moving with velocities 


v>c all the same do exist. We shall discuss them in Chapter 8. 


After this discussion we shall state the problem more precisely: can an elec 
tron moving in vacuo in an inertial frame of reference With a constant velocity 


v<c radiate? One can give at least four arguments that an electron under such 


conditions does not radiate, 
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The first argu@ent, and in a certain sense the most consistent one, is connec— 
ted with the solution of the field Eqs.(1.1) for the case when v = constant. 
Such a solution (see, e.g., Heitler, 1947; Pauli, 1958; Landau and Lifshitz, 
1975 and Chapter 3) indicates that the radiation field, that is, the field 
which decreases as 1/R and produces an energy flux at infinity, does not ap- 
pear in the case under discussion; at the same time it also becomes clear 


that radiation would appear if v>c. 


The second argument does not require any calculations. We can change to a 
frame of reference in which the electron is at rest, which can always be done 
when v = conStant, v<c. In such a frame there is clearly no radiation: the 
electron is all the time at rege’: However, if we change from one inertial 
frame to another no radiation can appear, and thus there is none either for 

v = constant. A well known weakness of this argument is connected with the 
fact that it can apparently also be applied to the case v>c and thus 'prove' 
that there is also no radiation in that case. On the other hand, a charge 
must in the case v>c emit Cherenkov radiation even in vacuo (this is, inci- 
dentally, one of the difficulties in the theory of tachyons; see also Chapter 
8). The solution of the ensuing paradox is that it is impossible to realize a 


frame of reference in which the electron is at rest when v>c. 


The third argument is connected with the use of the energy and momentum conser- 
vation laws. The simplest way, although not necessary, is to use a quantum 
formulation for the discussion. If we consider a particle with energy 
@= (m’c” + c2p2)? and momentum p we can verify that the energy and momentum 
conservation laws do not allow such a particle to emit a photon with energy hw 
and momentum hk, k=w/c. In fact we shall use such an argument for discussing 
in Chapter 7 the conditions for radiation in a medium. Incidentally, in the 
framework of such an approach radiation in vacuo is only impossible when v<c; 
23 


for tachyons with an energy &= (-m*c* +c? the velocity is 
y P y 


t In fact, it was presupposed here that the electron will be at rest at all 
times in some frame of reference: we need therefore give a more detailed 
discussion, such as, for instance, the following one. Let us assume that 
the electron (a free charged particle) moves with a velocity v-=constant, 
v<c, and does not radiate. We can then show that such a solution is com 
patible with the field equations when we change over to an inertial frame 
of reference in which the electron is at rest, its field is the electro- 
Static field, and in which there is no radiation. In fact, this argument 
differs from the preceding one only in that the solution of the field 
equations for a particle at rest are simpler than for a moving particle 
and may be assumed to be well known. 
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2 
v= 92. SP __ > ¢ ’ 
Po Vc? p? = mc" 


and the conservation laws do not prevent the emission of photons by a uniformly 


moving particle. 


The fourth argument is connected with the use of the Hamiltonian method. For 
a uniformly moving electton Fr(t)=vt and (ky +r )= (k, °v)t, that is, the fre- 
quency (k,*v) occurs on the right-hand side of the equations of motion for the 
field oscillators (see (1.24)). On the other hand, the eigenfrequency of the 
field oscillator in vacuo is a, = ck, and hence, resonance can not occur when 
v<c and thus radiation with an energy a which increases with time is also 


impossible. 


Under the provisos made (inertial frame, vacuum, velocity v<c) a uniformly 


moving electron will therefore not radiate. 


The whole of this problem would not have been discussed here, probably, if 
what we have said were all there was. However, this is not the case. In fact, 
in the first period of the development of quantum electrodynamics a paradoxi- 
cal statement was made that in quantum theory a uniformly moving electron 
nevertheless radiates. This conclusion can easily be reached as the result of 
simple calculations in the framework of first-order perturbation theory. 
Indeed, let the electron at t=0 move uniformly with momentum p<=constant and 
let the energy of the transverse field be equal to zero — that is, let all 
field oscillators be in their ground state, that is, all n,, =0 - When the 
interaction, say the term HY =-e(p+A)/mce (see (1.65)), is taken into account, 
the matrix elements corresponding to transitions to quantum states with n,.=1 
are non-vanishing (see (1.40)) and thus the probability |b (x) |? in (1.73) is 
also non-vanishing. It is true that the field energy will not increase with 
time (as t+) but all the same some radiation turns up. We shall not give 
here a detailed quantum calculation as the effect discussed here is purely 
classical (Ginzburg, 1939a,b). Indeed, let us state the problem exactly as 
before, but in classical electrodynamics in the framework of the Hamiltonian 
method, We shall look for a solution for the field oscillators Wi ~ and 
thereby for the transverse field itself — for the case of a uniformly woving 
charge when in (1.24) r =vt and under the conditions when at t#0 all q,;7° 
and all q,; 79 that is the field vanishes. To simplify the discussion we 
shall limit ourselves to the case where (k,° r(t))= (ky ev)t« 1 (this is, in 


fact, completely unimportant); in other words, we shall assume that either 
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the time t is rather small or that the wavelength A=2mTk is long. We can 


then write Eqs.(1.24) in the following form: 
qy1 +w°q), = ev8m(@, +v) ‘ Gyo t@'y2 =O, (1.86) 


The solution of these equations which satisfies the above-mentioned conditions 


has the form 


e/8r 
q,\7 ms (e) v) (1 - cos wt) ‘ 4,979 : (1.87) 
Substituting this solution into (1.22) we get 
2) (e,*v)* 
H,, = Ste : we (I - cos w, t) é (1.88) 


Changing from a sum to an integral (see (1.83)) and integrating over the angles 


and also over the frequency from w=O0 to some maximum value ie We have 


Be2 . sin Wax’ 
Her 3107 ae {nsx 7 —r} ° ot e822 


Exactly the same result is obtained in quantum theory. Both this fact and the 
absence of the quantum constant h in (1.89) removes any doubts as to whether 
there is a quantal element in the problem discussed here. The important fact 
is clearly the following. The electron is assumed to be moving uniformly, but 
at t=O we assume that there is no transverse field. On the other hand, a 
uniformly moving electron — if such is its motion at all times — is surrounded 
by its own field which it carries along and this includes a (magnetic and elec- 
tric) transverse field. We assume that this field is absent at t=0 and is 
after that, for t>0O, described by the field equations; this means, in fact, 
that the electron was at rest up to the time t=O and was accelerated instan- 
taneously at t=0 to reach its velocity v. It is completely natural that as 
a result the charge radiates, firstly, while it ’accumulates’ ('’gets dressed 
by') its own accompanying field and, secondly, it emits the 'true’ radiation 
which goes to infinity and is caused by the acceleration of the charge. This 
part of the transverse field — the radiation field — is in (1.87) given by the 
term which is proportional to cos wt and corresponds to the solution of the 
homogeneous Eq.(1.86). From this it is already clear that we are talking about 
the radiation of a free field — or, in quantum language, about the emission of 
photons, If the interaction is switched on sufficiently slowly (adiabatically) 
and the electron is, physically speaking, accelerated slowly, the free field does 


not appear and only the entrained field is formed with its energy (for v« c) 
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The frequency oT 2mc/d «1 » where A... is the shortest wavelength. For 


2 


an extended charge of radius r, we have clearly nin” ry and 47 ov , 


0 
where the electromagnetic mass m__ % e?/r,c”, as should be the case. 
If we write down the conditions under which a uniformly moving electron does 
not radiate, we must thus add the requirement of stationarity or, in other 
words, the requirement that the motion be uniform in the whole of the range 
-®<t<@, In general such a requirement is obvious and to some extent is 
always understood to be satisfied, but it turned out to be somewhat hidden in 
the quantum calculations which we mentioned. The use of the Hamiltonian method 
and, chiefly, the statement of the problem which is connected with it and which 
is analogous to the quantal approach with a switching on of the interaction at 
t=0Q enabled us to dispose of the paradox and to make the crux of the matter 
completely clear. At the same time it became clear — and this is useful to 
bear in mind also when Solving completely real problems (see Ginzburg, 1939a,b; 
Feinberg, 1966,1972) — that the field of a uniformly moving charge is not at 
all necessarily a stationary one. In other words, the charge may already have 
moved for some time uniformly, but the field entrained by it may still differ 
from the stationary field — which exists when the motion with a constant 
velocity has been going on for a sufficiently long time. It is particularly 
clear also from the example considered by us of an electron which moves uni- 
formly for t20 that there exists the already mentioned difference between a 
free radiation field and the transverse entrained field. We need therefore 
not identify any arbitrary transverse electromagnetic field with a collection 
of photons (and it is neither strange that it became the literal norm to forget 
this obvious fact when the quantum theory of radiation was expounded). We 
note that the actual construction of quantum electrodynamics, as is already 
clear from the transition (quantization) from classical to quantum electro- 
dynamics which we made earlier, is completely free from any assumption about 
the absence of charges and is in no way connected with any identification of a 
quantized transverse field with a free radiation field, that is, a collection 
of photons. It is therefore natural that in a consistent use of the quantum 
theory of radiation no incorrect results whatever are obtained. However, the 
fact that it is possible to ignore the difference between an arbitrary trans- 
verse field and a collection of photons is connected with the nature of the 
problems encountered in the quantum theory of radiation ~ in the overwhelming 
majority of cases one considers the field as t+, the field at infinity, and 
go on. However, as we mentioned, it is far from always possible to proceed in 


this manner (see Ginzburg, 1939a,b; Feinberg, 1966,1972). 


Chapter II 


RADIATION REACTION 


Radiation reaction for translational motion of a charge. 

Rotation of a magnetic moment (oblique magnetic rotator). 
If there is a source of radiation such as a charge or an antenna, a radiation 
reaction will act upon it in general. The simplest and best known example of 
this is the motion of a point charge with a non-relativistic velocity which 


is described by the equation of motion 
2 
nf=F, +27, (2.1) 


where f = (2e7/3c*)‘r is the radiation reaction force (radiation force, or 
radiative friction force) and F, is the external force which in the case when 
it is purely electromagnetic in nature has the form 

Fo -eE, +f lea ty| . (2.2) 


The relativistic equation of motion including the radiation force (see, for 
instance, Chapter 3) goes over into (2.1) as v =|rl+O and there are no 
essential extra assumptions connected with deriving it from (2.1). A discus- 
Sion of the conditions under which one can obtain and use (2.1) can also be 


related directly to the relativistic case (see Chapter 4). 


The fact that one cannot apply Eq.(2.1) ‘without thinking’ is immediately clear 
if we assume the external force F, to be equal to zero, The equation obtained 
then has not only the correct solution + =v = const. (uniform motion in the 
inertial frame of reference considered) but also a clearly incorrect 'self- 


accelerating’ solution 
= 4 


2e7 ; 


f 


where the 'frequency' ne = 3mc?/2e7=1.6* 10" st , 


We can use Eq.(2.1) without any misgivings when the radiation force f is 


small compared to the external force Fy, 


££ <«F,. (2.3) 


Under such conditions the force f plays the role of a perturbation; to a 


first approximation we have mr =F, , and in the next approximation 


27 
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Ks 2e° ; 2e" 
ni-Fotf , f= aE, + PETE. AH). (2.4) 


For a harmonic force with angular frequency w, when 2, VuE,, condition (2.3) 


ia equivalent to the requirement 


A Cc e? -23 
mo Te" V2 2.82 10 cm > (2.5) 
m*c* 
H, « —=- = 6% 10% 0e . (2.6) 
e 


We shall sometimes in which followa drop the factor 27 in inequalitiea such 
eas (2.5), which ie formally always correct when *® or « signs are present. 


We note that we can write inequality (2.6a) also in the form 


H+ k>r, ; ae 1.76% 107 H)(Oe) am". (2.6b) 
The meaning of this condition is clear when we bear in mind that a non- 
relativistic charge in a constant magnetic field H,) rotates with a frequency 
uy, = eH,/me and emits electromagnetic waves with that frequency. The Limita- 
tion (2.6) has no practical importance as even in pulsare the field scarcely 
exceeds a value of 10% to 10"0e. We must, however, bear in mind that for 
relativistic particles the conditions for the applicability of the correspond- 
ing expression for the radiation force, even though obtained from (2.5) and 
(2.6), are quantitatively completely different due to the appearance of factors 
such ag @/mc? = (1 ~y2/c2y! (see Chapter 4). We note alao that we have so far 
not taken into account quantum restrictions. Condition (2.5) has therefore for 
electrons an essentially fictitious character, as classical considerations are 


adequate only up to 


p> 2 3.86% 10-4 om. (2.78) 
mc 
This inequality can also be written in the form 


buy = TE ecto 5.1 x 105 eV. (2.7b) 


Condition (2.6) is replaced by the inequality > h/mc which is exactly the 
same as (2.7). The meaning of (2.7) is that one should be able to neglect the 
possibility of electron-positron pair creation — including such a creation in 
intermediate states. 


Tan numerical estimatea are given for an electron (e=4.8*% 10-” esu (cge), 


m=9,1x 1072 g). The harmonic nature of E ia used in (2.5) but is ioma- 
terial for (2.6). 
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However, whence follows condition (2.3) itself? We can scarcely answer this 
question better and more convincingly than by deriving the equation of motion 
from the initial equations, that is, from the field Eqs.(1.1) and the equation 


for an ‘extended’ charge, 
mi =efD@-r’) E®’) dr’, (2.8) 


where we have neglected for the sake of simplicity the action of the magnetic 
field (v+0O case), and where the charge density is o(r’) = eD(r -r’) with 
[pee -0')a3e’ =1, while ¢ is the position of the centre of the charge; the 
main point, however, is that the field E(r’) in (2.8) is the total field, 
equal to the sum of the external field E, and the self field of the charge 
itself, E’(r’). If the wavelength characterizing the external field satis- 
fies condition (2.5), we can take E, from under the integral sign in (2.8). 
As far as the self field E’ is concerned, taking it into account, or, rather, 
eliminating it must just lead to an expression for the radiation force. The 
usual, rather cumbersome elimination of the field E’ is, for instance, given 
by Heitler (1947); here, however, we shall accomplish these calculations by 
the Hamiltonian method (Belousov, 1939; Ginsburg, 1944a,1946) which enables ua 
to clarify a few facts which usually remain obscure and, principally, to go 
straightaway to the problem of the radiation reaction when a magnetic moment 


is in motion. 


For the sake of convenience we repeat here, as we have done before and often 
shall do in what follows, the basic equations given in Chapter 1], but with 
some obvious changes in notation which are clear from (2.8) and from the ex- 


planatory remarks about that equation. We have 


1 3A . 
Ef’ --i-, A=) Virce,ja, cos k,*) +4), sin ko} (2.9) 


IN 

d,, + wa), - Bn e(e,-F(t)) [Dir -r’) cos kyr )dter , 

(2.10) 
Gyo 1949 = Br e(e,- F(t) foe -r’) sin (k,° r)d?r? 
The set (2.10) can be integrated in its general form. We shall, however, not 
be interested in the numerical coefficients which depend on the form factor D. 
We shall therefore simply assume that the integrals on the right-hand sides of 
(2.10) vanish for wavelengths Am an/k, <AD. = 2mc/w Fo » where ry, 18 the 


radius of the charge. Moreover, when w we can put 


< w 
r max 


JDcostk, = r’)d°r’ = 1 and fDsink,*r!) a'r! =O . 
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This possibility is obvious for a charge at rest as then ¢’ =0 (by virtue of 
what has been said r’differs from r by an amount of the order r, and this 
difference does not play a role when w< Wax): However, in the case consi- 
dered of a slowly moving charge the validity of the approximation mentioned 
here — apart from the fact that it is corroborated by the results — is caused 
because the inequality wyv/c «Ww. is satisfied. The fact is that when we 
substitute r’ rf =vt a frequency w vie appears on the right-hand side of 
Eqs.(2.10), while the eigenfrequency of the field oscillator is Wy AS a 
result the integral in the first of Eqs.(2.10) given below (see (2.13)) changes 
little when we take the time dependence of the right-hand sides of Eqs.(2.10) 


into account. 


Proceeding as indicated we get from (2.8) to (2.10) 


mr =eE, -e Var £84; > (2.11) 
d 

q,,+wq,, = Gre (e - F(t) (2.12) 

41 * 9) | g EO 


We have here also taken into account that in the given approximation we can 
put q,,=0 and A= Y8nc X@,4,,- The solution of Eq.(2.12), under the con- 
dition that the particle surrounded by its entrained field is at t=0 moving 
uniformly, has the form 


. oT (e, 


a= : F(0)) cos Ww (@,- F(t); Sin w, (t-T) dt . (2.13) 


C 

,t , even | 
wd 
Substituting (2.13) into (2.11), changing from a summation over A to an inte- 
gration over w and the angles, and after that performing a few simple opera- 
tions (integrating over the angles and transforming the integral) we have 


finally 


2 . t Unax 
: 4e“w a ae sinw ia2 = 
mr=eE,(r) -———*F + r(0) eg ; | | ¢(t)cos w(t-t) dw dt 
31 3mc3 t 3me® ff 
. 2. ye sinw t 
eeE,(r)- om pace r+ 4e r (0) ———@ax_ 
i ac” Ire? t 
+ terms which tend to zero as w ~c/r, 7°. (2.14) 
max 0 


: : : 2 2 
The eaten of a term involving the electromagnetic mass Dom 7 4€ Wrax! 3c 
e*/r,c which tends to infinity as r, 70 indicates the necessity to renorma- 
lize the mass even in classical theory. The renormalization reduces to the 
fact that the total mass m+m,, is identified with the observable particle 


+ 


mags. The radiation force f = (2e7/3c’) is independent of r, and thua of 


t+ 


see footnote on next page 
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any assumptions about the structure of the charge. Howev'c, this force ia not 
the only reactive force. Firstly, there is the extra term proportional to 
(sin Wag,t)/t which is important for small tc. It ia completely clear that 

it ia not allowable to integrate Eq.(2.1) simply with arbitrary boundary condi- 
tions as it is inapplicable as t~+0O. The problems connected with the appear- 
ance of ‘self-accelerated' and other incorrect solutions do therefore not occur 
(for details see Markov, 1946; Fradkin, 1950). Secondly, the terma of order 
(r,/X), (r,/d)?, and so on, which we have not written down in (2.14) are gmall 
compared to f only if conditions such as (2.5) are satisfied which leads to 
the requirement (2.3). Thus, just the fact that one considers the radiation 
force f to be a perturbation allows us to use the equation of motion (2.1) 
without qualms; the meaning of this equation and the limits of its applica- 


bility are quite obvious. 


A lot of trouble has been taken to prove that it is possible to apply Eq.(2.1) 
and its relativistic generalization aS an exact equation where one imposes some 
additional conditions, for instance, to remave the 'self-accelerated' solutions. 
Apart from anything else it is obscure why all this is necessary. We do not 
know any classical problems where the radiation force (in the frame of 
reference in which the electron is at rest) can not be considered to be a 
perturbation. The idea of a classical point particle is inconsistent, and the 


construction of ‘elementary’ particles must be solved including quantum effectst 


The analysis of the problem of the radiation reaction allows us once more ta 
emphasize the difference between the velocity of a particle v =r = {p-(eA/c) }/m 
and its generalized momentum p when there is a field present — or rather,when 
the field is taken into consideration, as there is always a transverse field 
when there is a moving charge. Indeed, Eqs.(2.11) to (2.14) were obtained 


neglecting the dependence of the vector potential A of the self field on the 


position r. At the same time we have in the general case (See (1.31)) 
eae eee -£/ cg aye 
p= rr grad{(p na A(r ,t) Di -r ) d’r /2m , 
AO ol -£] ! oe!) aid (2.15) 
r= 35 +{P ~ jJA@ st) Dir-e') d vt , 


i To proceed in this way is not only possible, but also necessary as the 
'bare' mass m and the electromagnetic mass mgm nowhere appear or can 
be measured separately — this statement is valid in all cases where the 
characteristic frequency w of the external field is very small compared 
tO Waa,» as is assumed to be the cage. 


, In this connection we refer to a paper by Moniz and Sharp (1977) in which 
the claggical Eqn. (2.1) was, in fact, obtained by taking the classical limit 
in a quantum-electrodynamical discussion of the radiative reaction on a 
Charge moving with a non-relativistic velocity. 
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where we have neglected the action of the external field F,. It is clear that 
if A(r’,t) is independent of er’ the reaction of the radiation field on the 
momentum disappears completely — that is, p=0, or, if the external field is 
taken into account, p=F, — while it remains for the velocity and is described 
by Eq.(2.1) within the limits indicated. One cannot consider this result to be 
a paradox as the momentum of a charged particle is a rather complicated struc- 
ture: p=mv+eA/c. At the same time it is just the particle momentum which 
in quantum theory stands in the foreground; the fact that for a charged parti-~ 
cle it differs from my must be borne in mind when one compares classical and 


quantum expressions. 


We now turn to the problem of the radiation reaction on a magnetic moment, that 
is, in the framework of the classical theory on a rigid body or on a linked set 
of particles which has a magnetic moment wp. Recently an analysis of this prob- 
lem which arose in the discussion of models for elementary particles (Ginzburg, 
1944a,1946) became of particular interest in connection with pulsars which are 
in a well understood approximation just rotating magnetic dipoles or, as it is 
sometimes expressed, oblique magnetic rotators (Ostriker and Gunn, 1969; Michel 
and Goldwire, 1970; Davis and Goldstein, 1979; Ginzburg, 1971). Let us there- 
fore consider a body (top or rotator) with an angular momentum M and a magne- 
tic moment wp, while the magnetization of the rotator is m=uD(r), JD(r) d*r=1; 
the centre of mass of the rotator is at the point r =O and is assumed to be 


fixed. 


The set of equations of motion for the angular momentum M and the field equa- 


tions are under those conditions the following ones: 
A=(m 0H) + (Cuab (ld) d?r, (2.16) 
A=- 4vcurlW = 4n(waVD] , We curlA , (2.17) 


where the external field H, is assumed to be uniform within the limits of the 
rotator and the latter is for the present assumed to be uncharged. Using the 
expansion (2.9) for A we get from (2.17) 


q,,* Wray | = - /8n c|(e,. [WA Dir)} Jcos(k, r)d’r , 
=~ 787 c(a, o [MA kJ) [oa sin (k,°) d?r, $ (2.18) 


Gyo +45 = yv8T c(a,- twak,1) | D(r) cos (ky ° r) dir, 


We could in (2.18) integrate by parts, that is, change from VD to D, because 


the function D is assumed to be non-vanishing only in a region with dimansions 
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of the order of the rotator radiua r,; for the same reason we can put 


| Dsin (k, - r) d’r=0 and | Pecos (kyon) d?r e |, 


when WW) <W ax  2me/rg and 


| D cos (k,° r)d’r=0 


when W, > Wnax: Of course, it is in this way not possible to evaluate exactly 


the coefficients which contain Yr, and which in general depend on the form 
factor D. 


If we proceed as indicated we may assume that q,17 0, while we can use for 
q9 the equation (see (2.18)) 


«eo 2 _ 7 
Gyo t 9,5 = Y8mc (0, - (u(t) ak]) , w <u. (2.19) 
Its solution has the form 
q\9 = pL ap . [k, Ae, ]) cos W,t + 
r 
cv8n f (eo, sCu(t) Ak, J) sinw, (t-t) dt, (2.20) 
Ww, ‘ d r 


where we have assumed that at t=0 the field HW corresponds to the fixed 


magnetic moment w(O). 


Using (2.20) we can easily find the field 


HM =curlA , A= vBtc D8, 49 sink, *#) ¢ 
d 


and substitute it into (2.16). After some simple operations similar to those 
mentioned for the charge we get an equation of motion (ueH(t) , p=dp/dt, 


and similarly for other quantities) 


W 
° max ve 2 re nee 
Meo (CusH,] ~ 3 Cusul + sor uni 
sin w t sin w t 
4 max : d max 
oS Oe 8) | 
+ terms which tend to zero as Ow c/ry+™. (2.21) 


If we drop the terms connected with the initial conditions and the terms which 


vanish as r,+0, the equation of motion becomes 


4w 
e max oe 2 ete 
a a = 1, ®=-—~ : 
Me(waAHJ-Le+e , L aace Cuaw 303 Cua yd (2.22) 
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The term ® is the moment of the radiative friction force and is dissipative. 
Under stationary conditions or if one averages over time the work done by the 
moment of the force ® equals the emitted energy just as in the case of the 
radiative friction foree ff (for detsils see Chapter 3). Let, for instance, 
the magnetic moment y be constant in magnitude and at right angles to the 


rotational axis of the rotator (f= Ui» Mae Wor cost, Wy = : sin Qt, with the 


0 
angular velocity @ being along the z-axis). The radiation power is then 
22" 2 
e = 4. (ji? = —% (2.23) 
3e 3c 


Under those circumstances R = 2[u sii, d/ 3c* and the work done, (R*2), is 


just equal to (2.23). The term L in (2.22) is conservative and, clearly, 


4w 
° ma X . 
that is, A is some angular momentum of electromagnetic provenance. It 


follows from the derivation of Eq.(2.21), in complete analogy with the case of 
the charge (see (2.14)), that we must assume in Eq.(2.22) that the rotational 
frequency of the magnetic moment VK oy V2TC/ rg: As to absolute magnitudes 
we thus have in (2.22) L®R. On the other hand, the moment Kh can be very 
small in comparison with the mechanical moment M (for instance, this is the 
case for pulsars; see Ginzburg, !971). The problem whether or not to take 
the terms L and R® into account is thus decided by the nature of the problem. 
In the example just given of the calculation of the radiation by a magnetic 
dipole the term L does not play a role. If, however, one considers the scat- 
tering of electromagnetic waves by a magnetic dipole, the term L dominates, 


in contrast, over @ (see Ginzburg, 1944a, 1946). 


The appearance of the term L in (2.22) is somewhat unexpected as by analogy 
with the case of a charge we might have expected that taking the self field 
into account might lead to a term proportional to M or u imitating the con- 
tribution from them. The situation becomes clear if we consider a rotator 
which possesses not only a magnetic moment but also a charge with charge den-~ 


sity eD(r). Let us evaluate for such a rotator the electromagnetic angular 


momentum 


} 3 
om” Tag fr stews fa r, (2.25) 


where we shall assume for the sake of simplicity that the rotator is a sphere 
of radius r,, and that the field outside the sphere is that of a charge e€ 


and a magnetic dipole yw which is at the centre of the sphere, and, finally, 
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we put the electrical field inside the sphere equal to zera — such a model is 
completely realistic: it corresponds to a well conducting charged and magne- 
tized sphere. Straightforward calculations (see Ginzburg, !1972a) then lead to 
the result 

_ 2ey 


2 ° 
= , M = an|. (2.26) 
e 3r yc m 3x ,c? Ln 


Aan = A. + K , MW 
The angular momentum Ms is the same as the one obtained earlier (see (2.24) 
where for complete agreement we must put rs Tce/2r,), while the angular 
momentum K. is, indeed, proportional to wy, which means that in an equation 
such as (2.22) there appears a term proportional to u. IE£ the magnetic moment 
u is proportional to the angular momentum M, which often is the case, the 
electromagnetic angular momentum M. will not play any part, in fact, it must 
be combined with M, and the total angular momentum must be ‘renormalized’ and 
put equal to the observable value. (We have here in mind a ‘point’ particle; 


for a macroscopic rotator with w= kM we have simply 


2eK 4 K 
M = Moand M+M,=( i+) M , 
of e ‘Ke 


where under the conditions of (2.26) Ke = uM. = 3r pc/2eVe/miic » as the elec- 
tromagnetic mass Mom Ve*/rc*.) For an uncharged magnetic rotator the 
electromagnetic angular momentum completely reduces to KM. and taking this 
angular momentum into account may, in principle, radically alter the dynamics 


of the rotator (see (2.22)). 


We note in conclusion that we shall] encounter in what follows a few other 


aspects of the problem of the radiation reaction. 


Chapter III 


UNIFORMLY ACCELERATED CHARGE 


Emission and radiative force for the uniformly accelerated 
motion of a charge. 


Energy conServation law for charge and field. 
There are in physics a few literally "perpetual problems' which continue to be 
discussed in the scientific literature for decades and decades. As examples 
merely from the field of classical electrodynamics we can mention the problem 
of the electromagnetic mass and of exact solutions of the equations of motion 
involving the radiative friction force (see Chapter 2), the choice of the 
energy-momentum tensor in a medium (see Chapter 12) and the problem of the 
radiation and radiation reaction when a charge is moving with uniform accelera- 


tion. 


The field of a uniformly accelerated charge was first considered more than 
sixty years ago (Born, 1909) and after that several, sometimes contradictory, 
Statements have been published on this subject (see $32 in Pauli's book (1958) 
and also papers by Fulton and Rohrlich (1960), Leibovitz and Peres (1963), 
Rohrlich (1965), Nikishov and Ritus (1969), Kovetz and Tauber (1969), Anderson 
and Ryon (1969), Grandy (1970), and Ginzburg (1970c)); in the last paper we 
have also given a rather comprehensive list of publications, but here we shall 


restrict ourselves to mentioning the papers just cited. 


The problem of the radiation of a uniformly accelerated charge — like other 
‘perpetual problems’ — is not of any actual importance or, at any rate, from 

a practical point of view it has already for a long time been clarified to a 
sufficient degree. This can just be the reason why after such a long time it 
may still contain a few obscure points which are usually more likely to be 
pedagogical or methodological in nature. At the same time the neglect of such 
methodological problems sometimes 'takes its own revenge' and leads to misunder- 
standings and to the appearance of incorrect papers in very reliable scientific 
journals; we shall refer in fact to some examples in what follows, but we do 


not wish to give explicit references to incorrect publications. 


The most elementary, but in fact the most important, difficulty which arises 
in the problem of a uniformly accelerated charge is the following one. By 


® ee ose 
definition when the acceleration is uniform we have v=2constant and y=rfr=0, 
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and hence the radiation force f = (2e7/3c°)¥ vanishes (we restrict ourselves 
here to the non-relativistic case). On the other hand, according to the well 
known formula for the radiative power — which is sometimes called Larmor's 
formula — 
P= —~v ‘ (3.1) 
It is clear that for a uniformly accelerated motion ? #0, and the following 
problem arises: how can a charge radiate when its radiative friction force 


vanishes? 


In the general case the work done by the radiative friction force, - (vef), is 
also not equal to P (the minus sign is connected here with the fact that (vef) 
is the decrease in the particle energy, while the power P is positive; see 
also the discussion below). However, for a periodic motion the total energy 
is conserved on average over the time (or over a sufficiently long time inter- 


° e e t,4T 
val). Indeed, (ve°W) = (d/dt)(v-v) -v? and if (VeV) eo =0 we get 
2e” 53 2e7 fs 
= *f) dt =-———— view) de = 22 fy? at = | dt , 3.2) 
K 3c3 Jc 3c} ‘ 


where the integrals over the time are taken from t, to t,+T, where T is 


the period of the motion. 


In the majority of the cases the energy conservation when a time average is 
taken is already sufficient to remove any real contradictions. Moreover, the 
widely used elementary derivation of the expression for the radiative friction 
force f is just based upon a use of Eq.(3.2) and formula (3.1) for the power 
. When this method is used to find the force f one may suspect that the 
expression used, f = (2e*/3c%)W, is valid only for a periodic motion or for 
the wider class of motion for which we can neglect the term weer for 
sufficiently long times T. But we have already seen that such a conclusion 
is incorrect and that one does not need to impose any Such restrictions on the 


expression for f which we obtained. 


One can very easily make the crux of the matter clear. However, a discussion 
of this problem is for us not at all an end in itself; it is more important 
to acquaint the reader with — or, rather, to remind him of — a number of use~ 


ful formulae of the theory of radiation. 


When a charge @ moves in vacuo along some trajectory, the electromagnetic 
field is determined by the well known equations which follow from the Liénard- 


Wiechert potentials (see Heitler, 1947; Landau and Lifshitz, 1975) 


Bn yer (Pc) * cites eeamsere UM LHR Sel] > Om 
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H « + (RAEI . (3.4) 


The fields € and H are taken at the observation point at time t while on 

the right-hand side of the equation the quantities R,v, and v refer to the 
‘emission time’ t/= t-R(t’)/c where the vector R goes from the point where 
the charge e is situated to the observation point. Moreover, the velocity of 
the charge v(t’) =~ dR(c’)/ot’ and v=W/dt'. Clearly the function A(t’) 
determines the trajectory of the charge, but it is more convenient to charac- 
terize the position of the charge by the vector f(t’) and the observation 
point by the vector r(t) =r(t’) + R(t’), whence it follows also that 

r = ar/de’=- s/o’ . 


The first term in (3.3) corresponds to the field of a charge moving with a 
velocity v; this term decreases with the distance R as 1/R*. The second 
term in (3.3) decreases as 1/R and is the main term when R> c2(1-v2/c2)/v; 
the field described by this term turns out to be transverse and is the field 
of an electromagnetic wave. If the charge produces such a wave field one says 
that it radiates. Essentially, we have here a definition and it is not only a 
non-trivial one, but it also needs a more precise definition. Indeed, we 
can consider the wave field of a charge, which decreases as 1/R, only in the 
wave zone where only a single such field can exist in practice. However, we 
can verify the presence of a wave term (the second term in (3.3) and in the 
expanded form of Eq.(3.4)) also at smaller distances from the charge. In such 
a case, however, the complete field is not at all a radiation field which 
propagates with the velocity of light. For reasons which will become clear in 
what follows it is advisable to understand the statement ‘the charge radiates’ 
in a wider sense, namely, as the presence of a wave field, independent of 
whether or not another part of the field is present. We must also emphasize 
that when we measure the fields E and H at time t we can only reach a con- 
clusion about the state (for instance, the acceleration) of the electron at an 


earlier time t/’=t- R(t’)/c. 


If we consider solely the field of a single given charge, the energy flux 
through any closed surface surrounding the charge must be non-vanishing when 
there is radiation present. It is clear that the energy passing during a time 
dt =[1-(sey)/c)dt’ through an area do=R7dQ in the direction of s =f/R is 


equal to ; 
‘ \ 2 [s a C(s -v/c)av] |? 
dW = — (CEAHI+s ) R7dN dt = ; sii , (3.5) 
s Qtr 4tc [l- (s*v)/c]® 
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where dQ is en element of solid angle, whila we hava assumed that the field 
ie a wave field (ascond tarm in (3.3) and (3.4)); for thie rasson 8q.(3.5) ta 
in gensral valid only in tha wave zons. 


Tha svalustion of ths total anergy emitted par unit time t’ givea 
[PAL -v/e) avd} 
[1 - (e*v/el 


dn 


go | 


ye Sy nS ee | 2. 
Here es (w° sw) = dut/ds is the four-dimensional secelerstion vector of the 
particle (one should not confuse the unit veetor » and the length s whieh 
enters only in the form of a differential da)?. By virtue of ths Lorentz 
invariance of Eq.(3.6) we can evaluate it in any insrtisl frame of raefersuce. 
In that frame in which v=0, Eq.(3.5) ia valid for any B and the svsluation 
of the emitted energy and the establishment of the fact thet radiation is 
present can thus be performed also close to the chargs and not only in tha 
wave zone. This conclusion is to some extent, of courss, alrsady clear from 
general considerations as the field — snd, in particular, the wevs fisid — is 


determined by £qs.(3.3) and (3.4) at any distanee from the chargs. 


The quantity P=dW/dt’ characterizes the flux of ensrgy through s sphsre of 
radius R at time t, but one should emphasize that on ths right-hand sids ve 
find quantities at time t’=t-R(t’)/c while the emitted energy siso refers 


t We use the notation of Landau and Lifshitz (1975). Here the four-velocity 


is 
i 


dx > 0 j Vv 
de { j-v2/c? Tanah 


wu; a uz -u? =1 , dswcdtVi-v7/c? , 


and } 
J. de (we) ae ee ~— ve } 
de 3 ()-v7/c?)? e2(l-v2/e?_—s a *() - v7/e?)? 


where v= dv/de . 


One sees easily that 


i v2c2(1-v2/c?) - (ew? _ _ v2-[va w/e? (3.7) 
Wv W. == ® e 
ZL c® (1 -v7/e7)? e*(i -v7/c?)! 
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to a unit ‘radiation time’ t’. The difference between the intervals 
dt=[1-(s*v)/c) dt’ and dt’ is a manifestation of the Doppler effect — the 


pulse (train) of radiation emitted during a time dt’ will have a duration dt. 


If the velocity of the charge at the radiation time t is equal to zero (or, 


in actual fact, sufficiently small) we get for the power 


2 
ep: a. Mt y (3. 1a) 


This expression is essentially the same as (3.1) but is written down again in 


Somewhat more detail. 


For a non-relativistic uniformly accelerated motion we have v = conStant. A 
motion in which the acceleration is constant in the comoving (eigen) frame of 
reference, that is, in the frame in which the particle velocity is zero, is 
called a relativistic uniformly accelerated motion. This means that for a 
uniformly accelerated motion in the comoving frame, and just in that frame, we 


have always v=0. In covariant form this condition can be written in the 


form 
: 
owe + au =0 
ds . 
where a is a constant; when v=0O, the condition written down here indeed 
e ee e e , i 
changes to the equation v = 0. Bearing in mind that u u. = ] and 
1 = i ; 
wu, = (du /ds)u, = 0, we find that 
dw* i 
Q=- —iu.=tww.. 
ds 1 1 


We are thus led to the condition which defines the uniformly accelerated motion 


1 e 
dw k de : 
ao 1 ¥u = Oo ; (3.8a) 


This condition has the following form in three-dimensional notation: 
fie epee 20S) ate (3. 8b) 
( ‘ Vv ae Vv . . 


When we multiply (3.8a) by w. we see that for a uniformly accelerated motion 


2 

i w 

wow. =7- — = constant , (3.9) 
Cc 

where w is the acceleration in a frame of reference in which the particle ia 

at rest (see also (3.7)). The reverse statement is, however, incorrect: in 
i 

the general case the fact that w w. 1s conatant does not yet guarantee that 


conditions (3.8a) or (3.8b) are satisfied, while these conditions must be 
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satisfied if we take the definition of a uniformly accelerated motion which 
was given earlier; our definition is an obvious one, but if one so wishes one 
might call a motion with a constant square of the four-dimensional accelera-~ 


tion, that is, one which satisfies condition (3.9), uniformly accelerated motion, 


We note that when a charged particle moves in a constant and uniform electro- 
magnetic field and if we neglect the radiation reaction condition (3.9) is 
immediately satisfied. Indeed, differentiating the equation of motion (for a 
definition of pik see Landau and Lifshitz, 1975) 


du'. i _ ie pik 
ds ~~“ 2 a ° 


d i e _ik 
ag 5 k and ‘dea 4 ae (w w. ) = aan ww, 70 ‘ 


Since the electromagnetic field tensor es 1S antisymmetric. We have used 
here not only the fact that the field is constant, that is, independent of the 
time, but also the fact that jt is uniform, as the field is taken in the equa- 
tions of motion at the point ‘occupied’ by the charge; thus pik stk ecey) 
and one can put the derivative of pik with respect to s equal to zero, as 


was done here, only when pik is independent of both t and r, 


By virtue of what we have just said we see that the motion of a charge in an 
arbitrary conStant and uniform electromagnetic field is not always a uniformly 
accelerated one. The motion turns out, however, to be uniformly accelerated 
in the important particular case where the charge is in a constant and uniform 
electric field (say, in a condenser) when the velocity v and the acceleration 
v are collinear, that is, when the motion is parallel to the field. We then 


get from (3.7) and (3.9) 


SPC PIT 2 = —_______ | = w = constant, 
[1 - (v?/e?)] © | vt = (v2/c?) 


and hence 


o2 
aaa 3vVvV = 0 


e*[1 - (v7/c*)] 
which for the case when v and Vv are collinear is the same as condition (3.8). 
If we take the z-axis along the direction of the velocity v and if we assume, 
in order to get particularly simple expressions, that at t=0 z=c?/w and 


v=dz/dt=0, we have in the particular case considered here 
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2 
zec{—+e?, veg x Se OE 
Ww V1 + (wt? /e? 
(3.9a) 
y 2 We ¢” S hid 


dt : oe 
wL(c2/w*) +737 [1 + (w?t? fe?) 72 
As the function z(t) is a hyperbola, one calls the relativistic uniformly 


accelerated rectilinear motion also hyperbolic motion. 


The motion, of course, is hyperbolic not only in the above mentioned case of a 
constant and uniform electric field, collinear with the particle velocity’ 
but also in the corresponding gravitational field; it is only important that 


the equation of motion have the form 


< es ay F = constant . 
Vl - (v7/¢e7) 


It is clear from Eqs.(3.6) and (3.]a) and from what we have just said, that 
both in the relativistic and in the non-relativistic uniformly accelerated 
motion the charge radiates and that = dW/dt’ = (2e7/3c%)w*?. Moreover, in 
a qualitative respect the radiation of a uniformly accelerated moving charge 
does not differ at all from that of an arbitrarily accelerated charge. This 
statement is true not only with respect to the calculation of the total power 
P= dw/dt’, but also with respect to the spectral distribution of the radia- 
tion (Nikishov and Ritus, 1969). 


The equation of motion of a charge has in the non-relativistic approximation 
the form (2.1) and was discussed in detail in Chapter 2. However, for the 


sake of convenience we write this equation once more in a somewhat different 


form: 
2 
end ae eee (3.10) 
3¢3 
Tt 


It is clear from what we have said that if the charge moves in an electric 
field E, at an angle to it, that is, if its velocity has a component at 
right angles to the field, such a motion is not a uniformly accelerated 
one: in that case there is in the frame of reference in which the charge 
is at rest also a magnetic field. Nikishov and Ritus (1969) have consi- 
dered the radiation of a particle when it moves in a constant and uniform 
electric field in an arbitrary direction. 
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Its relativistic generalization can be written in the form (see, for instance, 


Landau and Lifshitz, 1975)! 
duv  e pik, , 2e? du’ , a due Ces 
ds cc 8 “ke” 36 Vas? ds ds / 


(3.11) 


where the external force is assumed to be the Lorentz force (Fi is the 
external electromagnetic field tensor); one sometimes writes Eq.(3.1]1) ina 


different form, uSing the fact that u’ (du; /ds) =0, and, hence, 


In the three-dimensional notation Eq.(3.11) becomes 


id. | | =e {—E, ++ [van] }+¢ 
oI ns al A ee 


esi pie AO ge ee SE) (3.12) 
3cL 1-(v2/c?)) e*[1- (v?/e7)) 


+ ee), eee (v8 + - et @ 
c2L 1 - (v?/e?)] e721 - (v7/e?) 


It is clear from (3.8), (3.11), and (3.12) that the radiation force for a 


uniformly accelerated and, in particular, for a hyperbolic motion vanishes. 


We note that the limitations of the applicability of the equation of motion 
(2.1) — or (3.10) — which we discussed in Chapter 2 lead, of course, to the 
impossibility of using the relativistic Eqs.(3.11) or (3.12) without any pro- 
visos. The corresponding limitations are, however, not at all connected with 


the problem of a uniformly accelerated charge which we are considering just now. 
What points which lack clarity and what paradoxes arise here ? 


The first lack of clarity has already been mentioned: the presence of radia- 
tion notwithstanding the vanishing of the radiative friction force. The second 


lack of clarity which is discussed for the case of a uniformly accelerated 


- 


The expression for the radiation force, 
i 2e2 fatui og du® OY 
g =— oo a 
3c ds ds ds 


has the property that it reduces to the force f = (2e*/3c*)V in the comov- 
ing frame of reference (see the earlier discussion of the condition (3.8a)). 
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charge is connected with the application of the equivalence principle for the 
motion of a charge in the uniform gravitational field (see Ginzburg, 1970c). 
The third difficulty arises when one attempts to describe for all t and z the 
field of a charge which always (for -©<t<©) moves with uniform acceleration. 
In particular, Leibovitz and Peres (1963) conclude with the statement: "We are 
therefore led to the conclusion that the Maxwell equations are incompatible 
with the existence of a single charge uniformly accelerated at all times”. 

This conclusion may turn out to be fully valid as the total emitted energy 
during hyperbolic motion which is unbounded in time is infinite, and as 
t++e the kinetic energy of the charge is also infinite (the velocity of the 
charge is equal to c). However, we do not need to look for an appropriate 
solution in the case of any real physical statement of the problem in which 

the particle moves with uniform acceleration only during a finite time inter- 
val. For instance, if we are dealing with motion in a uniform and constant 
electric field (in a concrete case, in a condenser) the charge moves in the 
condenser for t}<t’<t,, while for t! <t) and t’> t, its velocity is, say, 
constant (we remind ourselves that such a motion in a condenser jis one with a 
uniform acceleration and is hyperbolic only actually in the case when the field 
vector and the particle velocity are parallel). If we take this fact into 
account we need not doubt that one can find the solution for the field in the 
form of retarded potentials. The fact that the field of a charge which shows 
a uniformly accelerated motion or, in particular, a hyperbolic motion is a very 
specific one is clear also from the example of going over to the wave zone. 

We have already mentioned that the field decreases as 1!/R (wave zone) for 

R » c?(I-v7/e2)/% . However, such a zone does not exist at all for hyperbolic 
motion at a fixed observation time t. Indeed, for fixed t the distance 
R=c(t-t’)+@, as t’+- . However, as t’ +-@ for a particle performing 


a hyperbolic motion (see Eq.(3.9a)) we have 


2 c : 
p-S = = » v(t) = 
c 1+(w7/e7)t * wt wt /? 
whence (c7/¥)(l-v7/c?) =ct!. It is thus clear that for hyperbolic 


motion and for a fixed t = t’ + R/c, and for R~+™, the given condition 
R » (c*/v)(1-v*/e7) cannot be satisfied. Hereby the well known arbitrari- 
ness of the concept of the energy emitted by the charge is clear: one must 


State about what value of t or t’ one is speaking. 
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Nevertheless the situation is completely well defined for a motion which has 
uniform acceleration during a finite time interval. For a given time of obser- 
vation ¢ and a known law of motion for the charge we can find R(t’) and the 
time of radiation t’. If the value of t’ lies within the interval (t/,¢3), 
when the acceleration of the charge is uniform, one can Say that at that time 
t’ mo radiation force was acting upon the charge and at the same time the 
charge radiated: the flux of energy through a sphere of radius R(t’) at time 


t=t’+R/c was different from zero. 


We are thus back at the first paradox: the presence of radiation in the absence 
of the radiative force. We shall concentrate our attention on this as we can 

thereby more explicitly clarify what the content is of the energy conservation 
law in electrodynamics and how it 1s connected with the calculation of the 


emitted energy and the work done by the radiative friction forces. 


To determine the energy emitted by the charge or the radiation intensity at a 
give surface one evaluates the Poynting vector S$ =c[EaH]/4n far from the 
charge and, if we are dealing with the lsss of energy by the charge, we find the 
flux of this vector through a closed surface. This was just the way in which we 
found, in particular, the standard Eqs.(3.6) and (3.3). Of course, we cannot 
restrict the use of such formulae as they are only valid in vacuo. If, on the 
other hand, the charge moves in a medium we get, generally speaking, completely 
different results. It is sufficient to state that even a uniformly moving 
charge can radiate in a medium — this is just observed in the case of Cherenkov 
or transition radiation (see Chapters 6 and 7). The evaluation of the Poynting 
vector and its flux through a surface remains nonetheless a completely correct 
method for determining the energy emitted also when a charge moves in a medium 
(to be exact, in a medium without spatial dispersion, as when such dispersion 
is present the energy flux density does not reduce to the Poynting vector; see 
Chapter 10), One can calculate the energy losses of a charge or the emitted 
energy also in two different ways: through determining the time-derivative of 
the energy in the field, (d/dt)fL (E-D)+H7Ja’r/8n or by finding the work done, 
e(v°E’) = (vef), by the charge against the field produced by the charge itself; 
in other words, one calculates the work done by the radiative friction force f 
which, when there is a medium present, is, of course, no longer given by Eqs. 
(3.10) or (3.11). For the often encountered case — specified later on — all 


three methode mentioned here lead to the same result; as one of the many 
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examples we mention the evaluation of the energy of the Cherenkov advected’. 
However, in general the total energy flux, the change in the field energy, and 
the work done by the radiation force are not equal to one another. Forgetting 
this fact has led, for instance, to errors in the theory of synchrotron emis- 
sion for the case when particles are moving along spiral (non-circular) orbits 


(see Chapter 5). 


The paradox arising in connection with the radiation of a uniformly accelerated 
charge is also connected with illegitimate identification of the energy flux 


with the work done by the radiation force. 


In a well known way (see, for example, Chapters 10 and 12) one gets from the 
equations of the electromagnetic field the relation (Poynting's theorem) 

Jd (ET+H". (jee) -divs , $= (eal (3.13) 

dt an / : 4n ; 
Here and henceforth in this chapter we restrict ourselves to the vacuum case 
and we shall consider the motion of a single point charge for which 
jrevd(r-r.,(t)). After integrating (3.13) over some volume V, bounded by 
the surface 0, we have 

du 


eD _ a (yek) - 2 _ [EL+H’ 4s 
wom =-e(v-E) } s_a%o 4 | wear. (3.14) 


On the other hand, we get from the equations of motion (3.12) 


2 
de& _ e(v-E,) +> (v °f ) > & = H ee ° (3.15) 


dt k Nyt [et 
In (3.14) we have appropriately the total field E=-E, +e’, where E’ is the 
field of the charge itself; at the point where the charge is eE’ =f, and 
hence in (3.14) we have e(v-E)=e(v-E,) + (v-f) . We are thus, as one should 
expect, led from (3.14) and (3.15) to the conservation law 


d(Hem + € ) ; 
a= F Syd? (3.16) 


The field energy H,,, includes the energy of the external fields €, and Ho» 


for instance, the energy of the field in a condenser through which the charge 


In Tamm and Frank’s original paper (1937) the energy flux was calculated, 
Ginzburg (1939a,b) determined the rate of change of the field energy (see 
also Chapter 6), and Landau and Lifshitz (1960), for example, found the 
work done by the radiative friction force which corresponds to the 
Cherenkov radiation. 
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considered travels and is accelerated. We shall therefore assume, exclusively 
for the simplification of the problem, that the charge is accelerated by some 
external field of non-electromagnetic nature; the effects of this field are 


neglected in (3.18) — and also in Eqs.(3.15) and (3.16). 
The conservation law (3.14) then becomes 


dH, 


a ae > 

ae ED } Sad oO (3.17) 
where Hom is the energy of the field of the charge (as stated, we have 
assumed that all other electromagnetic fields are absent); we emphasize that 
everywhere in (3.13) to (3.17) a single time — the time of observation t — 


occurs as the argument which has not been written out explicitly. 


Equation (3.17) which has a completely clear meaning shows that the work done 
by the radiation force, (v*f), the change in the field energy, dH,,/dt, and 
the total energy flux $sd°o are connected through a single relation and 
that they are, in general, far from equal to one another. If, however, we 
consider a stationary motion with dH,,/dt=0, we have - (v- fy <¢ g 4°90. By 
moving the surface o to infinity, when $S,d*0=0, we can further evaluate 
the energy Hom in the whole of space. In that case dH, /dt =- (ve f). What 
we have said here explains why we can, say, determine the energy losses of the 


particle (v-f) in the stationary regime by evaluating $ sd’ or dH, /dt. 


It is difficult to realize stationary radiation in the exact sense of the word 
(as an example of a stationary process we may mention Cherenkov radiation), and 
one is usually dealing with a periodic process when the energy of the field in 
a fixed volume satisfies the relation H(t.) = Nem(t,+T). This is just the 
situation in the case, for instance, of a fixed oscillator or of synchrotron 

radiation by a charge moving in a cireular orbit (it is important here that the 


radiating charge returns to the same point after the period T). For a perio- 
dic process 


t,+T t +1 
J (v(t) + £¢e) dees J ps, (t) dodt. (3.18) 
ty t, 


In order not to complicate the exposition we do not consider the signs, 
that is, we consider the absolute magnitudes of the quantities (vf), 
dy /dt , and $S,47o. 
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It is clear that the fact that the time of observation t and the time of 
emission t’ are not the same is here unimportant, as for a periodic process 
the choice of the time t’ does not play a role. If, on the other hand, we 
consider a motion for which the field energy Moep(t<t,) = Nep(t>t,) = y ©) » 
Eq. (3.16) will again be valid, but with t,+T replaced by any time t>t,. 
This is just the situation — or at any rate practically the situation — in the 
case of a charge which is ’reflected" by the electric field in a condenser (one 
assumes that for ¢t <ty <t, or t>t,2 bs the velocity of the charge is con- 
stant). We must only bear in mind Chat the energy U,,(t) depends on the 
volume V bounded by the surface Oo —the time t, may be assumed to be the 
time when the charge enters the condenser c; » but the time t, must be larger 
than the time tf when the particle leaves the condenser, as the radiation 


field must be able to leave the volume V. 


We saw (see (3.2)) that in the non-relativistic case the radiative friction 
force f satisfies this requirement: we remind ourselves that in (3.2) by 
definition P= $$, d%o. 


In the relativistic case we can (after a few elementary substitutions) write 


down the time component of Eq. (3.11) 


d mc * | 2e? (- i ) 
— pa -— °E —— a— : s . 
dt’ [ l~ve2fe2? = Tete ge Navn) 


Using Eqs.(3.6) and (3.12) we can write Eq.(3.19) in the form 


d me? 2e2 dw 
— |———_ {| = e(vrE,) + (ve f) = e(v-E,) + =- — - Pp, 
dt! rs | : : 3 at! 
(3.20) 
w? = ev) . P= a =-$e7c ww. ‘ 
oF (1-v2/e2)? dt L 


The time is denoted by t’ in (3.19) and (3.20); this time characterizes the 
motion of the charge and is the time of emission when we consider the radia~ 
tion. Meanwhile, in (3.17) and in the original Eqs.(3.13) and (3.14) there 
occurs a single time t for the charges and the field. The radiation power 
P= dW/dt’ differs therefore from dW/dt = $ S(t) d*o., 


The charge, entering the condenser parallel to the braking field emits at all 
times ct’ while it stays in the field (as we have stated, t st’ st) electro- 


Magnetic waves, and 


Qp2 
po a. 2e? sl 


=o —— = constant, 
dt 3c? 3n2e3 
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This means that et a sufficiently large distance R(t’) from the charge at 
time t=t’+R(t’)/c a radiation field can be observed with the appropriate 
value of the energy flux. No radiation force acts on the charge for t/< c 


and t’> ae and it moves according to the law 


4 | == =F. =eE 

atl i-vies ° ; 

However, at the Cimes ae and ae the friction force acts upon the charge and 
the work done by that force over the whole interval of the accelerated motion 
will be 


C, Ey 
2e* ! ' 

| (ve f) dt’ =~ [ears =- Ce St ue x 
3c3 : 

c, Cc, 


that is, exactly equal to the energy emitted. 


From what we have said it is clear that the vanishing of the radiation force 
during the uniformly accelerated motion is in no sense paradoxical, notwith- 
standing the presence of radiation, Indeed, the non~vanishing total energy 
flux through a surface surrounding the charge while the radiation force equals 
zero is exactly equal to the decrease in che field energy in the volume 
enclosed by that surface. In the general case, however, all three quantities 
dH..,/dt » (vef), and $S,d°o (see Eq.(3.17)) are different from zero. There 
are no grounds for expecting that the work done by the radiation force, (v°f), 
and che energy flux dW/dt =$S, d’a or the flux dW/dt’ = ® are necessarily 
equal, especially as the force is applied to the charge, while the flux is 
calculated through a sphere of radius R. In complete agreement with the 
spirit of field theory the energy flux through a surface is directly deter~ 
mined by the field near the surface, and not by the field on the trajectory of 


the charge which is inside the surface. 


It may seem that the explanations given here are too detailed. However, we 
have done this as, for instance, in the detailed paper by Fulton and Rohrlich 
(1960; see also Rohrlich, 1965) which is specially devoted to the radiation 
of a uniformly accelerated charge, the conservation law (3.17) is not used at 
all. Instead, as in a number of other papers, the concept of an ‘acceleration 


energy’ is introduced. 


UNIFORMLY ACCELERATED CHARGE 2 


It is clear from (3.30) that (ve f) = dQ/dt ‘- © and one can write Eqs. (3.15), 
(3.19), and (3.20) in the form 


f dt’ dt’ (3.21) 
Gx mc * nee 2e? (v ov) 

———— ——, Sd 

Yi -v-/e2 3c° (1-v7/c?)? 


The quantity Q is sometimes interpreted as part of the ‘internal energy of a 
charged particle’ and sometimes is assumed to be part of che energy of the 
field which immediately surrounds the particle, without contributing to its 
electromagnetic mass. From this point of view we may assume, when the radia- 
tion force vanishes, that the emitted energy P derives from the ‘acceleration 
energy' Q or from the ‘internal energy’ E-Q. If we assume that Q is part 
of the field energy, the radiation energy © derives from the field energy. 
Formally the latter is completely correct as ® =dW/dt’ is the flux (per unit 


time t’) of field energy through some surface surrounding the charge. 


It appears, however, to us that the introduction of an ‘acceleration energy' or 
an ‘internal energy' of the charge not only does not add to the understanding 
of the energy balance, but, rather, even complicates the problem. The charge 
possesses merely the energy €= me2/(1-v2/c2)! ; the splitting of the radia- 
tion force f or the work done by that force (v*f) into two, or any other 
number of, parts is, of course, not unique, and already for that reason can not 
have any particular meaning. To be more precise, if one could ascribe some 
meaning to it, this would be possible only in connection with an identification 
of part of the work (v° f) with the expression for © which is determined from 
independent considerations. Therefore, for a discussion of the problem of the 
energy balance during uniformly accelerated motion and of the radiation by a 
charge we can not see the need for special starting points or for going beyond 
the limits of the conservation laws (3.15) and (3.17). Of course, it can also 


be convenient and natural to write the work (v¢ f) as a sum of two terms (see 


(3.21)), but there is no need to give these terms any new meaning. 


Chapter IV 


RADIATION OF A MOVING PARTICLE 


Motion and radiation in an ondulator. Motion in a magnetic field. 
Radiation reaction and limits of applicability of the classical theory. 
Radiative (magneto-brems) losses when charged particles move in a 
magnetic field. 


The radiation of a non-relativistic particle (v«c) differs very appreciably 
and even in a qualitative manner from that of relativistic particles (v % c). 
We shall in what follows repeatedly encounter the corresponding peculiarities 


and it is therefore expedient to remind ourselves of them. 


If a charged particle moves in vacuo (only this case will be discussed in the 
present and the next chapter) it emits radiation only when it is accelerated, 
and in the non-relativistic case, when the velocity v«c = 3 x 10” cm/s, the 
radiation has most often a dipole character. To be more precise, the intensity 
of the higher multipole radiation is proportional to an extra factor of order 
(v/c)7" ~ (afd) 2", where a is Che size of the emitting system and A = A,= 
2nc/w=cT is the wavelength of the radiation, Tva/v is the characteristic 
period or quaSi-period for the particle motion and we have n=1 for quadru- 
pole radiation, n=2 for octupole radiation, and so on. As an example, quad~- 
rupole radiation is thus uSually important only if the dipole moment of the 
system is zero or anomalously small’. For a dipole (oscillator) with a moment 
p = er which only changes im magnitude, the electric field in the wave zone 
changes according to E=sin®, and the intensity (energy flux per unit solid 


angle dQ) as 


dw 2° 2 
Ea API gi? 
I aaae ae sin’® , (4.1) 


where §@ is the angle between p and the wavevector k (Fig.4.1); for a harmonic 


Of course, this is only the simplest possibility. Quadrupole radiation can 
also dominate over the dipole radiation when the frequency of the variation 
in the quadrupole moment is larger than the frequency of the variation in 
the dipole moment. The different angular dependence (or, as one says, polar 
diagram) of the dipole and the quadrupole radiations may also turn out to be 
important. 
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motion, when p =e@) sinwot, Eq. (4.1) changes 
to Eq.(1!.85), in which there was also a time 


averaging. 


One often calls the radiation of a non- 
relativistic electron when it moves in a 
magnetic field cyclotron radiation’. The 
frequency of this radiation — which is called 
dipole radiation — is, of course, equal to 


the frequency of rotation of the electron in 


Fig.4.1. The electric field the field H,» that is, 

strength of a fixed dipole - 

as function of the angle 9 abl eee Heiol witesc! re 
between the axis p and che “Hine yh ) ) 
wavevector K . In the simplest case of circular motion, when 


the velocity along the field v,=0, the radius of the orbit is equal to 


eee, (4.3) 


It is clear that we have always amr! Ay < 1 and v/c «<1, and this guaran- 
tees the validity of the dipole approximation; Ag = 21/4, 1s the wavelength 
of the cyclotron radiation. 

The radiation when a charge executes a non-relativistic circular motion in a 
magnetic field is the same as for two mutually perpendicular harmonic oscilla- 
tors which are shifted in phase by 47 or, which is the same, for a constant 
electric dipole with dipole moment en, at right angles to the magnetic field, 
rotating with a frequency w, - The intensity of the cyclotron radiation, aver- 
aged over one period, when a charge moves along a circle is 

dW. - e*uity 


Pade: pies 


(1 +cos*a) , (4. 1a) 


where @ is the angle between H, and k, while dQ =sinadad$; we show in 


Pig.4.2 the polar diagram for this case. 


* there is as yet no well established terminology for che emission of particles 


moving iN a magnetic field. It seems to us that if we take into account: the 
terminology which has already been used it is convenient to call such radia~ 
tion in the general case magneto-brems radiation, and to call it cyclotron 
and synchrotron radiation for non-relativistic and relativistic particles, 
respectively. In other words, in that terminology cyclotron and synchrotron 
radiation are limiting, particular cases of magneto-breme radiation in the 
non-relativistic and relativistic cases, respectively. 
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For a spiral motion, as long as the velocity compo 
nent parallel to the field vz=Vy" (v oH) /Hy «oc, 
the intensity distribution is qualitatively little 
different from the one discussed earlier, as long 
as we are not speaking about asymmetries; ite 


nature will become clear from what follows. 


Relativistic, or more correctly ultrarelativistic 
particles (and just this case we shall normally 


call relativistic in what follows), for which 


2 2 
gE = is jie =- Mie | (4.4) 
Y c2 é 
Fig.4.2. Polar diagram radiate already completely differently (we have here 


for cyclotron radiation, 
that is, the intensity 

of the cyclotron radia-~ one encounters it often in the literature. In 
tion as function of the 

angle a between the mag- 
netic field vector H, dominate, and the simplest way to elucidate the 
and the wavevector k. 


introduced apart from & also the notation I1/y as 
this case the dipole radiation does in general not 


nature of the radiation is to use the formulae for 
changing from one inertial system of coordinates to another. To be concrete, 
let the radiation have a dipole character in the coordinate system, in which 
the particle at a given time is at rest or moves with a non-relativistic velo- 


city, and let it occur with a frequency w In the laboratory frame of 


00° 
reference, in which the emitter as a whole moves with a velocity v_ the 
frequency is given by the well known formula for the Doppler effect (see, for 


instance, Landau and Lifshitz, 1975) 


Wy Vl -v7/e? 
w(8) “T= (v/e)cos 0 ° (4.5) 


It is important to emphasize that the angle 6 between v and k is measured 
here in the laboratory frame. When (4.4) is satisfied we have 


1 + 
w(0) = Wop 2. x~ 205 —~£. = 2Y Gigi -% (4.6) 


mec 


and the frequency w(8) is large compared to w,, for angles 


00 


@<—z-2— «Kl. (4.7) 


If, however, 8 > —€, the frequency of the radiation decreases rather steeply 
with increasing angle @; incidentally, we shall elucidate in Chapter 5 the 


obvious meaning and, one might say, the content of the Doppler effect. 
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Radiation which is analogous to the radiation of a fast moving dipole ig 
realized in a great number of cases: for fast moving excited atoms, molecules, 
or nuclei (we do not dwell here upon the necessity to describe the radiating 
system itself quantum mechanically), when a charge moves in a magnetic field 
at a very small ‘pinch angle’ (the angle X between H and v), and, finally, 
for the motion in various ‘ondulators'. By an ondulator we understand here a 
device which provides for a periodic motion of a charge on a path L along a 
trajectory which is nearly a straight line. In an electric ondulator the 
motion of a particle is the same as, for instance, in a condenser under the 
action of a uniform electric field E=E,cosw,t which is at right angles to 
the unperturbed (large) particle velocity v,. In a magnetic ondulator there 
is an inhomogeneous static magnetic field with a spatial period 2 which leads 
to oscillations of the particle with angular frequency w, = 2M¢/A, = 2mv,/2 — 
such a case is realized in practice when a particle moves successively over 
Magnets with NSNS NS... pole arrangements, where N and S are, respectively, 


the North and South poles. 


+ + + + =+ 


Fig.4.3. Motion of a particle in an electric ondulator 


The equation of motion of a particle in an electric ondulator (Fig.4.3) is 


< | | = eE, cos Wt , (4.8) 


V1 -y?/e? 
where the velocity v=v,+v’, v’ « vy), v, = constant, (v,°E,) =0. To a good 


approximation we can therefore write 


ewe an | me? 
= eE, ; (4.9) 
ry =v,c, . =@,coswt ; 4a, er mx . 


where €/c” plays the role of the 'transverse' mass. 


We consider here the approximation which allows us to calculate the radiation 
in the dipole approximation considered below; Alferov, Bashmakov & Bessonov 
(1975) have given a much more complete theory of radiation in an ondulator. 
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The dipole moment which appears as the result of the field E equals p = er: 
The emission is that of a moving dipole — with y = €/mc? » 1! -, provided 


r 
0 Cc 
,. eee ee ’ 4. 10 
a TY Yu, ( ) 
that 1s, provided 
eEA, « 2mmc* . (4. 10a) 


Satisfying this condition necessarily guarantees that the velocity v’ VaAgW, 
is small compared to the velocity of light c — indeed, vw’ ¥ (eE,A,/27€) c. 

The wavelength i,/y occurs in (4.10) as in the system of coordinates moving 
with the average particle velocity v,*c the length of an element of periodi- 
city in the ondulator is 2! =/y & A,/Y while the amplitude of the acilla- 


tions is, as before, equal to ap). 


The emitted frequency equals 
De 2tc 


pats 1. (Oe 
Mt) eG ate ay cone M2) = (0) 


> (4.11) 


where we have dropped the index of v, as we shall also do in what follows. 
The difference between the first of Eqs.(4.11) and (4.5) is connected with the 
fact that in (4.8) and (4.9) the frequency w, is measured in the laboratory 
frame whereas in (4.5) WwW ), is measured in the rest frame. [In the relativis- 
tic case we have according to (4.11) 

w(0) Buk Oe. 255 (<Y 


~ £0) 
ae 0 
I-v/e Nine? 


2u,Y° > 7 > (4.12) 


which differs from (4.6) by an extra factor €/mc*. 


We can consider an ondulator as a device to transform the frequency Ww, of the 
external field to the frequency w(®) , and huge ‘transformation coefficients' 
are fully attainable. For instance, for an energy €&%~5GeV, which is normal 
in present-day electron accelerators, the factor y7V1l0°, as me*=5.1% 105eV. 


Therefore, for w, 10?°s7! QO, ~ 20 cm, radio-band), the frequency w(0) ~ 1038 57! 


0 
(A(0) 1077 cm = 108, X-rays). It is clear that one can use an ondulator 
in principle as a generator for radiation in a frequency range where other 
methods are insufficiently effective, and also that one can apply the emission 
arising in an ondulator to detect particles which are flying past (see papers 
by Ginzburg (1947,1972b,c) and by Alferov et al.(1975) and the literature cited 
there); new possibilities arise when we introduce into the ondulator some 


transparent medium — we shall discuss this in Chapter 6. 


The expressions for the field strengths and the radiation intensity contain, 
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Like Eqs.(4.5) and (4.11) for the Doppler effect, the characteristic denomina~ 
tor 1-(v/c)cos@ to some power or other. We restrict ourselves here to 
referring to what are, perhaps, the most important expresSions in radiation 
theory, namely, Eqs.(3.3) and (3.4) for the field of a point charge or the 
original expressions for the Liénard-Wiechert potentials (see Landau and 


Lifshitz, 1975, §63): 


ev e 
i cRL1- (v/c) cos 8’) ” vee cRL1- (v/c) cos 6’) ” Moet) 


where @’ is the angle between the velocity v and the radius vector R, taken 
from the position of the charge to the point of observation; clearly, in the 
wave zone the angle 6’ is the same as the angle @ between v and k, Finally, 
there occurs in Eq.(3.5) for dW, = IdQdt a factor [1-~ (v/c) cos 6]° in the 
denominator. From all this it is clear that in the relativistic cage the 
emission is mainly in the forward direction— it is concentrated mainly within 
the range of angles @ SE=I/y=me7/E, In quantum (or, rather, corpuscular) 
language this result is particularly obvious: photons with the largest energy 
hw are emitted just in the forward direction. The polar diagram of the emis- 
Sion of a dipole moving along some trajectory with a velocity comparable to 


the velocity of light, c, is shown in Fig.4.4. 


Fig-4.4. Polar diagram 
for the emission of a 
dipole. 


We show the distribu- 
tion of the electric 
field in a plane through 
the axis of the dipole, 
as a function of the 
angle 8 between the 
translational velocity 
Vv and the wavevector k. 
the dipole is moving at 
right angles to its 
axis. The field distri- 
bution is shown for the 
case v= fc, 


When a particle is moving in an ondulator, and also in many other cases, one 

is usually interested in the total energy emitted along the whole of its path 
(along the length L of the ondulator), while the observation is at distances 
R > L, that is, far from the emitter. In that cage we are interested in the 


quantity (see (3.5)) 
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dU, dw ° 
—— = = | (CEAWI+s )R? at -J— [ - a=] dt! 


dQ 


@2 i is AL (s-w/c) Aw J]? 


= ; dt’ 
4tc C1 = (s ev)c]° 
° © -y? f “v)? 
aoe ee 2(s wv) (vow) : 92 _ (l-vi/e*)(S ~ dt’. 
re cCCl=(sev)/cl* [Cl—(sew)/cl? [1 - (sew)/cl? 


(4.14) 
Apart from the notation, this formula is the same as Eq.(73.1]!) in Landau and 


Lifshitz's book (1975) and follows, as we have said, directly from Eq.(3.5). 
For an ondulator (vv) =0, v=- wir, (sev) =vcos@. Moreover, in (4.9) there 
occurs just the ‘source time’ t’ , because of its meaning, even though we have 
omitted the prime here. The result of integrating over t’ reduces to replac-— 
ing cos*u tt’ by 4 and multiplying by the time the particle spends in the 


ondulator T=L/v,=L/v. As a result we get 


dU. e’wiay L {Ct - (v/c) cos 617 - (1-v7/e7)sin7é cos79} 
“dQ 


Be? v[1- (v/c) cos 6° 


e' £2 L{{t ~ (v/c)cos 6]* - (mc?/@)*sin*6 cos*9} 2 
eae (2E-) (4.15) 


8nciym’L1- (v/c) cos 6)° 


where 6 is the angle between the field €, and the projection of s =k/k onto 


the plane at right angles to v. 


In the relativistic — or actually, the ultra-relativistic — case (4.4) when 


1/(1-v/e) @ 2(e@/me”)? , we have 


dU, e* E? L (me?/€)? 


dQ 8mm? c*[! -— (v/c) cos 6)? 


~ 


2 2 2 

U = 15 an See) (=) E*L ; <, > Pig (4.16) 
The radiation is then, aS we mentioned earlier and as is clear from (4.15), 
concentrated within angles 6 ~ mc*/@ and has a characteristic frequency 
wvw(0) Vw, (@/mc?)*, The total emitted energy is proportional to the factor 
e" 22 /m* = etc*/m*(1-v2/c*), that is, it depends for a given charge both on the 
total energy @& and on the rest mass m —or on m and the velocity v. At the 


same time the acceleration depends merely on € (see (4.9)). 
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We shall in Chapter 5 also discuss the radiation by a charge which moves with 
relativistic velocity in a magnetic field. Now, however, we shall discuss the 


radiation force acting on relativistic particles. 


We have already in Chapter 3 derived the relativistic equation of motion 
including the radiation force (see (3.11), (3.12), (3.19) and (3.20)). It is, 
however, convenient, as in the non-relativistic case, to consider at once the 
approximate nature of the formula for the radiation force, expressing it in 
terms of the field strength. This was done by Landau and Lifzhitz (1975, §76), 


but it is convenient to do it again here, starting from the equation of motion 


du’ se _ik i i... Jeo (atu ik a ) 
——_— L—y — + J —_—_— -_ e « 
mds “k 6 » & 3c \ ds? iis ds? (4.17) 
To a first approximation 
i .. Gat azue_— esa er g 
aa bs ’ = — > + FF ° 18 


Substituting d2u”/ds? from (4.18) into the expression for gs. we can write 
(4.17) in the form 


es uu 25 Fig ¥ + (ou )( Fu wl 
(4.19) 
We can in the ultra-relativistic case everywhere except in expressions such as 
y= {1-v2/e2}- put v=c. The main radiative term in (4.19) is thus the Last 
one and aS v>c we can write the three-dimenSional equation of motion in the 


+ 


form 


For the sake of convenience we remind ourselves here of the connection 
between any four-dimensional force g* and the correSponding three- 
dimensional force f;. We have 


= (g°,g) = S9/ saeae ied eoeet eee: \ 
e*¥(1 - v7/e7) ev¥(1 ~ v7/c?) 
where : : 
d du dp 
—t- = mc “Ae. = oe ; ae = f ; 


since 
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] 
pet ee ce Aer, 
dt Ky ~y?/c?) e( *? [vA 1) e: 


2 2 
2e" L km 2e* Saree ) oC Vv 
f = F F =- 2 — » 4.20) 
( ke )( u,)¥ 3m“c ] -vy"*/c? v ( 


where we have in the last expression for f chosen the x-axis along the direc— 
tion of v in order to write down explicitly the components of the field. The 
fact that for y >1 the force f is parallel to v is also clear from Eq. 


(3.12) but that equation is, however, less convenient than (4.20). 


We now want to make a few remarks which are important and are sometimes not 
taken into consideration. In the relativistic case the radiation is mainly in 
the forward direction, in the direction of the velocity. The recoil, or reac-— 
tion, must thus be in the backward direction, as directed radiation carries 
momentum. This is also demonstrated by the fact that the force f is anti- 
parallel to v. It seems that from this it also follows that the radiation 
reaction will lead to a decrease of the velocity components in all directions. 


Such a conclusion is, however, in general false. 


Let us as an example consider the motion in a constant and uniform magnetic 
field H,. As we shall in what follows repeatedly be interested in this case 
we shall dwell upon it in somewhat greater detail for the case of a particle 


of charge Ze and mass M. 


The equation of motion then has the form (we neglect for the time being the 


a . e + 
reaction of the radiation) 


d Mv _ Ze 
dt Pear ie Le ean 


One can easily integrate this equation and it then becomes clear that the 


Particle moves along a spiral: its velocity is v= Mews where Vv), = constant 


a ee ere 

+ 
For application of Eq.(4.21) this proviso is, strictly speaking, insuffi- 
Clent and we must also note that we shall also assume the charge Ze and 
the mass M to be constant. Of course, such an assumption is practically 
always implied, but it is not necessarily true, as for ions the charge and 
maSS are not constant quantities when we take into account nuclear fission 
and/or the ‘stripping off' of atomic electrons, 
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is the constant velocity along the field (along 
which we take the z-axis), while vo is the velo~ 
city component in the xy-plane, that is, at right 
angles to H, (Fig.4.5); we have 


* ° * 
as Sl 16 
Vv = vo cos wit » V = vi n Oy > YI = constant, 


i,Xx 1,y 

vy =v cos X 5 v =v sin x : viavi ty , (4.22) 
» _ ZeH® Mc? _ Mc? _vsinX , 

oa rr ie: Or i: 


H 


Here x is the angle between v and H,, and Ty 


the radius of the circle which the projection of 


X 


Fig. 4.5 The quantities | 
Vy Var, and x the radius vector of the particle describes in the 


xy~plane, we shall, as usual, call this radius the radius of curvature, but it 


* 
H 


Space of the particle which is equal to 


should not be confused with r), , the radius of curvature of the trajectory in 


_ th + (vy fuss)” - 


* ne ae 
4 = ‘ (4.23) 


H wy sin X 
Unless we make a statement to the contrary we shall in what follows understand 


by e the absolute magnitude of the electron charge and take the frequencies 


We and We to be positive. In the ultra-relativistic case we have for elec- 


trons 
_E€sinx _ & (eV) sinx 2 _ s 
Ty > eH = 300 H, @ »mc* = 5.1x 10° eV . (4,24) 
We express the field H, always in Oersted (Gauss) and tT 7 like other 
lengths — in cn. It is, however, often more convenient to express the energy 


&@ in eV, which we shall express as €(eV) = &/1.6*% 10737 | where & is in erg. 


The gyro-frequency wa is for a given field H, in the relativistic case lower 


than the non-relativistic gyro-frequency We 


of the increase in the 'dynamic' mass €/c? #=M/V(I-v*/c*). For electrons 


for an obvious reason: by virtue 


2 2 
wy = Wy ee = 1.76 x 107 ies (4.25) 


Let us now turn to the radiation reaction. As the reaction force (4.20) is 
antiparallel to v, it seems, aS we mentioned earlier, that both velocity com 
ponents v_ and YI must decrease when a charge moves in a magnetic field. 


Meanwhile it is clear that in the approximation (4.19) considered here (and 
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only such an approximation is justified; see Chapter 2 and what follows) and 
when we take into account the radiation force in a conStant and uniform magne- 
tic field, vy) = constant. Indeed, aS in a constant magnetic field vy constant 
or dv /ds = 0, when we neglect the radiation force, when we iterate, changing 
from (4.17) to (4.19), we can verify that as before dv )/ds = 0. The apparent 
contradiction with Eq.(4.20) is resolved when we bear in mind that that equa- 
tion itself is valid only as v~c, and that we can use it to consider the 
change in the momentum p=mv//(Il-v7/c*), but not the change in the velocity. 
The momentum of the particle, indeed, decreases under the action of the radia- 


tion, and this is true for both Pi and P,- 


After a sufficiently lone time p70 and 


mc 


= _—7, PP, = Se )SC—=»#“d“dsoP— ?-'0—~C «xg SOUtt#™ * (4.26) 
Vi -vise” ! VI - wile? . 


From this it is clear that the particle remains relativistic, as t+, only 


mv 


for very small initial ‘pinch angles” X,, so that vy =vcosX, Vc. 


We saw in Chapter 2 that in the non-relativistic case the radiation reaction 
Must be considered to be a perturbation — it must be small compared to other 
forces. The transition to the relativistic case and, in particular, the actual 
transition from Eq.(4.17) to (4.19) may impel us to reach a similar conclusion. 
However, such a conclusion about the necessity to require that the radiation 
force be small compared to the Lorentz force (in particular, in Eq.(4.20)) 
would be erroneous. Indeed, the relevant conditions are (2.5) and (2.6) which 
were obtained in Chapter 2 and which guarantee that the radiation force is 
small in the frame of reference in which the particle at a given time is at 
rest. In the laboratory frame in which the particle velocity is v condition 


(2.6a) becomes 


2 2 2 
nc Mc mc 
—- = 6x1015 =~ ge 


Hy <« ; 
0 eo & & 


(4.27) 


where H, is the field in the laboratory frame (this field is in the rest frame 
of the particle larger in order of magnitude by a factor y=el/Vl-v2/c2, which 
leads to (4.27) rather than (2.6a); we are dealing here essentially with the 

Lorentz force component at right angles to the velocity v, while the radiation 


force is for @ > mc” 


in the direction of -v and hence, like the component 
of E along v, the same in the laboratory frame as in the rest frame of the 


particle). 
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Physically the situation becomes clearer if we frame our discussion in terms 
of the wavelengths or of the frequencies of the radiation, which ia analogous 
to the transition from (2.6a) to the equivalent condition (2.6b). If 

w= 2nc/A is the frequency of the radiation in the laboratory frame, in the 
rest frame of the particle we have due to the Doppler effect Wy, ~w/y 2 ume’ /& 
and A.) ~A C/mc? (see (4.6); we take here for w the maximum frequency w(0)). 
Condition (2.5) thus becomes 


hoo VAE/mc* » Te, 


or 


TI e“ m c & c 


Ww) ce me* & Tome* e* 4; 28) 


One obtains the same result by requiring that the wavelength i be larger than 


the ‘size’ of the electron rome?/é in the laboratory frame; we have here the 


relativistic ‘compression’ of a moving object. 


Let us now apply condition (4.28) to the case of emission in a magnetic field. 
We shall show in Chapter 5 that the characteristic frequency of the radiation 


in that case is w (eH, /me) (€ /me*)? , Substituting such a frequency into 
(4.28) also leads to the condition (4.27). 


If we remain within the framework of classical theory, we can thus take the 
action of the radiation force into account, using Eqs.(4.17), (4.19), and (4.20) 
and the conditions (4.27) and (4.28). We have already mentioned in Chapter 2 
that, if we take quantum effects into account (see (2.7)), we can use the classi~ 
cal theory only for wavelengths \ > h/mc=re/a, a=e*/me ~1/137. However, 
this inequality refers only to the rest frame. In the laboratory frame the 
condition for the applicability of the classical theory is obtained from (4.28) 
by replacing T by h/mc, that is, it has the form 


2 
> —— , hw«e_, (4.29) 


This inequality (the two expressions are in fact equivalent), expressed in 
terms of w, is completely obvious: if the particle emits a photon of energy 
hw which is comparable with the particle energy €, the classical approach 
clearly becomes inapplicable; it is sufficient to say that in a classical 
approach emission of waves with frequencies w * @&/h are not excluded which, 


. , tT 
however, violatea the energy conservation law . 


er 


T see footnote on the opposite page 
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For the case of motion in a magnetic field and of synchrotron radiation the 
quantal restriction on the field and the energy, which guarantees that one can 


use the classical theory, is 


2 224 2 2.3 2 2 
Hg Sp ee Os (4.30) 


We obtain this restriction by applying condition (4.29) to the synchrotron 


radiation with a characteristic frequency w ~(eH /me) (@/me?)* 


The characteristic ‘quantum’ field m’c*’/eh has the following meaning: an 
electric field E,~m*c*/eh along a path length h/mc performs on the charge 
e an amount of work of the order of mc’. Physically it follows from this 
that in such (and, of course, in stronger) fields it is already possible to 
produce electron-pOsitron pairs for which one needs an energy of at least 
2mc* = | MeV. A particle of energy @ can produce pairs already in fields 
B > (m*c?/eh) (me*/e), as in its rest frame the field reaches at once the 
critical value m*c?/eh (for details about quantum effects in Strong fields 
see Nikishov and Ritus (1970), Ritus (1972a,b), and the literature cited in 


these papers). 


If we now turn to Eq.(4.20), we see that the radiative reaction force is small 
compared to the Lorentz force, provided (we assume that H ~H,» and so on; 


see also (4.44) below and the remarks following inequality (4.27)) 


try v 
mc" /mc2 


Fo e3 \ e / 


ree ae 
= 6% 1079 (= ,FeE or HH. (4.31) 


By virtue of the extra factor mc*/g@ which occurs here, as compared to the 
criteria (4.27) and (4.29), it may well turn out that the radiative reaction 
force is even large compared to the Lorentz force, and the classical Eq. (4.20) 
is moreover applicable; condition (4.30) is satisfied. The range of fields 


for which such a situation occurs is clearly determined by the inequalities 


24, 2. 2 2.3 2 2 
mec! =) «K H, 2. Ee. Bex 4x19 ae ; (4.32) 
e? @ eh & 


In actual fact the situation is somewhat more complicated. If the motion 
of the particle is given, as is often assumed in classical theory, it may 
in principle emit at arbitrarily high frequencies ~— the reaction of the 
radiation (recoil) is compensated by the external forces which secure the 
motion with the given parameters. However, a free particle with energy @ 
can, of course, never emit photons with energies hw > @. 
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For fixed H, condition (4.32) can also be written as 


2 4 2 3 13 
! a € pc SIO. (4.33) 
e*Hy me* ehH, Hy 


For fields of the order of 10? to 10 Oe (at the surface of pulsars) the 
upper bound to the parameter @/mc* (that is, the restriction to 'classical' 
behaviour) is rather strong and has a completely realistic value. Moreover, 


the reaction force dominates over the Lorentz force for energies 


2.4% 6 
_o »> Ex ~10 | (4.34) 
A 


me* ¥m'Hy Vi, 


It is clear from the derivation that the relative smallness of the reaction 
force in the rest frame of the particle is not retained in the laboratory 
frame becauSe the reaction force and the Lorentz force depend differently on 
the energy as, generally speaking, they have different directions. The deriva- 
tion of Eq.(4.19) from (4.17) remains correct also in the case (4.34) as it 
was derived in an invariant manner and is thus valid when the components of 

one four-vector (the vector eg) are small compared to those of the other four- 
vector (the vector (e/c)F*Ky, ) in any frame of reference (we have repeated here 


the appropriate explanation from $76 of Landau and Lifshitz's book (1975)). 


Expression (4.20) for the reaction force is very convenient for finding radia- 
tion losses, that is, energy losses due to radiation. For instance, in a 


constant magnetic field the radiation losses are 
\ \2 
2e H2 ( & c 


— —— » | 
’ 
3m*c3 4 aeey me 2 


r(e) = > (4.35) 


where H = H is the projection of the field H, onto the plane at right 


O1 
angles to v. For an arbitrary velocity v for a particle of charge Ze and 


mass M we have 
42 2 4 yy2 
2 (Ze) Hi Vv 2 (Ze) Hy g 


(—) - i}. (4. 36) 


ene Ss a 
3M*e5(1 - y72/e?) 3M“ec \ Me? 


The most direct way to obtain this expression exists in using Eq.(4.19). One 
often for the determination of the radiation losses calculates the emitted 
energy, but we noted already in Chapter 3 a well known limitation to such a 
procedure, and it may lead to confusion (see Ginzburg, Sazonov, and Syrovatskii, 
1968; Ginzburg and Syrovatskil, 1969; and the discussion in Chapter 5 of the 
peculiarities of synchrotron radiation for spiral motion). However, an evalua- 


tion of the emitted energy leads in the case of motion along a circle in a 
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magnetic field (see Landau and Lifshitz, 1975, §74) to the correct Eq. (4.36) 
with HoH, 3 the generalization of this formula to the case of spiral motion 
can be directly performed in the above mentioned manner, but we can, in general, 
L In 


fact, there are no losses when H =0, we can assume that the losses are known 


give also a different reason for the resulting substitution H,*H, =H, 


when H =H), and, finally, when €/mc* >1, (4.35) is valid; therefore it is 
rather obvious to have Eq.(4.36) as it gives the correct result in three lLimit- 


ing cases. 


When we neglect the radiation force the energy & =Mc*/V(I -v'/c7) ls conserved 
during motion in a magnetic field; to prove this it is sufficient to multiply 


Eq. (4.21) scalarly by v. When we take the radiation force into account we 


have thus 
d& 


ae R , (4.37) 


or, in the ultra~relativistic case 


dé 


2 
_ 2(Ze)" Hy ( 


@ \2 _ 3 2( Z_m\" ( e y 
dc Tae Me2/ =-0.98x 10 HY 7 ——7 eV/s . (4.38) 


Mc? 


For electrons (Z=!1, M=m) 


= --4 —-+(£,) =- 0.98 1073 rf £,) eV/s 
=- 1,58x 107° a (£5) erg/s : (4.39) 
We can write this equation also in the following form 
2 2 
a =- pee , B= ate = 1.95*x 10? ere ae (4.40) 
m'c 
Hence we have 
&(t) = om eg E(O) . (4.41) 


The energy of the electron is thus reduced by a factor two after a time 


‘ 1 5.1x 10% me? (4.42) 


mn BE Hw Ey 


It is further clear from (4.41) that for any initial energy €, the energy of 
electron at time t cannot exceed the value 


— 1 _ 5.1108 4 2.6 10™ (4.43) 
eax) * Be 7 mc* = ie ev , 
® 1 1 
where t 16 measured in seconds. 
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The result (4.43), that is, the existence of a maximum (limiting) energy ae 
for a charge moving in a magnetic field can be generalized to the case of a 
non-uniform field (see Landau and Lifshitz, 1975, §76). As far as we know, 
the first discussion of the problem of the limiting energy was for the case of 
cosmic rays reaching the Earth (Pomeranchuk, 1939). In that case the particle 
must traverse the terrestrial magnetic field H~0O.2 to 0.5 Oe, that is, 
traverse a path length L~R,~10? cm (the Earth's radius R, © 6360km), for 
which it needs a time t~R,/c ~3% 10° s . As a result we get for electrons 
E108" ev (we have put in (4.43) H~H,~ 0.2 Oe, which corresponds to the 
particle being incident in the equatorial region; Pomeranchuk's calculations 


(1939) led to a value €,,, = 4x 10!’ev for incidence at the Earth's equator). 


We have written Eqs. (4.38) to (4.43) in various forms and with various numeri- 
cal coefficients as they are widely used, in particular in astrophysics (see 
Chapter 15). 


When a particle moves in a constant and uniform magnetic field, the radiation 
force is small compared to the Lorentz force, if during a single revolution, 
that is, during a period T= 2n/uy = (2™Mc/ZeH,) (E/Me*) , the loss of energy 


A& by the particle is small compared to @. We are thus led to the condition 
(for M=m, Z=1) 


hae 10° 


2 a! 3472 “1 w2 4 sin?) . 
Mc “ e at J Hy sin?X 


0 


(4.44) 


As one should have expected, this condition is the same as the one obtained 
earlier, but it makes it somewhat more precise (see (4.34), where we consi- 
dered the opposite inequality and put H, ~H,)- In the cosmos inequality (4.44) 
is often well satisfied. For instance, in the interstellar field H,sin*Xx ~ 
10-°0e and (4.44) is satisfied for electrons with energies € «10!? eV. How- 
ever, when H,~!0*Oe (sunspots, magnetic stars, accelerators) we are led to 

a much more rigid requirement & « 10!* eV; however, in the cases mentioned 
just now one does not meet with electrons with energies € > 10!) ev in practice. 
In magnetic white dwarfs (H, ~ 10’ to 10° Oe) and in pulsars (H, ~ 10° to 10)? oe) 
inequality (4.44) is already violated for relatively low energies. On the 
other hand, at the same time, the larger the losses, the more difficult it is 
to accelerate particles to high energies and, generally speaking, the fewer 
such particles there will be. In practice therefore the condition (4.44) that 
the radiation force be small is violated only in exceptional cases, In such 


cases, the particle does, of course, not move along a circle or a spiral, but 
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along a curve with a fast decreasing radius (see papers by Shen (1970); Suvorov 
and Chugunov (1973), and Lubart (1974) for some calculations for that case). 
At the same time the synchrotron radiation does not change its nature (inten- 
sity, spectral structure, polarization) even when condition (4.44) is violated 
as only a small part of the trajectory is responsible for emission with 
y = ©/me? > 1, and it would be changed only if the condition for classical be- 
haviour (see (4.33)) 
23 13 
5 « oh, Pe ee i ; (4.45) 


were not satisfied. 


We shall clarify what has been said here in Chapter 5. We shall everywhere in 
what follows assume that condition (4.45) is seeistiea and normally, for the 
sake of simplicity, we shall also assume that condition (4.44) is valid, 
although it is not used in calculations for the majority of cases. 

It is clear from Eq.(4.38) for the losses that in a given field H, and at 
the same energy € protons emit less than electrons by a factor (M/m)*~10!3, 
Therefore the synchrotron (magneto-brems) losses for protons, and also for 
other nuclei, usually do not play any role. However, in very strong fields 
when electrons with high energies 'do not survive’, proton synchrotron emis- 
sion may in principle turn out to be important. We note that a charged parti- 
cle moving in a magnetic field (and, in general, being accelerated) emits not 
only electromagnetic waves, but also quanta of all those fields with which it 
interacts. For example, for all charged particles there is magneto-brems 
gravitational radiation. Furthermore, protons must in a magnetic field emit 
1 and 1°-mesons (pene, p>p+T? processes, where n is a neutron), 
and also positrons and neutrinos (pent+e + process, where \V is a neutrino). 
However, the intensity of non-electromagnetic synchrotron radiation is usually 
under real conditions negligibly small (Ginzburg and Zharkov, 1965) and it 


does not play a role by itself. Nevertheless, from a methodological point of 


es 
When inequality (4.45) is not satisfied we are in the quantum region and we 
must use the methods of quantum electrodynamics for our discussion (Nikishov 
and Ritus, 1970; Ritus, 1972a,b). We have already remarked that characteris- 
tic for the quantum region is the electron-positron pair production, while 
for yet larger fields or energies there is also the creation of pairs of 
other kinds of particles (mesons, baryons). Undoubtedly, the quantum region 
(strong fields, high energies) is of very great interest, and this interest 
will only increase in connection with the discovery of pulsars, the attaining 
of stronger fields in the laboratory, and the appearance of new accelerators. 
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view and bearing in mind that there may always be new possibilities (which one 
should never forget) one should remember the non-electromagnetic synchrotron 
radiation. Incidentally, even though we apply the term synchrotron (or, in 
general, magneto-brems) only to the radiation by particlea moving in a mag-~ 
netic field, in the literature the term synchrotron radiation is also used 
in a wider sense, for instance, in application to the emiseion of gravitational, 
electromagnetic, or other waves (say, waves of a scalar field) when relativie- 
tic particles move in a strong gravitational field (Chitre and Price, 1972; 
Doroshkevich, Novikov and Polnarev, 1973), In all these cases the radiation 
has some common features with the usual electromagnetic Synchrotron emission, 
but on the whole its character (intensity as function of energy, polar diagram, 
and so on) is appreciably changed depending on the kind of accelerating and 
emitted fields. Remembering that it is ‘impossible to encompass the unbounded' 
we shall in Chapter 5 explicitly talk about the synchrotron radiation by elec- 
trons or, to spell it out, about the emission of electromagnetic waves by ultra- 


relativistic electrons moving in a constant and uniform magnetic field. 


Chapter V 


SYNCHROTRON RADIATION 


Peculiarities of the synchrotron radiation. 

Some applications of the theory of synchrotron radiation in 
astrophysics. 

Limits of applicability of the theory. 


The character and, in particular, the spectrum of the synchrotron radiation 
depends very strongly on the ratio of the angle 6 between the wavevector of 
the radiation, k, and the particle velocity v , and the angle X between y 

and the external magnetic field H (we restrict Our discussion here to motion 
in a magnetic field, although, in fact, we are dealing with a very general 
result; see, for instance, Landau and Lifshitz, 1975, §77). The fact of the 
matter is that the radiation is mainly concentrated within angles 9 ~mc*/& «1 
and, if the angle x < mc?/&,in a given direction @ < mc*/@& the radiation is 
‘accumulated’ from the whole trajectory or, at any rate, from a significant part 


of it. If, however, 
2 
mc mc 
the synchrotron radiation gets to the observer only from a small section of the 


trajectory (for details see below). 


The radiation is completely analogous to that in an ondulator when 


Bia ee a er ms (5.2) 
as in that case (see (4.22)) 
eke ee oe a eee. 8 easy 
on ut vr. w, 2m’ Ho ome’ “a fe ; 
H 


as only the external field occurs in our expressions we drop here and hence- 


forth the index of H, . 


To be more precise, the radiation is similar to that of a fast moving dipole 


(oscillator) with a moment ery = ecx/uy, = €x/H « mc’/H, provided (see (4.10)) 
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2 r 
mc H 
X<« 7 ‘ Ty ae Y (5.4) 


We shall not discuss this case here 
in detail, as the situation was 
explained qualitatively in Chapter 4 
for details see Landau and Lifshitz, 
1975, §77 and Germantsev and Ginzburg 
1952). 


NS 


As to the radiation when condition 


“ate mE (mely . vies ae ; 
oH (8) (5.1) is satisfied, it is expedient 
to start with the important special 
Fig.5.1. Time-dependence of the : : 
Bieeb ie eicld: an che Wave sone case of motion along a circle, when 
for a particle moving along a xX=7/2, 


circle in the magnetic field. 


This picture is obtained if the The whole of the radiation 15 then 


field of a fast moving dipole concentrated close to the plane of 


ie — aa the orbit within angles 6 < mc7/€. 


" At large distances from the orbit, 
the ‘observer’, whom we assume to be in a position in or close to the plane of 
the orbit within an angle 98 <mc*/&, registers radiation pulses which follow 
one another after time intervals equal to the period of the rotation of the 
charge 


pete sm ee (5.5) 


Wh eH mc 


One can easily explain the shape of the radiation pulses (Fig.5.!) by consider- 


ing the electric field of a fast moving oscillator (dipole; see Fig.4.4), which 
swings round with respect to the observer due to the rotation of the particle 

in the magnetic field (the acceleration vector which corresponds to the dipole 
axis is all the time at right angles to the field H and rotates around it with 


the frequency Wy) The length of each pulse is 


EG 2\2 2 2 
H” / mc mc ; mc 
Se —— — ) —— 5.6 
- c (= Seno Ve / ? oo” 
where Ty = v/ ity we/eH is the radius of curvature of the particle trajectory, 
while the factor (mc?/&)* appears as a result of the Doppler effect. Indeed, 
within the angular range £=mc*/€ the electron moves in the direction of the 


observer during a time At’ ~ryE/c sw mc/eH. During that time the electron 
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traverses a distance vAt’ 


(this is just the Doppler effect). As a result 
the observed length of the pulse is of the order of (e-v)At’ and for ite dura- 


tion we have 


eT Ge » fme* Y 
de = At! (1 Y | bac’ (ME) , 


which is equivalent to (5.6). 


The spectrum of radiation which is in the form of pulses which repeat at time 
intervals T = 2m /uy, will, clearly, consist of overtones of the frequency wh : 
In actual fact, however, we may assume the spectrum in the region of the high 
harmonics to be continuous, as T » At, and the maximum of the spectrum corres- 
ponds to the frequency 
2 

arty : (5.7 
It is important here that the field of the radiation changes sign (see Fig.5.1). 
This is just the reason that there is a maximum in the spectrum (vide infra). 
The effective width of the spectrum of the radiation is also of the order of 
Ww, and we can therefore estimate the average spectral density of the 
synchrotron radiation by dividing the total power of this radiation 
P= R = (2e°H*/3m2c*)(C/mc*)? (see Eq. (4.39))" by wW,- AS a result we find 


_ 3 
5, Ree) see (5.8) 


Ww 2° 
= mc 


One of the characteristic features of synchrotron (and in general of magneto- 
brems) radiation is its polarization. The predominant direction of the elec~ 
tric vector in the emitted waves lies in the same plane as the direction of 
the acceleration and the line of sight (the vector k). As the direction of 
the acceleration changes all the time when a particle moves in a magnetic 
field, the waves will in general be elliptically polarized. Indeed, if the 
oscillator (see Fig.4.4) moves toward the observer, the polarization of the 
fradiation propagating in the direction of the velocity of the translational 
motion does not change. Hence it is clear that the magneto-brems radiation 
of a single electron is in the general case elliptically polarized and the 


electric field E in the wave is a maximum in the plane through the direction 


For motion along a circle — and in general when the emitter on the whole 
does not approach the separate source — the power of the radiation @ and 
the radiation losses ® are equal to one another (see Chapter 3 and the 
remarks made there). 
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of the acceleration. This means that the predominant direction of the field 
E in the wave is perpendicular to the projection of the magnetic field on the 
plane of the figure (as usual we understand by the plane of the figure the 
plane perpendicular to the line of sight). 


Let us now consider the emission when the motion is along a spiral (but with 
condition (5.1) satisfied). With respect to each separate pulse the situstion 
is the same here as for motion along a circle, with the field H replaced by 
its component ie sinX at right angles to the velocity. Indeed, we now have 


for the length of the pulse 


2\2 ’ 2,2 
mc me -mc 
t Cd oe — — ai é 


where rhe v/ (uh sin X) & C/eH, is the radius of 
curvature of curvature of the spatial trajec- 
tory of the particle (see (4.23)). We have born 
in mind in (5.9) that the electron moves in the 
direction of the observer within the angular 
range —£=mc’/€ during a time At’ ~r,é/ce me/eH, ; 
the transition from At’ to At must be done in 


the same way as for the circular motion. 


Moreover, whereas for the circular motion the 
pulses follow one another after a period T (see 


(5.5)), for spiral motion the radiation pulses 


follow one another after a time T’ which differs 


from T due to the Doppler effect. Fig.5.2. Emission during 
spiral motion. 
One can use Fig.5.2 to find the time T’ in an The time between pulses 


tT’ differs from the period 
ee T = (2mmc/eH) (@/mc*) 
of radistion occur when the electron is at the due to the Doppler effect. 


elementary way. For a@ given observer flashes 


points A,B,C,... (for the sake of simplicity we assume here and in what 
follows that che radiation is strictly 'needle-shaped'). In other worde, juet 
ec those points the electron 'looks at' the observer. The interval between 
the times when the electron passee the points A and B is, of course, equal 
to the period T= 2n/u. The distance between the points A and B is equal 
to vy) T=vI cos xX, where X is the angle between v and H, and the pulee 
emitted at the point A during that time traverees a path length cT. It is 
clear from Fig.5.2 that the pulse emitted at the point B errivese at the obser- 
ver legging behind the first pulse by san amount 
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v,,cos X \ 2 
r= t(i--L— jer (1-285 X) ws t sin? y = 2D sin?x , (5.10) 
c c wi 


where we used the fact, when changing to the penultimate expression, that the 
whole argument is for the limiting case as v>+c. We remember again that the 
picture used where the radiation reaches the observer in the form of separate 
pulses is applicable only when X > E=mc*/e@. In fact, however, an expres- 
sion such as T’=T(I -vq cos X) has a general character and its appearance is 
not necessarily Linked with the assumption about the ‘needle' nature of the 
radiation or with the possibility to divide it into separate pulses (for de- 
tails see Ginzburg, Sazonov, and Syrovatskii, 1968; Ginzburg and Syrovatskii, 


1969). 


The radiation spectrum of an ultra-relativistic electron consists thus in the 


wave zone of harmonics of the frequency 


* 
| ne (5.11) 
tio ge eraey 


By itself this fact is not very important when we bear in mind that in all 
cases of interest to us the harmonics are not resolved and we are dealing with 
a continuous spectrum. However, the change in the interval between the pulses 
shows up not only in the spectrum, but also in all characteristics Of the 
radiation field, in particular in its intensity registered at the point of 
observation. Indeed, let the electron lose through radiation in each revolu- 
tion (over a time T= 2n/we) an energy A&=RT, where R= (2e"H? /3m?c*)(€ /me*) 
as is clear from (4.37) and (4.39). By virtue of what we have said earlier it 
is then clear that this energy reaches an ‘observer’ which is positioned on a 
fixed sphere at a distance R from the electron over a time T’ and, hence, 


the average observed power of the radiation (total energy flux) will be equal 


to 


See te (5.12) 


At first sight it might look as if we have here a contradiction of the energy 
conservation law. The electron loses an energy ® per unit time. The whole 
of this energy changes to radiation and must, surely, be equal to the total 
flux of radiation through the sphere under consideration. One often proceeds 
as follows: one evaluates the radiative losses suffered by the particle and 
equates them to the total flux of radiation. In a stationary case and for an 
eMitter with a fixed centre of mass one can, indeed, proceed in this way. Hor 


ever, in general, as we reminded ourselves in Chapter 3, the work performed by 
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the emitter per unit time (the power of the losses R) is equal tothe total flux 
through a surface plus the change in the field energy (d/dt) f ( (E2 +H?) /OnJa'¢ 
in the volume enclosed in that surface. Inthe case in which we are interested 
the region of apace occupied by the radiation and lying between the moving 
electron and the surface which ie fixed in apace on which the observation is 
performed decreases all the time. At the same time the energy enclosed in 
that region aleo decreases and hence the power of the observed radiation P is 
larger than the power of the losses ®. All the same, in a number of papers 
the power of the losses ® hae been used when going over to spectral quanti- 
ties for the intensity. Such an approach can of course not lead to a 
correct expression for the intensity of the radiation fixed at some non-moving 
surface, if the motion of the emitter ie taken into account. However, if the 
radiating particles are in a fixed volume (e.g., the shell of a supernova) or, 
to be more preciee, if the distribution function of the radiating particles 
does not change with time, the intensity of the radiation of the assembly of 
particles ie the same aa the spectral power of the loseea. This conclusion 

ie evident from the energy conservation law and is, of course, confirmed by 
direct calculations (see Ginzburg, Sazonov, and Syrovatekii, 1968; Ginzburg 
and Syrovatekii, 1969, and below). 


We have asaumed that the fact that the whole of this essentially entirely 
elementary problem had not been elucidated for such a long time and had led to 
the use of formulae which were either not completely or not always correct’, 
juetifiea auch a detailed exposition and, in fact, a repeated return to the 
appropriate remarks. 


The elementary considerations and formulae given here provide us with a picture 
which ia qualitatively completely clear and they also enable us to give esti- 
matea for the characteristic features, auch as the intensity, spectrum, and 
polarization, of the synchrotron radiation for concrete cases. For obtaining 
quantitative formulae we need, on the other hand, rather cumbersome calcula- 
tiona. These calculations are performed on the basis of the well known form- 


lae for the retarded potentials and can be found, for inatance, in the paper 


Thie refere, in particular, to several formulae given by Ginzburg and 
Syrovatekii (1964a,1966a). Fortunately, in that case these formulae 
were applied only to cases (or in conditions) where the corresponding 
differences between the expressions for the intensity can be neglected 
(see below and Ginzburg, Sazonov, and Syrovatekii, 1968; and Ginzburg 
and Syrovatskii, 1969). 
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by Ginzburg, Sazonov, and Syrovatekii (1968; see also Ginzburg and Syrovatakii 
1969); for the case of circular motion, that ia, when sinx=I1, a number of 
calculations can be found in 875 of Landau and Lifehitz’e book (1975) *. We 
shall therefore reatrict outselves here to giving some final resulta and also 
to discussing their application in astrophysics. Bearing in mind auch applica- 
tions we digress somewhat from the nature of exposition which we have adopted 
on the whole in the present book; that is, in agreement with the work by 
Ginzburg and Syrovatskii (1964a,1966a) we shall give a rather large number of 
formulae which are, in fact, auxiliary in nature or convenient for calculations. 
Of course, readers who are not interested in applications of the synchrotron 
theory can omit these details. The next part of the present chapter (up to and 


including Eq.(5.66)) is thus in a well understood sense auxiliary in nature. 


We can expand the field of the synchrotron emission Of a particle in @ Fourier 
series in the overtones of the frequency 8%, = 2n/T! = wi/sin’x, as the motion 
has a period T’. In other words, the radiation field at large distances 
from the charge can be written in the form 
es) k 
. ¢R wy 
E = Re ) g,ene| iu, (2-e) | ; w =n, = acme. n=0.,1,2,3 ws 
n=1 sin’xX 
(5.13) 


In the ultra~-relativisStic case considered we have for an electron, up to terms 


of order &°= (mc7/e)? 


* 
z2eu, F 


- 2,2 er ee ne 
; ” Arex sin°x (Er +9 ) Ky (g,) Rh, +ip(E™ +H") " (g) t, } : 


(5.14) 


mc* 


y«l, & = € «il, 


where =X-~-a@ is the difference between the angles between v and H and be- 
tween k and H; che angle ~ is, clearly, the angular distance between the 
generatrixes of the cone described by the vectors V and the direction of the 
wavevector k (if the vectors v,k and H lie in one plane, as may happen at 
Some appropriate time, the angle w has the same absolute magnitude as the 
angle 6). In (5.14) e is the absolute magnitude of the charge (the electron 


charge) and, by definition uw, > 0. For a positively charged particle (positron) 


Ie is necessary to reMind the reader about the uSe of different notations. 
In the above-mentioned papers by Ginzburg et al. the angle between v and H 
was denoted by 9, but here it is denoted by X; while 9 here denotes 
the angle between v and k. 
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the amplitude of the field ia the complex conjugate with reapect to cE. accord- 


ing to (5.14) which corresponds to the opposite sense of rotation of the 


electric vector. 


Further, in (5.14) 2 


and & are two mutually orthogonal 


1 


unit vectors in the plane of the figure, and &, ia directed along H while 


£, =(2, AkI/k (see Fig.5.3). Finally, K, (8,) and Ki (8) are Beasel functions 


Plane of the figure 


Fig.5.3. The ellipse of che 
oscillations of the electric 
vector in the wave emitted 
by a particle moving in a 
magnetic field. 


The charge is assumed to be 
negative (electron); for a 
positively charged particle 
(positron) the direction of 
rotation is opposite to the 
one shown. P is the plane of 
the figure (the plane perpen- 
dicular to the direction of 
the emission, or, what amounts 
to the same, to the direction 
to the observer), 2, and 2, 
are two mutually orthogonal 
unit vectors in the plane of 
the plane of the figure, with 
£, directed along i. = the 
projection of the magnetic 
Field H onto the plane of 
the figure 


of the second kind of the imaginary argument 
see, for inetance, 
Gradshteyn and Ryzhik, 1965, 858.4 and 8.5) 


g_ (Macdonald functions; 
n 


a 


2 2\ 3 

= ; (E? + 2)? = (1+)? - (5.15) 
3sin’ xX “ec E2 

In che last of Eqs.(5.15) we changed from 

the number of the harmonic to the frequency 


v=sw/2n = nu, /2n sin? X and introduced the 


notation 
3 * sinx jeH, rs 2 
pce. (—) (5,16) 
4né 3 4nmc ‘me? 


The presence of i in front of the second 
term in the braces in Eq.(5.14) corresponds 
to the elliptical polarization of the radia- 
tion. One of the axes of the oscillations of 
the electric vector is directed along HW 
and the other, the major axis, is perpendicu- 


lar to H.. The ratio of the axes which we 


1 
denote by tan is by virtue of (5.14) equal 


to 
WK, (g_) 
tanB = : , 


(5.17) 
(E27 +p?) K, (e) 


When wW>O che rotation is left-handed (for 
an observer counter-clockwise), and when 


yw<O it is right-handed, where we take the 


angle to be positive, if X>a, that is, if the vector k lies outaide the 


velocity cone. 


The polarization degenerates to become linear only when wWe=0O, that is, when 


the wavevector lies strictly on the surface of the velocity cone. 


For large 


the polarization tends to become circular, as for large values of the argument 
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K, (x) = Ky (x) & (n/2x)t e™, however, the intensity of the radiation then be- 


comes negligibly small (see Fig.5.4 below). 


The radiation field can be characterized by the ‘polarization tensor of the 


radiation’ which by definition equals 
(n) =—E __ E* (5.18) 


where a,8=1,2 and ET are the components of the electric vector occurring 
+ 


in (5.13) and (5.14), while the energy flux density (Poynting vector), averaged 


over a period, in the nth harmonic is equal to 


~~ 


a fod. Seed es € 2 
Pa ae es Pyg(™ = Poi +p, 7 gn le! ‘ (5.19) 


In the range of high harmonics the radiation spectrum is practically con- 
tinuous, v= w/21 = nw, /2m sin® X and it is convenient to introduce instead of py 


the ’spectral density of the polarization tensor’ 


= s dn _ 2nsin’X ~ 
Pug) = Pyg’™ ay = = Pogi™) - (5.20) 


We introduce for the field of an ultra~relativistic electron the functions 


(here B= 83 see (5.15) 


3e2 u™ / 2 9.9 

mG ee H iv yr 2 

= ee Le | +- Ki(g.)  , (5.21) 
Py) Py, (v gn ?R2 ck 2sin2xX =) ( =) § n 
~(2) 25 (Wy) « ek oe (wy (Ly (1 Pate K2(g ) (5.22) 
Py =e 4m*R*cE*sin*X Vd \E/ a a ae 

3e* wh 2 2 

es _~ Soe ie ge Sof pe 3 » K 
Pag) * Par sean orig -) ( e) peg Sg ty e 


Clearly, po!) av is the radiative flux in the frequency range dv with the 


electric vector in the wave directed along & similarly the direction 2 is 


1? 
characterized by the vector &,. The spectral density of the radiative flux 


for both polarizations 1s Par Bo +p), 


If we use Eqs.(5.21) and (5.22) to calculate the total radiative energy flux 
through a fixed surface, that ia, evaluate the integral of the current density 
over all frequencies and directions, it turna out, in accordance with (5.12), 


to be equal to P = R/sin*X, where ® are the energy loases caused by the 
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synchrotron radiation by an ultra-relativistic electron (gee (4.37) and (4.39); 


for the sake of convenience we give once more the expression for R: 


ae Ze° Hs e& \2 eee po? 
g es Ac = ee ae = 4 =) cHi | iemennt . (5.24) 
Retaes ae2 Smee mc2 / 


As we have already emphasized, the difference between P and Q is connected 
with the fact that, when x # 7/2, the radiation field, averaged over a period 
of rotation of the electron, is not stationary. Indeed, when the motion of 
the electron ia helical, the electron approaches the observer and the centre 
of its orbit remains fixed only when x= $n (circular motion). By virtue of 
the energy conservation law the total energy flux through a fixed surface oO 


is equal to 


9=R -— | —d'r. (5.25) 


When the electron approaches the 
"observer' (that is, the surface a) 
the field energy localized between the 
emitter and the surface O changes — 
and this explains the difference be-~ 


tween & and &. 


In most applications of the theory of 
synchrotron (magneto-brems) radiation, 
one is first of all dealing not with 


Separate particles, but with their 


totality. Secondly, this ensemble is 
Fig.5.4. Angular distribution of the 


synchrotron radiation fluxes of a 


separate electron corresponding tothe changes very slowly as a whole. To be 
two main directions of polarization. 


usually stationary or, at any rate, 


(1): concrete, if we are dealing with rela- 
P, “ 1s the flux with the polarization 
at right angles to the projection of 
the magnetic field onto the plane of oor in other nebulae, the length of the 
the figure, p(2) and the flux with 
the polarization along that projection 
with v/v.=0.29. We have taken as sight can be taken to be unchanged dur- 
the scale unit along the vertical 
axis the coefficient 

(3e 38/47 *R2me7E) (v/v)? mam nee ye eave to Lr averse Siete 
in Eqs.(5.26) and (5.27). The angle In other words, the velocity of the 


W=0 corresponde to the direction of 
the instantaneous electron velocity. 


tivistic electrons in a supernova shell 


emitting region along the line of 


ing the time necessary for the electro- 


shell (of the boundariee of the nebula, 


..-) Ve along the line of eight is 
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small compared to the velocity of light. If we neglect terms of order Ve/c 
the volume of the shell can be assumed to be conStant and it is clear from the 
energy conservation law as an average over all emitting particles in the shell 
P= R (see (5.25)), as we already mentioned. A detailed calculation (Ginzburg, 
Sazonov, and Syrovatskii, 1968; Ginzburg and Syrovatskii, 1969) confirms chis 
conclusion, of course. Bearing this in mind we can use for stationary emitters 


the quantities 


3 2 2\2 
ae a ot) Ged) Key . (5.26) 


(2) _ ~(2) ., 2 _ 3 eH PV VY py Wy V2 
Pte See = ) e) (tee) Ee)» (5.27) 


instead of the quantities a and eae as before 
7 re 3euH 2 
v yo2 f: ae ) 
= —— — > Vi= ——e : 5. 
8, 2V. (i+ p2 Cc 4™mc \mc2 ( 15a) 
We show in Fig.5.4 the angular distribution of the radiation fluxes pi)? and 


Br We have chosen as scale unit along the vertical axis the coefficient 
(3e° H/4 12 R27 mc? &) (v/v)? in Eqs,(5.26) and (5.27). The curves are drawn 

for v/v.=0.29 which, as we shall see below, corresponds to the maximum in 
the frequency spectrum of the global emission (in all directions) of an elec- 
tron. Fig.5.4 shows that in the range of small angles w the main contribution 
to the radiation comes from oscillations with the electric field directed at 
right angles to the projection H, of the magnetic field onto the plane of the 


figure, that is, in that range ae ae 


From the above it is clear that we should use Eqs.(5.21) to (5.23) rather than 
Eqs.(5.26) and (5.27) for synchrotron radiation sources which move with rela- 
tivistic velocities. In chat case, if the source as a whole moves with a 
velocity V, along the line of sight in the direction of the ‘observer’, the 
intensity of the radiation is increased by a factor (l-V,/e)7? as compared 
to a fixed source with the same electron distribution function (see Ginzburg, 
Sazonov, and Syrovatskii, 1968; Ginzburg and Syrovatskii, 1969). Recently one 
has begun to ascertain that synchrotron radiation sources under cosmic condi-~ 
Cions may have relativistic velocities. For instance, in the case of explosions 
of galactic nuclei leading to the formation of radio-galaxies, the emitting 


e 7 
Fadlo~clouds’ probably move in a number of cases with velocities comparable 
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to the velocity of light. It is possible that shells, jets, and outbursts 
moving with relativistic velocities also exist in the case of other objects, 

in the first place in quasars. For that reason there is undoubtedly interest 
not only in stationary, but also in non-stationary (relativistic) synchrotron, 
and in general magneto-brems radiation sources (Ginzburg, Sazonov, and 
Syrovatskii, 1968; Ginzburg and Syrovatskii, 1969; Rees, 1967; Ryle and Longair, 
1967; Ozernoy and Sazonov, 1969). In what follows we shall, however, concen- 
trate our attention on stationary (or more precisely, quasi-stationary) sources 


for which we can use Eqs.(5.26) and (5.27) in the range (5.1). 


Before going any further, we shall consider the quantities which characterize 
radiation as this problem is usually not touched upon in electrodynamics text- 
books. 


Any radiacion flux is characterized not only by its frequency dependence, but 
also, in general, by four independent parameters, for instance, the position 
of the principal axes of the polarization ellipse, the intensities along the 
two principal directions, and che sense of rotation of the electric vector. 
Ie is, however, convenient to use for these parameters the Stokes parameters 
(see, for instance, Ginzburg and Syrovatskii, 1966a; Gardner and Whiteoak, 
1966; Chandrasekhar, 1960; Shurcliff, 1962). For the radiation by a single 
particle these parameters I,,Q,,U,,and V, can be expressed in terms of 


the radiation flux densities with respect to the two main directions of polari- 
(1) 
v 

to the major axis of the ellipse of the oscillations of the electric vector 


zation p : » and also in terms of tanB, the ratio of the minor 
(see (5.17)), and the angle X between some arbitrary fixed direction in the 
plane of the figure and the major axis of this ellipse (that is, the direction 
at right angles to the projection of H onto the plane of the eipice): The 


corresponding equations are che following ones: 


I: pil) ” pi?) , Qe (p() _ po) eos 2% 


(5.28) 


vu (po) = p.” )sin2 xX : Ve ° lee” = po”) Jean 28 


Like a and Bens the Stokes parameters have the dimensions of an energy 
flux density per unit frequency range; the index e indicates that these 
parameters refer to the radiation of a single electron. 


= SS 


The angle X is reckoned clockwise and is clearly defined in the interval 
O<X<a7. The notation X is introduced here in order not to confuse the 
angle X with the angle X between v and H. 
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The Stokes parameters possess two impor- 


tant advantages: they can be directly 


measured and they are additive for inde- 
pendent (incoherent) radiation fluxes, 
that is, radiation fluxeg with random 


phases over which one can average 
(Ginzburg and Syrovatskii, 1966a). 
Experimentally the Stokes parameters can 
be determined by the usual methods for 
Studying polarized radiation (Shurcliff 
1962), 


a phase difference 


namely, by means of introducing 
€ between one of 


the projections of the electric vector 


83 


Plane of the 
electric vector 
oscillations, 
selected by 
the analyzer 


S2 
Fig.5.5. Definition of the Stokes 


We introduce an additional retard- 
ing phase € to the direction §&, 
relative to che oscillations inthe 


perpendicular direction §&,. The 
angle 6 determines che plane of 
the position of the analyzer. The 
measured radiation flux is directed 
towards the observer. 


oscillations in the wave (for instance, 
along the direction s, in Fig.5.5) and 
the one onto the 
in Fig.5.5). 


the other projection, 
perpendicular direction (s, 
The subsequent analysis reduces to establishing the dependence of the intensity 
of the resulting radiation on the position of the analyzer which selects the 
(see Fig.5.5). 
by 6, the 


intensity of the radiation which leaves the analyzer will be the following 


projection of the oscillations onto some arbitrary direction s 


If we denote the angle in the plane of the figure between S, and s 


function of € and 6 (see, for instance, Chandrasekhar, 1960): 


I,(€,5) = 4{1,+Q, cos 26+ (CU. cos€- Vy 6inf.) sin2 5} (5.29) 


By choosing the retarding phases € and the position of the analyzer 6& appro- 
priately we can measure the values of all the Stokes parameters. 


We note chat the first Stokes parameter I, determines che total radiative 
flux density (or the intensity in the case of spatially distributed sources; 


vide infra) while the degree of polarization [i and the angle X are given by 


fe 2 2 2 
(Q, ee 


the equations 


Tl = (5.30) 


and 


tan2x = = - (5.31) 
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We choose from the two values of the angle x (0<X<1) which are determined 
by Eq.(5.31) the one which lies in the first quadrant, when U,>0O, and the 
one in the second quadrant, when U,<Q. By definition the angle X then 
characterizes the direction in the plane of the figure in which the intensity 
of the polarized component is a maximum, and is reckoned clockwise from a 
chosen direction (in the case considered from the direction s,). If there is 
no elliptic (circular) polarization V,=0 and 

I = 1 


I = max min 


I +I, ° 
max min 


Let us now consider the emission by a system of independently moving particles. 
Let N(E,R, T)dé& d°R dQ. be the number of particles in a volume element 
d?R=R?dRd’?Q with an energy within the Fange €, &€+d&, and velocities 
within the solid angle d72_ around the direction T. As in the conditions 
considered the emission from separated electrons is incoherent so that the 
Stokes parameters are additive, the intensity of the radiation from such a 


t 


system in the direction k of observation is equal to 


I, = I(v,k) = f 1,(v,E,R,x.¥) N(e,R,t) de d?Q_R° dR. (5.32) 


Here I,0,€, R,xX,) is given by the first of Eqs.(5.28) and the integration 
over dR is along the line of sight in the direction k. One can similarly 


give expressions for the other Stokes parameters. 


We emphasize that in contrast to the Stokes parameters (5.28) for the emission 
by a Single electron which have the dimensions of the spectral radiative energy 
flux density, Eq.(5.32) determines the intensity of the radiation, that is, the 
energy flux through unit area at right angles to the direction of observation, 
per unit solid angle and unit frequency range. The intensity of radiation is 

measured in radio-astronowy in units Wu *Hz~! sterad~! = 10% erg cm? s~! H27! 

sterad~'. One often uses then as the unit of flux the so-called 'flux unit' = 


1J (Jansky) which equals 10°77 Wm-?H27! = 1072? erg cm? 6! He7?. 


If the source (radiating system of electrons) has small angular dimensions, 
one uses as the experimentally measured quantity (as in the case of a single 


particle) the spectral radiation flux density 


We understand in what follows by the direction of observation (the direc- 
tion of the line of sight) the direction of the wavevector k, that is, 
the direction in which the observed radiation arrives. 
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a 20 
o,- frjd’a~ J 1,0,€,R,x,) ME, R,t) de d’2.4°R, (5,33) 


where d?> R= R*dRd72 and the integration is over the whole volume of the 


source. 


When we apply (5.32) and (5.33) and similarly expressions for the other Stokes 
parameters to synchrotron radiation we can integrate in the general form over 
d7Q, for an arbitrary electron distribution N(&,R,T). Indeed, the inte- 
grand is non-vanishing practically only in a narrow range of angles Ay vme*/e, 
and for the integration over d70_ the only important contribution will thus 
come from a narrow circular sector AQ = 2nsinaAw, where a=X- sx i8 
the angle between the direction of observation k and the magnetic field H : 
In the limics of small solid angle AQ the distribution of the electrons is 
practically unchanged over directions and one can put N(&,R,t) 9 N(E,R,k), 
where & is the direction of the emission (the direction along the line of 
sight from the source to the observer), and the integration over can be 
extended to the whole range from -* to +@. Using the relations (Westfold, 


1959; Trubnikov, 1958) 


+ © o 


3 

f pe) ay _ Vie" HH Hl coves i Ks (n) an+K,(~ } : 

v omme2R2 Ye 3 3 \ Vo 
—-@ V/Ve 

(5.34) 

+ 0 os co 

(2) /3e7H v | (> ) 
J Py : 2m7me?R* 2V, 3 3 \We 
—@ v/v. 


we then get from (5.28) and (5.32) 


3 
I = I(v,k) = v3 = d& dR N(€@, R ,k) H siny nde | Ks (n) dn ‘ (5.35) 
v mc Ve vive 3 


In the general case the field strength H, the angle a*~X between H and k 
and also the particle density (concentration) N(&,R,k) will in this expres- 


sion depend on R, 


We shall not distinguish in what follows between the angles a and X ; 
this is clearly admissable as an ultra-relativistic particle emits 
practically solely in che direction of its motion. 
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We can similarly give expressions for the other Stokes parameters, for instangj 


3 
Q(v,k) = 228 
m 


de dRN(&,R.k) HsinX cos2% — K (2). (5.36) 
ce? ’ Ve 4 


Ve 


The Stokes parameter U(v,k) differs from Q(v,k) only in that cosa 2X in the 
integrand in Eq.(5.36) must be replaced by Sin2 X. As to the parameter 
V(v,k) which characterizes the presence of elliptic polarization of the radia- 
tion, in the ultra-relativistic approximation considered here it turns out to 


vanish. Indeed, it follows easily from (5.17) and (5.28) that 


Vie 32 : (1 4) ; Ky (8) Kz (8,)) ‘ 
As this function is an odd function its integral over all w vanishes and, 
hence, V(v,k) >0. The radiation from a system of electrons thus turns out to 
be linearly polarized. This result is valid up to terms of order mce*/@ and 
it can easily be understood, if we remember that the sign of determines the 
sense of rotation of the electric vector in the wave emitted by a single elec- 
tron. As the power of the radiation (see (5.21) or (5.26) and (5.27)) is 
independent of the sign of w while the distribution of the particles over 
directions of motion in the limit of very small angles || «& mce*/@ is prac 
tically constant, the contributions to the radiation in a given direction from 


particles with positive and negative will be the same, and the polarization 


will be linear. 


An appreciable elliptic polarization could in the ultra-relativistic case occur 
only if the velocity distribution of the electrons is strongly anisotropic. 
For this it is necessary that the distribution changes considerably within the 
limits of a very small angle |w/~mce7/e, and moreover, just in the direction 
of observation. If, moreover, we take into account possible fluctuations in 

the directions of the magnetic field, it is clear that one needs very special 

conditions for the realization of such a possibility (pulsars are of particular 


interest in this respect). 


We now give expressions for the intensity and polarization of the radiation in 
some concrete cases which are of particular importance for astronomical appli- 


cations. 


If all electrons have the same energy (mono-energetic spectrum) and the magne~ 


tic field is uniform, it follows from (5.35) that the intensity is equal to 
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3 
I (k) = eee N,(k) H sin X — J Ks(n) dn = Nok) p(y) , (5.37) 


mc c VIVe 3 


where N,(k) = {N(R ok) dR is the number of electrons along the line of sight 


with velocities in the direction towards the observer, per unit solid angle. 


The degree of polarization can be seen from (5.30) and (5.36) to equal 


K2(v/v_) 1 , when v« wv , 
qT = ——4_“—_ _ = (5.38) 
J Ks(n) dn )-2 > | when V> Ve. 
Ve. 3 Ve 


As in the approximation considered the integration over the angular distribu-- 
tion of the electrons is equivalent to an integration of the radiative power 
of a single electron over all directions, Eq.(5.37) differs only by the factor 
Ne(k) from the spectral distribution of the power of the total radiation (in 


all directions) of a single electron: 


[ae] 


e3 H 


3 e ; 
e~H sin v L V * 
p(v) = ¥3 csi k — | Ks(n)dn = 43 —> EG . (5.39) 
mc c v/v. 3 me c 
Vv Vv 
r(>) a f Ks(n) dn We show in Fig.5.6 the function F(x) = 
c Cc v/v. 3 ro 0) 
x f Ks(n) dn which reflects the spec- 
x 3 
5» 0.92 tral distribution of the emitted power, 
re 
- ! and its values together with the values 
n { 5 
one | of the function Fp (x) = xK; (x) are 
aly ! given in one of the appendixes of the 
ae | book by Ginzburg and Syrovatskii (1964a) 
ee! ee es 
* 0 0.29 | 2 3 4 


(it is clear from (5.38) that the polari- 


: F : : zation JI=F : 
Fig.5.6. Spectral distribution of p 0%) /F(x)) We note that 
the power of the total radiation the maximum in the spectrum of the 


(in all directions) of a charged 
Particle moving inamagnetic field 


y/y, 


synchrotron emission of a single elec- 


(see (5.39)). tron occurs at the frequency 
eH 2 2 
vy & 0.29 v. = 0.07 ae (4) = 1.3x 108 H (£,) 
m c mc me 2 1 mat 


(5.40a) 


1.8x 10!8 H ( @e(erg))* = 4.6x 107° H (e(ev))?. 


The frequency vy is here in Hz. 
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For the maximum frequency (5.40a) the spectral density of the power of the 
total radiation of a single electron is equal to 


e?H 


P= P(V_=0+29 Ve) 1.6 —= = 2.16% 10777 H erg s™' Hz? (5. 40b) 


mc 
If we forget about the numerical coefficient, that is, look only at order of 
Magnitude estimates we can easily obtain this last relation as follows. It 
is clear from qualitative considerations or from Fig.5.6 that the width of 

the radiation spectrum of an electron is Avvvy~ (eH, /me)(E /me*)?. The total 
power of the synchrotron radiation, taking into account the above remarks, may 
be put equal to the losses (5.24). It is clear that the average spectral den- 


sity of the power of the radiation is 


po) ~ L€) . 2) 
Av 


which is the same as (5.8); we have repeated the estimate here for the sake 


of convenience. 


The energy spectrum of the electrons along the line of sight can often be 


approximated in a narrow energy range by a power-law function of the form 


No(€,k) dé =Kkk)e "de , &€, s ese. (5.41) 


Here N,(@,k) is the number of electrons along the line of sight moving in 


the direction of the observer per unit solid angle and unit energy range. 


Such an approximation usually happens to be applicable for the electrons which 
are responsible for cosmic radio-emission within a rather wide range of ener- 
gies, and one can often take the limits ©, and &, of the spectrum such that 
electrons with energies @ <€&, and © >€, are unimportant for the frequency 
range of the radiation which is of interest to us. We can under these assump- 
tions use in the integrals (5.35) and (5.36) the function (5.41) for all energies 


and therefore (when y>4) apply the relations 


ae | H 4(y-1) 

J ev seg ee = art) re 

ca) ad . 7 ; 4(y-1) 

Peres J ryimanjec 2 Se) ND 
Cc 


(5.42) 
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where [(x) is the gamma function. We then get (see (5.35)) the following 
expression for the intensity of the radiation from a system of electrons with 


the energy spectrum (5.41) in a uniform magnetic field H: 


3 3y-1\ ./3y+19\ e? ze 201) 
ree y+! : }2 r( 12 ) me2 eon 
x K(k) (Hsin ith yohOrD (5.43) 


where K, (k) is the coefficient in (5.41). 


We assume that the electron distribution can be taken to be uniform and iso- 


tropic, that is 


L wee), 


N(E,R,k) an e 


where 


N.(E)de =K,e€ de (5.44) 


is the number of electron per unit volume with arbitrary directions of motion 


and energies in the range €,&+dé&. In that case 


4 
K(k) = Tr Keb > (5.45) 


where K. is the coefficient in (5.44) and L the extension of the emitting 


e 
region along the line of sight. We note that in the general case K,(k) de- 
pends on the angle X between the direction of the magnetic field and the line 


of sight. 


In the case of a uniform field the degree of polarization depends solely on 
the index Y of the spectrum (5.41) and one can check from (5.30) and (5.42) 


that it is equal to 


I, = : 5.46 
0 y+2 (5.46) 


which amounts to 75% for Y=3 and to 69% for Y=2. 


Equations (5.43) and (5.46) are, in general, unsuitable for applications to 
the synchrotron radiation of cosmic electrons, as the radiation observed is 
gathered from a large region of Space with the magnetic field being oriented 
differently in different parts. We rather assume that along the line of sight 
the magnetic field is randomly directed. In that case there is no polariza- 
tion of the radiation and we can easily find the intensity by averaging (5.43) 


over all directions of the magnetic field. Since 


T 
vy ACY+I) _ vm Tikty+5)) 
b J (sian sin X dx 2 T(ky+)) ° (5.47) 
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this averaging leads to the following expression for the intensity of the 
@ 
radiation for the case of a uniform and isotropic electron distribution with 


the energy spectrum (5.41) in a random magnetic field: 


: ei (je FO a cyaty ~3(y=1) 
I, = I= a(y) = (—S) H LK, v 1 
’ (5.48) 
(y-1 
= 1.35 107 2? LK ye Cyt!) 6.26 x 101° erg , 
: ae = \ Vv ) em*sterad s Hz 


Here Kg is the coefficient in (5.44) corresponding to unit volume, by wi (V+) 


we must understand the average value of that quantity in the emitting region, 


and a(y¥) is a coefficient depending on the index yY of the energy spectrum: 


2D yor Bap!) o( Be!) e( ES) 


aCe a (5.49) 
BaVT(yY+1)T O) 


The value of the coefficient a(y) as well as the values of other quantities 


introduced in what follows are given in Table 5.1. 


0.00045 


It is clear from Eqs.(5.43) and (5.48) that a power-law energy spectrum of 
radiating particles with power index Y corresponds to a power-law frequency 
spectrum of the radiation 


7 ay a=hk(y-1). (5.50) 


In view of the important role played by Eq.(5.50) we shall also derive it by 

a Simple approximate method. To do this we neglect the width of the spectrum 
of the radiation by a single electron, assuming that the whole emission occurs 
at a frequency v=V,, corresponding to the maximum in the epectrum (see (5.40). 
The energy of the electron can then be expressed in terms of the frequency v: 
e? = (v/0.29)(41m°c*/3eH,). Moreover, the total power of the radiation by 


an ultra-relativistic electron is equal to the well known expression (see (5.24)) 
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~ 9 pn te (2) (hy 
ae” © ic(=5) Ht (Go) " 
Under the above assumptions for the electron spectrum (5.44) the intensity of 


the radiation collected along the path length L is equal to 
« ~Y 
I dv a ~ Ee" de 


at 
where pessaineentiie and where we have used the fact that for a 
random field Hi|e gh’. Equation (5.5]) differs from (5.48) only in that the 
coefficient a(y) is replaced by a/’(y) and these factors differ for |l<y<4 


less than a factor two (see Table 5.1!). 


Apart from the intensity I, one often uses the emissivity E, which is equal 
to the energy emitted per unit time from unit volume into unit solid angle. 
One sees easily that for an (on average) isotropic radiation collected along 


the path length L 


= I /t ‘ (5.52) 


Sometimes one also uses the emissivity of unit volume for all directions of 
emission. For isotropic radiation it equals 416, . In the case of synchro- 
tron radiation by electrons with a power-law spectrum the intensity which 
appears here is given by Eq.(5.48). For mono-energetic electrons we have 


clearly 


(5.53) 
where p(v) is the power of the total emission (see (5.39)) and Ne the density 
of the radiating electrons (see also (5.37) with Ne(k) =NgL/4m7). 


The maximum emissivity, that is, the emission at the frequency v, (see (5.40) 


is equal to 


3 
Se tee AG 0.13 cot N S17 61072 Ns Se 5 50) 
v,m 41 e mc* © 1 © om? § sterad Hz ~ : 


The maximum intensity obtained from isotropically distributed mono-energetic 


electrons is equal to 


I =[e dR= 1.7x10 7H H, | N, (Ry .gR so SE 
V,m Vim em? s sterad Hz 


- —26 eee, ee 
1.7% 10-7 H, [N,(R) dR ————. (5.55) 
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When one uses Eqa.(5.54) or (5.55) for an estimate of the density N,, using 


the measured values of I, we get, of course, a Minimum value for Ng. 


We assumed above that the electron energy spectrum is a power-law spectrum (see 
(5.41) and (5.44)) in a sufficiently wide range of energies. We now give a 
quantitative estimate of that range. The errors introduced by replacing in 
(5.35) and (5.36) the limits of integration by O and ©, respectively, do not 
exceed 10% for a given frequency v for each of the limits, if the following 
conditions are satisfied: 
€, < me” eee 2.5% | Ua Gare ' eV > 
eH y, Cy) y)H 


e > 2 41mev (5.56) 


4 i 
» 2 mec Satya ~ 2.5% 10% 4 — “ ev, 
The values of the factors y,™/ and y, For different y are given in 
Table 5.1. It is clear that the range of energies which gives the main con- 
tribution to the radiation at a piven frequency depends strongly on the power 
index Y. For y 2 1.5 (a 2 0.25) more than 80% of the radiation at a given 
Frequency comes from electrons with energies which differ by less than a 
Factor 10. For y<1.5 this range of energies increases fast and as y +4 
(a +- 4) it becomes infinite. The fact is that in the range of frequencies 
v less than v, the intensity of the radiation from a single particle 
P= Py, &) = (v/v. 3 «\y) e3 and for the spectrum (5.41) the total intensity 
I yt tpi, &) Nee). d&« «fdae/ey ; is unbounded, if the energy spectrum of the 


gece with an index ¥<3 extends to arbitrarily large energies. 


The value a =-4 is, clearly, the minimum value for synchrotron radiation in 
vacuo, as already the radiation spectrum of a single particle does not contain 


parts with a faster increase of the intensity with frequency. 


When one applies the theory in astrophysics one often encounters the problem 
of estimating the range of electron energies (€,,€&,) which produce radiation 
with the power-law spectrum (5.50) in the frequency range (V2V_)- If that 
range is sufficiently large (v,/v,) 2 y, M/y,()) we can conclude from the 
results given here that the electrons must have a power-law spectrum, at 


least in the energy range €, < € < &,, where 


4 3 : v 3 
e@ = 2( 2 2.5% 107( 1) ev , 
: 3eHy, (y) y, (YH 
; (5.57) 
TImc Vv . 
e@ = = 2.5 107 eV 
2 ae 2. mre a) 
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If, however, the range of frequencies is small or a is small (in practice 
a < 0.25, that is Y < 1.5) one can only make a rough estimate of the electron 
energies, assuming that all of the emission by and electron with energy 
occurs at the frequency Vn = 0-29, and putting H, = YH. We must then put 
in(5.57) ¥,) =y, Cy) =0.24. 


We have given here expressions for the intensity of the synchrotron radiation 
in the two normally considered limiting cases: for a uniform and for a com 
pletely random field. The first of these is characterized by the maximum 
possible polarization and in the second one there is no polarization. The 
problems of whether a particular expression is applicable is solved primarily 
on the basis of polarization measurements. However, in those well known cases 
where one observes polarization of the cosmic synchrotron radiation, it turns 
out that it is, as a rule, much smaller than for the case of a uniform field 
(see (5.46)). This must, first of all, mean that the magnetic field in the 
emitting region is not uniform. The calculation of the degree of polarization 
in such an ‘intermediate' case was given by Korchak and Syrovatskii (1962) for 
two magnetic field models (the result is also given by Ginzburg and Syrovatskii, 


1964a, 1966a). 


In most cases radio-astronomical observations reduce to a measurement of the 
intensity I. However, polarization measurements are beginning to play an 
ever larger role and it seems obvious to us that the general trend is towards 
measuring all Stokes parameters, both for radio-emission and in other frequency 
bands. Nonetheless, the intensity I remains the main characteristic of cosmic 
radiation. To be precise, in the case of cosmic synchrotron radio-emission, 
which can be distinguished from thermal radio-~emission both through its spec- 
trum and through a few other features (such as a very high intensity) measure- 
ments of the intensity are used to estimate the density and energy of the 
relativistic electron (the electron component of the cosmic rays) far from the 
Earth. 

The angular sizes of galactic and extragalactic nebulae — discrete sources of 
non-thermal radio-emission — are, as a rule, small and the quantity measured 
is usually not the intensity I, but the spectral density of the radiation 
flux . (see (5.33)). This quantity is defined as the radiative energy flux 
per unit frequency range, normally incident upon unit area: 


= 2 
OS) Tyan? 2 (5.58) 


where the integration is over the whole of the solid angle corresponding to 
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the source. If the linear size L of the source is small compared to its 
distance from us R, and if we may assume that the absolute magnitude of the 
magnetic field and the density of the relativistic electrons are constant over 


volume of the source, we have from (5.48) and (5.58) 


2 4(y+1) 
b nagjee (ee ” a y73 DD 
v me” 4nm?c3 RZ 
4(y+1) 
ss fag 6.26 = 19182071) og 
=, —22 ° g 
1.35 1072? a(y) ea == ) 4 


(5.59) 


where Ky,=K,V is the coefficient in the electron energy spectrum for the 
whole volume of the (assumed spherical) source V=7L°/6. We have assumed here 


that the electron energy spectrum has the form 


N(e) de= Kye ‘de (5.60) 


in the energy range 


v 3 v 4 
2.5% 102 (—__) < (ev) < 2.5* 10? { ___) (5.61) 
Hy, Cy) ‘Hy, (Y) 


(cf. (5.57)) where v, and v, are the frequencies corresponding to the 


limits of the observed radio-band in which the spectral index a= 4(y-~!) has 


a constant value, 


If we express Ky in terms of the spectral density of the radiation flux ®, 


at some frequency, we get 


. 21p2 (y-1) 
Ky = Kv = 724x107 RE & ea x : (5.62) 
a(Y)H Vv \6.26 x 1038 


From this we can determine the total number of relativistic electrons in the 


given energy range 


€ - 
7.4% 1071 R70, y, (Dv ys) y, (Mv, 4(y-1) 


2 
N = Bo ape 2 be (esto . (5.63) 
e ! ‘v (Y-1) aCy)H v yO, 
1 


This formula is, of course, approximative by nature as we have used the 
inequalities (5.61) when changing from €,,&, to \V,,V, amd each of these 
determines the limits only with an accuracy of 10%. As usually v,« v, and 
y¥, <y¥,@ the number of electrons is practically determined for y>1 by 


the lower limit of the frequency range alone and is equal to 
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7.4 «107? R76 fu. er 


ede (y-1) a(y)H 


(5.64) 
Vy ; 


The values of the factors a(y) and y@ are given in Table 5.1}. 
Similarly we can write the total energy of the electrons in the source which 


are responsible for the emission in the observed frequency range V, EVEV, 


in the form 


€, 


re R*o 
We <q KyE db = ACy,v) 3 (5.65) 
H 
where ; 
2.96x 10% af %1 Vp) y, Ov, r - 
(y-2) aly) : L vy oa l a a ' 
13 ear 
A(y,v)=41.44x* 10°" ve &n la | &  TYoEIZ. (5.66) 
2.96x 102 3 E or 2 pee aie Seer 
(2-Y) a(y¥) v5 y, Mv, 7 


When y<1.5 (a<0.25) the formula which we have given for A(y,v) can in fact 
be used only for rough estimates and we must put on the right-hand side 
y, (vy) =y,(y) =0.24; this corresponds to the assumption that an electron with 


energy © emits only at the frequency vev_=0.29 ve (see (5.40a)). 


Expression (5.65) enables us for a known distance R of the source and a known 
radiative flux e, to determine at some frequency the total energy of the rela- 
tivistic electrons in the source provided we know the magnetic field strength 
H. Unfortunately, there are as yet no reliable independent methods for esti-~ 
mating the magnetic field strength in the sources (see, however, below) and for 


an evaluation of W, we must thus make some additional assumptions. 


As the primary assumption of this kind one usually assumes that the magnetic 
field energy in the source Wy and the energy of the relativistic particles 
(cosmic rays) W. , are of the same order of magnitude or, in first approxima- 
tion, simply equal to one another. In fact, this assumption corresponds to a 


minimum of the total energy of the field + particles ayecen’ for a given 


+ 


The total energy of the particles and the magnetic field in the source as 
function of the field strength for a given radiative power is equal to 
WeWy+W, = C,H" +C,H 2, where C, and C, are coefficients which are 
independent of H (see (5.65) and (5.68). If we determine the minimum of 
this expression with respect to H, we find that the total energy is a 


minimum when Wy = tWo 4. 
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synchrotron radiation power. Moreover, a magnetic field with energy density 
appreciably smaller than the energy density of the relativistic particles 
could not contain the relativistic particles in the limited volume of the 
source and, as a result of their leaking out of the system, it would reach a 
State close to the state of energetic quasi-equilibrium between the magnetic 
field and the relativistic particles. We assume here, of course, that the 
system under the conditions which interest us will on the whole be in a quasi- 
stationary state. If we are, for instance, dealing with the ejection of a 
cloud of relativistic particles during the eruption of the nucleus of a galaxy 
there may exist also strongly non-equilibrium states in which the energy of 
the cosmic rays in the cloud during the period of time which interests us is 
appreciably larger than the magnetic field energy. One may surmise that the 
duration of the strongly non-equilibrium phase of the separation is neverthe- 
less relatively short. In any case, there are grounds for assuming that in 


most cases 


(5.67) 


where Ky 1s a numerical coefficient, Wa = (H*/8n)V is the total magnetic 
field energy, and W, +, is the total energy of relativistic particles (cosmic 


rays and electrons) in the radio-emitting nebula. 


The radio-astronomical data allow us to judge only how many electrons there 

are in the source and what their energy is; to determine the total energy of 
all relativistic particles W, , we must also establish a relation between it 
and the energy of the relativistic electrons W,. There are at the moment no 
reliable methods for estimating the fraction We of the total energy Wi ee 
(see, however, below) and as a second essential assumption one usually takes 
the energy of all cosmic rays in the source to be simply proportional to the 


energy of the relativistic electrons : 


Wor. = Kelle > (5.68) 


where K, is a numerical coefficient. 


In Chapter !5 we shall dwell upon the astrophysics of cosmic rays, Or, as one 
Says more often, upon the problem of the origin of the cosmic rays. However, 
it is convenient now already to state that Kev 10° for the cosmic rays in 
our Galaxy (kv 107 near the Earth and probably in most of the Galaxy, but 
not necessarily everywhere; it is thus well possible that near the centre of 


the Galaxy K, > 107; see Ginzburg 1973a). If the cosmic rays are generated 
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on the Sun kK, * 1. Theoretical considerations also lead to the conclusion 
that K, *»1. Indeed, when particles are accelerated due to their ejection in 
relativistic shock waves all particles acquire the same velocity and, hence, 
their energy is proportional to their mass. After that the energy of the elec- 
trons will be ‘pulled' towards the energy of the protons and nuclei. However, 
on the other hand, electrons undergo synchrotron and Compton energy losses, 
which are practically absent for heavy particles. When the acceleration is 
Statistical (Fermi mechanism) the energy of the electrons is less than that of 
a particle of mass M by a factor m/M. Finally, when they are accelerated in 
an electric field (and, in particular, accelerated when the ‘'freezing-in' of 
the magnetic field is broken) electrons and protons acquire, in general, the 
same momentum. However, even in that case the average energy of the electrons 
is, in general, in final reckoning less than that of heavy particles due to 


additional losses. Under cosmic conditions the inequality 


cK > | (5.69) 


e 


is thus the norm, although not necessarily always true. 


If we make definite assumptions about the values of K, and K, we can use the 
observed radio-emission flux to determine both the magnetic field strength and 
the total energy of the cosmic rays and the electrons in the source, provided 
the spectrum, the angular size, and the distance of the source are known. It 


follows from (5.65), (5.67) and (5.68) that 


2 
_ We R 2 
Wi = ra = Ki Ke A(y,v) one ee (5.70) 
H2 
whence 2 
= 8 A(y,v) By |? 5.71 
H= | 48kyK, ACY Tt ; (5.71) 


where A(y,vV) is given by Eqs.(5.66), V=7L?/6 is the volume (assumed to be 
spherical), and $=L/R the angular size of the source. The total energy of 


the cosmic rays in the source then equals 


3 
7 


_2 4 
= = 2 
W = KW, = Wy/ky = 0-19 KY? l«, A(y,v) OR 7 (Rd) (5.72) 


c.6. 
Using the formulae given here and assuming chat Ky~ ! and K, ~ 107 one has 
obtained estimates for W. | , Wo. and Wy in our Galaxy, in galactic sources 
of non-thermal radio-emission (first of all in supernova remnants), in other 


normal galaxies, in radio-galaxies, and in quasars. It is difficult to over- 
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estimate the value of all these results (see, in particular, Ginzburg and 
Syrovatskii, 1964a,1966a; Ginzburg, 1973a; and Chapters 15 to 17 later on). 
Moreover, for a further development of the astrophysics of cosmic rays it is 
extremely necessary to find means for determining independently all these 
quantities Wor? We, and W, or in some cases even only one of chem without 
making assumptions about the values of the others (or, what is almost the same, 
without giving the coefficients kK, and K,). There are in principle possi- 
bilities for this. For instance, one can determine the energy of the proton- 
nuclear components of the cosmic rays in distant sources using gamma-astronomy 
methods; to be precise, one uses the intensity of y-rays which are formed in 


the decay of iT 


-mesons which, in turn, are generated in the source as the 
result of collisions of cosmic rays (protons and nuclei) with nuclei in the 
interstellar gas. One might hope that such a method will in the near future 
bear fruit (Ginzburg, 1973a; for details see Chapter 17). A simultaneous 
determination of We and W, (or H) is im principle also possible, for 
instance, by combining radio- and X-ray measurements. To be more precise, we 
are dealing with the (completely possible) case when the radio-emission of an 
object (say, a radio-galaxy) has a synchrotron character while its X-ray emis- 
sion is caused by the inverse Compton scattering of relativistic electrons by 
the known field of the optical, infra-red, or radio-radiation, If the same 
relativistic electrons are responsible for the radio- and the X-ray emission 
(in other words, when the frequency ranges are appropriately chosen), we can 
in that case determine from a knowledge of the X-ray emission flux (and know- 
ing the distance to the source, its size, and the density of the energy of the 
electrons which scatter the radiation, say, the infra-red radiation) the charac 
teristics of the relativistic electrons in the source (see Chapter 16). 
Moreover, we can from the data about the flux and spectrum of the synchrotron 
radiation find also the field H in the source. Unfortunately so far it has 
not been possible to apply this approach to a single source due to the insuf- 
ficient development of X-ray astronomy and to the difficulties connected with 
proving that the X-ray emission is caused by the Compton effect. However, one 


may hope also for success along this path in the future. 


In conclusion we make a few remarks about the limits of applicability of the 
theory of the synchrotron emission given here. and also about the synchro- 


Compton emission. 


We assumed above that only ultra-relativistic electrons were considered while 


the angle X between k (or v, which is the same in the present case) and 
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H =H, is sufficiently large (condition (5.1)) and that the classical theory 


of radiation is applicable, that is, we assumed that the condition 


2 2 
me = 4.4 1033 ns Oe (4.30) 


is sutiebvea!. 
In a number of cases it is also assumed that the radiative force is small com- 


pared to the Lorentz force, that is, we used the condition 


(4.44) 


e « [az ee 108 

mc 2 e? H sin’x WH sin? x) 

If the latter condition is not satisfied, the electron moves not along a 
circle, but along a rather sharply defined spiral curve with a decreasing 
radius (see, for instance, Shen, 1970; Suvarov and Chugunov, 1973; Lubart, 
1974). This happens, however, only at spaces between successive pulses (see 
Fig.5.1; the same also refers to motion along a helical path). However, when 
condition (4.44) is violated, but condition (4.30) holds, the shape of each 
pulse is unchanged. The fact is, clearly, that the electron emits in a given 
direction only during a time At’~mc/eH,. During that time the losses are 


small, provided 


R At’ ~ 


which leads to the inequality 


24 
H, = Hsinx « ae a F (4.27a) 


which is, in fact, the same as condition (4.27) which we derived without dis- 


tinguishing between the fields H and H, ; the same can be said about the 
condition (4.30) (see last footnote). As a result, if inequality (4.30) is 
satisfied, inequality (4.27a) is certainly satisfied, as its right-hand side 
is larger by a factor I/a = hc/e’= 137. Thus, even if condition (4.44) is 
violated, but (4.30) holds, the shape of the continuous synchrotron spectrum 


(that is, the spectrum obtained by averaging over harmonics) is unchanged. 


We have here completely neglected, moreover, possible effects of the medium 


(plasma) in which the radiating electrons move. In some cases the influence 


+ 


Condition (4.30) with the substitution, necessary in the general case, of 

H by H, =Hsinx is equivalent to the inequality hw. « €&, where 

tin ~ (eH Ime) ( &/me 2)? is the frequency corresponding to the maximum in the 
spectrum of the synchrotron radiation. Hence it is clear that for the 

‘tail’ of the synchrotron radiation, that is, in the frequency region W > Us 
condition (4.30) must be replaced by a more rigorous one. 
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of the medium is very important and may completely change the picture (see 
Chapter 6). 


When we considered the emission of a system of relativistic electrons we 
assumed that they radiated completely independently of one another and were in 
a given magnetic field H. However, if the density of radiating particles is 
large they can, first of all, change the external field (in the case of a 
magnetic field we are dealing here with a diamagnetic effect and with mutual 
induction- see §6 of Ginzburg, Sazonov, and Syrovatskii, 1968). Secondly, 
and this is usually more important, one must take into account reabsorption 
when the density of the radiating particles is sufficiently large, that is, 

in the case of the synchrotron mechanism the absorption of the radiation by 
the relativistic electrons themselves. We shall discuss this effect in 


Chapter 9. 


The synchrotron theory given here can thus be applied only when a number of 
conditions are satisfied; this does not invalidate the theory as all these 
conditions are often fulfilled. However, the necessity to bear in mind the 
limitations and conditions for applicability both inthe actual case discussed 
here as in physics in general is a very important fact. Many errors met with 
in the literature (not to mention unpublished errors of which there are, of 
course, incomparably more) are connected just with forgetting the limits of 
applicability of some of the formulae or expressions. It is not less impor- 
tant that as a result of rejecting one or more limitations often interesting 


possibilities may appear and one may find new mechanisms and effects. 


Amongst the conditions for the validity of the synchrotron theory is the 
assumption that the emission occurs in a uniform and constant magnetic field. 
We did not mention this condition again as it is strictly the primary one and 
may be considered to be included in the definition: we call synchrotron radia~ 
tion the emission by ultra-relativistic particles (charges) moving in a magne~ 
tic field H which is uniform in space and constant in time. The problem 
arises, of course, of the emission in a field H(r,t) or in an electromagnetic 
field E(r,t), H(r,c). 


It is clear even from general considerations, and we emphasized this already 
at the beginning of Chapter 4, that many characteristic features of the emis- 
sion by relativistic particles are not connected with the kind of external 
electromagnetic field in which the particles move. Apart from the motion in & 


constant magnetic field WH and correspondingly the magneto-brems radiation, 


SYNCHROTRON RADIATION 10] 


of particularly large interest is the radiation by a charge moving in the field 
of an electromagnetic wave with a frequency w,*2mv,. The radiation which 
occurs in that case with frequencies w is usually called scattered radiation, 
as one can in this case talk about the scattering of a wave of frequency 4, 

by a moving particle (charge). At large energies when the relevant frequencies 
W Or W, are comparable with the rest mass energy mc? of the particle, divided 
by fh, one usually speaks of Compton or inverse Compton scattering re We shall 
consider that process in Chapter 16. Just now, however, we mention an inter- 
esting particular case which in the context of astrophysical applications 
attracted attention only recently and, in actual fact, after the discovery of 
pulsars. We are dealing with the motion and emission (scattering) of particles 
in the field of an electromagnetic wave with a very low frequency, Say, a wave 
with a frequency = w, which is emitted by a rotating magnetic neutron Star 
(pulsar; for known pulsars ® <200s~' and in most cases Q=2n/T ~~ 1 to 
10s—'; see Ginzburg, 1971; ter Haar, 1972). One can understand the features 
of this case, at least partially, by considering the motion of a charge ina 
variable magnetic field H=H,cosMt (it is well known that under well defined 
conditions the induction electric field can be small compared to the magnetic 
field). It is then clear that the particle moves practically as in a constant 


field, as long as 


See Ee cee Sy : 5.73 
mc & Q ( ) 


The emission of the particle, on the other hand, will be approximately the same 


oH eH 2 
Q 


as in a constant field, provided 


> 1. (5.74) 
mcS2 

It is sufficient to note that under those conditions the characteristic time 

for the emission in the direction of the observer At ~ me/eH, is small 


compared to the period of the wave T,=2n/Q . 


i Mostly one calls scattering of a photon by a particle at rest Compton 


Scattering. The scattering of a soft photon by a fast moving particle, 
that is, a particle with a high energy, is, on the other hand, called 
inverse Compton scattering. It is completely obvious that in the two 
Cases one is essentially dealing with the scattering process, but with 
different ‘initial conditions’ in a given frame of reference or with 
the same scattering process in different frames of reference which move 
with respect to one another with a velocity v<c. 
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In the wave zone of the emitter (say, the pulsar) the electric field ia the 
wave E=H and even under conditions (5.73) or (5.74) the motion and the emig= 
sion differ from those in a purely magnetic field. All the same, when condition 
(5.74) holds, and even when f 21, the nature of the radiation is in many 
respects close to that of the synchrotron radiation, and such radiation is 
sometimes called 'synchro-Compton radiation’, (see Rees, 1971la,b; Gunn and 
Ostriker, 1971; Arons, 1972; Blandford, 1972). The most important difference 
between the synchro;Compton and the synchrotron radiation is that in the firet 
case there occurs circular polarization, the degree of which is, in general, of 
order l/f (the degree of circular polarization depends on the nature of the 
polarization of the low-frequency wave; for details see Rees, 197la,b; Arons, 
1972; Gunn and Ostriker, 1971; and Blandford, 1972); moreover, for the synchro- 
tron radiation the circular polarization is generally characterized by the 
parameter &=mc*/& (see earlier; we are dealing here with the radiation from 
a system of particles). Synchro-Compton radiation certainly deserves a 
detailed analysis, but here we restrict ourselves to the few remarks we have 


made and to referring to the literature. 


Chapter VI 


ELECTRODYNAMICS 
OF A CONTINUOUS MEDIUM 


Hamiltonian method. Photons in a medium, 

Emission by an oscillator in isotropic and anisotropic media. 
Cherenkov radiation. Doppler effect. Ondulator in a mediun. 
Characteristic features of emission by particles moving in a medium, 
Synchrotron emission in a plasma. 

If an emitter such as a charge moves in a medium rather than in vacuo, 
the whole picture of the radiation may change radically. It is sufficient to 
say that for a given motion of a charge it may radiate in vacuo but not at all 
in a medium, or, on the other hand, it may radiate in a medium while there is 
no radiation in vacuo (in this last case we are primarily thinking of the emis- 
sion by a uniformly moving charge). The theory of the emission in a medium 
(when we take the effect of the medium into account) should logically be based 
on the general electrodynamics of continuous media or, put differently, on 
macroscopic electrodynamics. However, in the plan of the present text it is 
much more natural to consider the theory of radiation in a medium at once after 
the theory of emission in yacuo. As far as the electrodynamics of continuous 


media is concerned, we assume that our readers know it, although we shall 
remind them of the basic formulae. Finally, we shall be interested here mainly 


in a few questions of principle and the physical essence will be our concern. 
We shall therefore not aim at maximum generality and, in particular, we shall 
usually neglect spatial dispersion, often assume the medium to be isotropic 
and transparent, and so on. We shall, however, in what follows (see Chapters 
10 and 12, and also Agranovich and Ginzburg, 1966) elucidate some problems of 
the electrodynamics of continuous media at a more general level. 


We write the field equations in a medium in the form 


curl H= “tj +L20 , diy D= 4p , 
] ok ; (6.1) 
curl E-- cor > divH=0, 


These equations differ from (1.1) by the substitution of the electric induc- 
tion D=E+47P for the electric field E in the first two equations. We 
assume the medium to be non-magnetic (therefore, the magnetic induction B = HR; 
one can usually also for a magnetic medium use this relation when spatial dis- 
persion is taken into account: see Agranovich and Ginzburg, 1966 and Chapter 
10). Moreover, as everywhere in the present book, we consider only a medium 


at rest (in the laboratory frame of reference, which we use, the velocity of 
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the medium is identically equal to zero; see, however, Chapter 12). Finally, 
while in (1.1) the current density was written in the form pv, in (6.1) we 
have introduced the current density j. From the first two Eqs.(6.1) we find 


the charge conservation law 


div j +P, (6.2) 


It is well known that the set (6.1) becomes well defined only after we have 
expressed D in terms of E (or, in principle, in terms of E and H). In an 


isotropic medium without spatial or temporal (frequency) dispersion 
Dir,t) =~e(r tc) Er ,t) . (6.3) 


If the medium is homogeneous in space and does not change with time, € = con- 
stant. For optical or lower frequencies the spatial dispersion is usually 

small and we shall neglect it here. On the other hand, the temporal disper- 
sion 18, in general, always more or less important. This means that for an 


isotropic medium 


t 
D(r,t) - | E(r,t,t/)E(r,t’ dt’ , (6.4) 
=m © 
where the limits of the integration over t reflect the requirement of causa- 
lity; if the properties of the medium do not change with time, we have for 


the kernel €(f,t,t/’) = e(r,t-t’). Introducing the Fourier components 
+ a0 + a0 


rua | E(r,t) ev tat , Br, t) = | E@su)e du, (6.5) 


— @ — © 


and similarly for D, we get - 


Dir ,w) = €(6 ,w) E(rw) , eff ww) = | E(r, T) Pal: dt. (6,6) 


In a homogeneous medium €(f,w) =€(w). In an anisotropic medium (without 
spatial dispersion and for the case where the properties of the medium are 
time-independent) 

D.(f,w) = €; (Fw) E s(e, w) , (6.7) 


where ae is a second rank tensor and where we assumed, as always, that one 


sums over repeated indices. 


When we use the relations (6.6) or (6.7) we must, of course, in (6.1) also 
change to Fourier components. Thies is, however, not always convenient as, for 
instance, in the Hamiltonian method used below time-derivatives occur 


explicitly. Moreover, it turne out that when one applies the Hamiltonian method 


ELECTRODYNAMICS OF A CONTINUOUS MEDIUM 105 


to begin with one can, in general, neglect completely the frequency dispersion 
(that is, the dependence of ee or € on w) and afterwards in the final 
result replace the refractive index n (in the isotropic case n=vVe€) by nw) 
and in that way completely take into account the frequency dispersion (Ginzburg, 
1940b; Ryzhov, 1959; Ginzburg and Eidman, 1963). We shall come back to this, 
but in the present chapter we shall in the field equations put €= constant 

(or we = constant) which refers directly only to a homogeneous dispersionless 
medium. Moreover, we assume the quantity € to be real and positive (no 


absorption or total internal reflection; see also below). 
Introducing potentials in the usual way, 


1 dA 
E=-— 5 - grad¢, H= curl A, (6.8) 


we get from (6.1) for an isotropic medium 


Bie La € 3h \ 40; 
VA 52 grad € a, + div A) <I ’ 
(6.9 
5 gl JO septa inc 
If we choose a gauge in which 
iw ne = 2 eo: (6.10) 
ca 
we have 2A e 
2, _ € 9 A_— 4t, 2, _ © 9d __ AT ] 
VA co ate ae Oa at aye e OP: (6.11) 
In the gauge in which div A= 0 we get 
2 
2A eos yf 86 g2y = AU 
V°A ee ~1 + ~ grad 5, Vo ~ °° (6.12) 
E = E + EY , div Ee =O, ee Se aso E, =~ grad $ ; (6.13) 


The Hamiltonian method is, in the electrodynamics of continuous media, deve- 
loped completely analogously to what was done for a vacuum (see Chapter 1). 
We shall thus use Eqs.(6.12) , (6.13) and che expansions (we assume that e# 0) 
) , 
ae Deny A ree Ge coat ras 
,it1,2 


A, = Yan —@, sin(k, rr), (a,-k,)=0,e,=1, (6.14) 


= _ 3 4nc? 
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C c F 
A= (- (q, A, +4, 4)) » A, = Yan —@, exp (ik, +r), ; 
6.15 


2 
- Ve ~A*) a'r = 47 — 


Of course, the two expansions are equivalent; in different cases one or the 
other may be slightly more convenient to apply. A few provisos stated in 
Chapter |, for instance, referring to the presence of two polarization vectors 


ey» refer also to the expansions (6.14) and (6.15). 


One can easily check that the energy of the transverse field is given by 


Se a) . 
= pee 2 a oe 2 22° Js * 2 
Mer Z | 87 a ae we (Pp). Fwy q); Die, Ph ah a q,) > (6.16) 
where 2 2 
= q = q Caf Epes = Pe 
Py; “4); 9 P)* qy ) w= e ky = S k) . (6.17) 


We then get the equations of motion for the q,; OF the q, from (6.12) in the 


same way as for the vacuum case and they have the form 
- I ; 
Ay, FY, = EY GAD a A mae 
d, + Ws 4) -t[Girat) ate ; (6.19) 


The most general case considered below corresponds to a particle of charge e, 
electric moment P(t), and magnetic moment p(t). If we assume the particle 
to be a point particle, which is usually admissable when calculating the emit~- 


ted energy and, in general, the radiation field, we have 


oP 
J = pgv + c curl Th ae 


= evd(r-r.) +c curl {ué(r~ 1.) } +2 (pd cr r I ’ (6.20) 


where i; is the position vector of the charge and v =r, (t). For a charge 


(without moments, that is, putting in (6.20) p=0 and p= 0) we get from 
(6.18) and (6.19) 


Gy) thay, = 78m Tle, sv) cos (kyery) 


Gy tL 4,2 = BT H(e,+ v) sin (kyer;) 5 (6.21) 
qd) + Wy qd) = Van — (0, +v) exp {-i(k, °r,) | : (6.22) 


As compared to the vacuum case the additional factor !/n on the right-hand 
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sides is not as important as the change in the relation between W) and k,) $ 


that is, the appearance of che factor e~=n7? 


in the relation wy = (c*/n7) kj 
(see (6.17)). The meaning of this change is clear: electromagnetic waves in 


a medium with a real permittivity €>0O propagate with a phase velocity 


c c 
Vv oe a (6,23) 


n 


This result is undoubtedly well known to the reader, but all the same we remind 
him chat ic is immediately clear from the homogeneous equations (6.11) or (6.12), 
thac is, from the equations without charges or currents. For instance, (6.22) 


is in that case the equation for the free oscillations of an oscillator 
Qtuya, 9,4 "7k, 
qd, = ©, &XP (iw,t) + c, exp (-iw.e) 3 (6.24) 
from this it is clear that the expansion (6.15) is in the case when there are 


no charges or currents an expansion in plane waves of the kind 
exp {+ i [ (k, * r) = (c/n)k, ¢]} 9 
that is, waves with the phase velocity (6.23). 


The Hamiltonian for a free radiation field in a medium has the form (6.16) and 
one quantizes as in the vacuum case (this also refers to the transverse field 
in a medium without charges or currents — the quantization corresponds to 


replacing Py; and q by operators which satisfy the commutation relations 


Al 
(1.45)). As a result we are led through the expansion of a free field ina 
medium in terms of waves of the type exp [+ i(k,:4r)] (see (6.15)) to the con- 


cept of 'photons in a medium' with an energy Ey and a momentum p, given by 
Aw,n 
» » Py = ; (6.25) 
As far as the energy is concerned this conclusion is obvious (see (1.43), (1.49) 
and (6.!16)). In the case of the momentum one should find the eigenvalue of the 
momentum operator of the electromagnetic field, but the corresponding expres- 
sion was for a long time written in different forms and there was a lot of 
discussion which of these was the correct one (the discussion was about the 
Minkowski and Abraham energy-momentum tensors). At the present time this prob- 
lem has been relatively satisfactorily cleared up and we shall discuss it in 
Chapter 12. Fortunately, its solution (which, in any case, requires special 
considerations) is not needed for the solution of the problems which normally 


arise in the quantum theory of radiation in a medium (Ginzburg, 1940a; Jauch 
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and Watson, 1948a,b; Watson and Jauch, 1949; Riazanov, 1957). The fact is 
that when evaluating the transition matrix elements which determine the proba- 
bility for some radiation process, the vector potential operator has a factor 
of the kind qd, exp (i(k, > r)]; chis factor occurs together with factors corres- 
ponding to the particle wavefunctions, that is, for free particles with factors 
el Pont From this it is clear that in the momentum conservation laws radia- 
ction in a medium, as in vacuo, contributes an amount nk, . We have seen that 
in a medium hk, = Aw n/c, and this leads to (6.25). It is thus clear that, 
completely independent of the analysis of the problem of the form of the 
energy-momentum tensor in a medium, ‘photons in a medium' which occur in 
general on the same basis as the photons in vacuo have an energy Mw and a 
momentum fiuwn/c (for details see Ginzburg, 1973c; Walker and Lahoz, 1975; 
Ginzburg and Ugarov, 1976); we have just now discussed an isotropic mediun, 
but the generalization to the case of an anisotropic medium is also obvious: 

in that case n=np is the refractive index for the appropriate ‘normal' wave; 
vide infra). The use of quantum representations or, to be more precise, of 
quantum language turns out to be rather convenient for the solution of a number 


of problems in the theory of radiation in a medium. We shall come back to this 
in Chapter 7. 


We shall now use the Hamiltonian method (that is, in fact, the expansion in 


plane waves) to solve a number of problems from the theory of radiation in a 


medium, 


We start with the emission by an oscillator which we considered in the vacuum 


case in Chapter !. We put in (6.21) 


| d c 


r.= r(t) = a> sinw)t , v=el(t)= Vo Cos W,C =a, Wy cos Wht, ac<7T = ra ee 
qd 


1L 


where A = 21c/nw, is the wavelength of the radiation emitted by the oscilla- 
tor; we then get the equation (see (!.80)) 


“ 2 7 © (e.° 
dy, * ©) 9) 7 /8n ~ (@)° V4) Cos Wot - (6.26) 


The rest of the calculations proceeds also completely analogously to the 
vacuum case, but the number of states is now equal to 
k*dk d?2 — n? w* dw d2n 


= ; (6.27) 
(27)? (2mc) 


and as a result we gett 


5 i 


gee footnote on next page 
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dy 3 aM e* at won 


dt ct dt 81c 


sin*6 a7n, (6,28) 


The only difference with Eq.(!.85) for the vacuum case consists here in the 
appearance of the factor n (in (6.27) there occurs an extra factor n° ae con- 
pared to the vacuum case but it is clear from (6.26) that the quantity qj 
contains an extra factor 1]/n*). If we take frequency dispersion into account 
we Must put n=n(w,). This conclusion can, firstly, be based somewhat 
indirectly by comparing the results obtained by the Hamiltonian method with 
those obtained by other means. Secondly, if e@= e€(w), we can write the field 
equations as before, say in the form (6.11) or (6.12), but we must consider e€ 
to be an operator € such that Ee tut = e(w) gotwe. Furthermore, up to the 
integration in Eqs.(6.18) or (6.19) the wavevector Kk, occurs in them and we 
May assume that n=n(k)) »W) = ck, /n(k)). Only in the radiation field is the 
frequency W= W, = ck/n, that is, are w and k related through the usual dis- 
persion relation. We only get to the radiation at the very end when we evalu- 


ate H. for large t (see Chapter | and (6.28)). 


Therefore one may check (see Ginzburg, !940b; Ryzhov, 1959; Ginzburg and Eidmar 
1963; and Zheleznyakov, 1970, § 25) that taking the frequency dispersion into 
account must be done in the final expressions. However, the absence of an 
automatic procedure is undoubtedly a weak feature of the Hamiltonian method. 
In some sense the same can be Said also about the evaluation not so much of 

the energy as of the fields themselves — to do this by the Hamiltonian method 
is somewhat more complicated than by other means (see Ryzhov, 1959 where 
absorption is also taken into account). This is, however, generally speaking 
true only for an isotropic medium where ‘other means' are, indeed, well known. 
On the other hand, for an anisotropic medium the Hamiltonian method is hardly 


worse than any other one. 


We shall discuss this below, but we shall first discuss the problem of the 
radiation in an isotropic medium by a vibrating electric and magnetic dipole 
(oscillator). In the first case the problem is the same as the one just con- 
sidered, but we want now to use Eq.(6.20). If we assume in it that the charge 
—_——$S $$$ 


As we emphasized already in Chapter 1, the summation in the expansions 
(6.14) and (6.15) is over a hemi-sphere of k,-directions, Therefore 
if we change to an integration over angles we must introduce an extra 
factor 4 (if we take, as usually, in the system of spherical polars 
Osos 2n and 0<56<1, which corresponds to the whole Sphere of direc- 
tions; of course, this fact was taken in account in Chapter !). 
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of che particle is zero and that it ig at reet, when rr =O, we get after sub~ 


stitution into (6.18) the equations (p = dp/dt) 


oe 2 fe * 

dy) +4), sr fe, P) (6.29) 
80 

ya Oh Agg 7 pe (7 LHAk,)) . kOn30) 


If we put P=er= ea, sinw,t, Eq.(6.29) is the same as (6.26), as one should 
expect. For n=] Eq.(6.30) is the same as (2.19). We put WH, sinw,t and 


completely analogous with what we did for the oscillator we find for the emit~ 


ted power be eo eae 
du. dW. Up Won oe aw qW ? HW, wn 
a ae eee sin'Od'l , 7° = 3, 92 = ——— . (6.31) 
™C 3c? 


These expressions can be obtained at once for a vacuum from the well known 
formilae for (electric and magnetic) dipole radiation (see Landau and Lifshitz, 
1975, §§67 and 71, and also (2.23)). The calculations for an isotropic medium 


can, of course, be carried out by the usual methods also. 


We have given the result (6.31) in particular in order to emphasize the appear- 
ance of the factor n° » aS in the case of an electric dipole there occurs a 
factor mn. The effect of these factors may be enormous. For instance, in a 
plasma in a magnetic field (this leads to anisotropy which is here unimportant) 
the refractive index ny (w) may for some of the characteristic waves (index 2) 
and frequencies w reach values n~ 10% to 10%, and formally even larger 
values (for details see Ginzburg 1970b and Chapter !!1). If we consider the 
Magnetic dipole radiation of a pulsar in a medium, the above-mentioned fact 

and the appearance of the factor n° in (6.31), taking the effect of the medium 
into account appreciably changes the whole picture (see Ginzburg, 1971; we 
must bear in mind that the linear approximation discussed — the use of the 
linear relation (6.4) or (6.6) between D and E is, generally speaking, 
inappropriate near pulsars, but this is a special problem). Another, not less 


striking example of the effect of a medium is dipole radiation in an isotropic 
2 
Pp 
the non-relativistic plasma considered here). It is clear that in that case 


plasma when n(w) = ¥(1-wi /u*) , w = 4ne°N/m (N is the electron density in 


n<f and for an oscillator frequency W, ~ Wp the refractive index n may be 


e =e- e = ok h 
Clearly, (e,, [uak, ]) (y [e,, Ak, ]) (Luae,.] ») » where *u1, 
are the polarization vectors ((e,, @,,) =0,@,, » *k,) =0; gee Chapter 1). 
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close to zero; in that case the radiative power (6.28) or (6.31) is steeply 
decreased. Moreover, in an isotropic plasma the permittivity e= 1-0 /w" 
turns out to be negative for an oscillator frequency w, < we This meang that 


waves with a frequency W,<W, Can not propagate at all — they are damped in 


P 
space according to the relation E=E, exp (-wV/Je] z/c) (for details see Ginzburg, 
1970b and Chapter I!1!). Of course, the source does not radiate at all under 


such conditions. 


We now consider the problem of the radiation in an anisotropic medium where we 
for the sake of simplicity assume the tensor €: to be real and reduced to 


fixed principal axes. In that case (x*+1, y*2, z>3) 


D, = €,E, , D, = €,E, , D, = €,E, ; (6,32) 


we shall also use the notation D=€E » where € is an operator, the meaning 


of which is clear from (6.32) or from the more general relation (6.7). 


After introducing the potentials (6.8) we get the field equations for an aniso- 


tropic medium in the form 


JA 


] oO «A . A 4m. 
V7A - — = €E = - grad divA- 
ec? ot 


() 
77 © Brad > x aes » 


n|— 


t 
(6.33) 


aA 


div (@ graa p+ == ) ce -4np . 

It is clear from (6.33) that neither a gauge such as (6.10), that is, the 
gauge divA+t (l/c) (9€6/at) =0, nor the gauge divA=0 leads to any simpli- 
fications and the well developed methods for integrating the d'Alembert equa- 
tion (wave equation) are thus inapplicable. One should, however, add that a 
relativistically covariant form of writing the formulae (the tendency to retain 
this leads in the vacuum case to the very wide-spread use of the Lorentz gauge 
gat /ax! = 0; see (1.7a)) is appreciably less important when a medium is present. 
The reason is that in the overwhelming majority of cases the medium is assumed 
to be (and, in fact, is) at rest in the laboratory frame of reference. The 
frame of reference fixed in the medium is then physically clearly distinguished 


and it is obvious to work in that frame. 


We shall apply the gauge €(9/dt) divA = 0 or, for the case (6.32) and neglect- 


ing dispersion, we put 
divC =0 ,C =€A,C, = €,A,, C, =€,A, , C,"E€,A,- (6.34) 


Equations (6.33) then become 
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1 37C os __4n ) 7 
VA- az 5,2 7 BraddivA- — 9, € grad? - dew,olr r.(t)), (6.35) 


div (€ grad >) =-4n , e. é(r- r (t)) , (6.36) 
i 
where we are considering point charges e. to fix the ideas (the radius vector 


of the charge is ro (t) = {x, »Y5 2} » and ies = v.). 


Equation (6.36) has the same form as in electrostatics and we can write down 


its solution as follows: 


e. 
> = ee re eee ae eee ee . (6.37) 
i ve,e,e, Y{(x-x;)*/e, + Cy -y;)°/e, + (z-2;3)*/e,} 


One can also show easily that the energy of the field in the whole of space 


equals (provided the field itself vanishes at infinity in the required manner) 


H 


I 
x {(E-D+ H?)} d3r = Het 


; ALL *} 3 
. aleaer om) + Court a) ne cee 
] 


aie = [(Ev6 + v9) dir 


i] 3° a*¢ a°o\ 13 
Be - x |(e, ra e. ay. Ee, ~~ )a r 
e.e. 


Sh et Gy 
are v€,£,€,/{(x;-x;)*/€, + (yy -y3)? /e, + (2, -2;)* /e,} 


p= 
| 


= 
It 


Here 


[ond 


is the sum of the instantaneous Coulomb interactions energies of the charges 
(we neglect the self-energy of the charges). The energy H,, is the analogue 


of the transverse field energy and can also be written in the form 


ae ,oA\ 43 L 2 43 
€ = 


We now expand in series: 


a (6.41) 


A * * 
C-€A = ps {q,.¢0) C, tr) +4). (t) Cy Cr) | , 
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A, Vin cay, exp {i(k,*r)} ; ( 
Cy. = Yan cb, , exp {i(k,*r)} ’ 


where the index & (= 1,2) corresponds to the two possible polarizations of the 
normal waves in an anisotropic medium without spatial dispersion (if (6.32) 
holds, this polarization is linear). By virtue of the first of Eqs.(6.34) we 
have (b,.° k,) = 0, and we may put (b,, *b,,) = 0; we then get from (6.34) 
and (6.41!) 


k =0, 


(K+ €8, 9) = yy ©, ayy yt kyy Er ang 9 KZ Es Qe G 


. : (6.42) 
(€a,,°€a,,)=0. 


We impose two more conditions upon the 4,,) (note that there is no summation 
in the first of these conditions over the repeated index 2): 


(Ea,. *8y,) =<; (€a,,°4,,) = 0. (6.43) 


The first of these is a normalization condition, and the second one corres— 
ponds to a choice of polarizations which corresponds to the normal waves; it 
is clear from (6.42) and (6.43) that the vectors k, »Ayo » and db,» are co- 
planar (both for &=1 and for &=2). 


We now substitute (6.41) into (6.35); after multiplying by aw and using 
Eqs. (6.42), (6.43), and the normalization condition 


lA, AX aor = dnc? (a, 9°84) 6), (6.44) 


we get (for details see Ginzburg, 1940b) 


Gyn * Ly Iyy 7 YT Deg (vg sayy) emp (- i (0G, +1} (6.45) 
k26* 

2 oi z ae ee ae ee | 21.2 

MAL [k, Aay,] . {ke ayg- (ky By») pe". (6.46) 
AL 


Equation (6.45) for the field oscillators is thus in a form which is the same 
as for the vacuum case and the whole difference is included in Eq.(6.46) for 
the frequencies w,, and Eqs.(6.42) and (6.43) for the polarization vectors 


ayy a 


We have already mentioned that we are dealing with expansions in normal waves 


and the relations given here for W,, and &,, are just the equations which 
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determine the relations between w and k and the polarization for normal waves 
To be more precise, when we are considering the homogeneous field equations, it 
is clear from (6.45) that, if there are no charges, w* = ws 9 and (6.46) is 
then the dispersion (Fresnel) equation which connects Wy = ke/ny with k in 
the normal waves (clearly, n) = ck/w is the refractive index; for details 


see Agranovich and Ginzburg, 1966 and Chapter 10. 


One can easily show (see (6.40), (6.41), (6.44), and so on) that in terme of 


the variables dyg we have 


a * 2 * =< 
Her = d, (Pro Prete Ing Inn) » Pag = yg: G97) 
The rest of the calculations in the solution of the various problems about the 
emission by charges proceeds in the same way as in the vacuum case or the case 


of an isotropic medium. For instance, we get for an oscillator in the dipole 


approximation instead of (6.26) 
a 2 = e 
dng ty 9 IX 9 vo e (a), v, ) cos wt. (6.48) 


The remaining calculations proceed as for an isotropic medium, but 
k?7d kd2Q np w* dw d7Q 


(6.49) 
(21)? (2n¢)? 
AS a result we get 
dy dW e*w*(a, °a.)?n? 
EQ) Se Sek oR 0 L 42 
ee ae SS oe ee ad (2 4 l, a 
7 7 o 5a 52; (6.50) 


where, as everywhere above, n,=n,(w,8, >), that is, ny depends not only on 
the frequency, but also on the direction — in fact, on the orientation of the 
wavevector k relative to the symmetry axes of the medium (in the case (6.32) 
these axes are the x-, y~, and z-axes if €,,€,, and €, are different). 

The polarization vectors a,=@, (w,8,) depends also on the direction and 

the frequency, and, of course, on the wave type (index 2£=1,2). In an iso- 

tropic medium Q\)* 0, ,/Vve = 6, ,/n and we take one of the ®,, vectors to be 
at right angles to 8, in that case (6.50) goes over into (6.28). The result 
(6.50) is very obvious — the oscillator ‘pumps’ the emission into each of the 
normal waves and the pumping intensity is proportional to (a, 9°8)°s that is, 
the square of the component of the amplitude a, along the polarization vector 


(electric vector) of the corresponding wave. 


We note that for the free field of radiation in an anisotropic medium, one can 


easily bring the energy of the traneverse field (which in this case is the same 
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as the total energy of the system) into canonical form(see the transition from 
(1.54) to (1.58)) and therefore one can quantize it by standard methods. As 

a result one can introduce the concept of ‘photons in an anisotropic medium", 
for which Nun, (w,6,6) 

E=NMw, pp = lik, » Pp =—— > >» (6.51) 
where @ and @ are angles characterizing the direction of the vector ky with 
respect to the symmetry axes of the medium (for a given frequency w the dis~ 
persion equation determines the values of kp = (w/c) Ny (w,6,¢) for the normal 
waves which can propagate in the medium in a given direction; when we neglect 
the spatial dispersion and strictly longitudinal waves, there are two such 
waves, that is, £2 = 1,2). This result generalizes (6.25) and was mentioned 


earlier. 


A very important and characteristic 
feature of the electrodynamics in a 


medium is the possibility that emis- 


sion may occur even for a uniformly Cherenkov 


cone 


moving charge. We must mention here 
two effects: the Vavilov-Cherenkov 
effect (Cherenkov radiation; see 
Tamm and Frank, 1937; Ginzburg 1940a, 
1960; Jelley, 1958; Bolotovskil, 
1960, 1962; Landau and Lifshitz, 1960, k 
Zrelov, 1968 and Ter-Mikaelyan, 1972; 

and transition radiation (Frank and 

Ginzburg, 1945; Ginzburg and Frank, Figo Pei: “Die Cherenkov cane 
1946; Garibyan, 1960, 1970; Bass and Yakovenko, 1965; Tamoykin, 1972; Ginzburg 
and Tsytovich, 1974a, 1978; Ginzburg, 1975b).° Transition radiation is dis- 
cussed in Chapter 7. Now, however, we shall discuss Cherenkov radiation which 


occurs in a uniform medium when the condition 
Cc 
n(w) 


v> Voh = (6.52) 


is satisfied, that is, provided the particle velocity v = constant is larger 


than the phase velocity of waves in the medium, vph = c/n(w). In that case 


+ e id e e e e e Ld 
The literature dealing with Cherenkov and transition radiation is huge 


(sce the reviews by Jelley (1958); Ginzburg (1960); Bolotovskil 
(1960, 1962); Bass and Yakovenko (1965); Zrelov (1968); Tamoykin 
(1972); and Ter-Mikaelyan (1972); where one can find both original 
resulta and bibliographies. 
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a wave of frequency w is emitted st an angle 8, to the velocity V, where 


(Fig.6.1) 


cos 6, - 2h. sate) ‘ (6.53) 


Of course, condition (6.52) is a consequence of (6.53) since cosQ@, must be 
<1 (the value cos@, = 1 corresponds to the threshold for emission when under 
realistic conditions the intensity of the radistion vanishes; Ginzburg, 1960). 
The result (6.53) has, so to speak, a kinematic nature (condition for inter- 
ference; for details see, for instance, Bolotovskii, 1960, 1962; Frank, 1972) 
and refers to any kind of wave. In that sense condition (6.53) had been known 
for a long time in applications to sound waves (Mach cone). Clearly we must 
in the case of electromagnetic waves in an anisotropic medium understand by 
Vph=c/n(w) the phase velocity corresponding to a normal wave, and in that 
case n=n,(w,8,,8,$), where 8, is the angle between k and v while the 
angles @ and ¢$ determine the orientation of the vector k with respect to 
the symmetry axes of the medium (in the case of a moving medium which is iso- 
tropic in its rest frame the velocity of the medium U plays the role of the 
Symmetry axis). We restrict ourselves for the sake of simplicity in what 


follows to an isotropic mediun. 


The condition (6.53) for Cherenkov emission can be obtained not only from 
interference considerations or as the result of evaluating the radiation field 
(of course, in that case the emission condition follows automatically from the 
formulae)’ but also from the energy and momentum conservation laws (see Chapter 
7) oF aS a resonance condition (Ginzburg, 1939a,b). This last one occurs when 
we solve the Cherenkov radiation problem by the Hamiltonian method, and we 
shall now turn to this. We shall start from the equations in the form (6.21), 


substituting in them for the case of a uniformly moving charge the radius 


1 Strictly speaking, in order to obtain the condition (6.53) one need not 
go beyond the original expression (4.13) for the Liénard-Wiechert poten- 
tials, generalized to the case where there is a medium by replacing c by 

n=c/n (of course, this should be done only where c plays the role of 
che wave velocity and not where it is a coefficient of the current density, 
for instance, on the right-hand side of Eqs. (1.8) or (6.11)). As the re- 
sult from such a substitution we get, for instance, A-ev/{crlt ~ (vn/c) 
cos 98'J}, and it is clear that in the wave zone, where 9’ =6, the poten- 
tial has a singularity just at the angle O0= 0, where cos 6, ee/ av. (One 
should not confuse the angle @ between k and v with the angle @ which 
together with the angle $ determines the orientation of the vector k 
relative to the symmetry axes of the medium; this latter angle is hardly 
used in the calculations.) 
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vector r. ™ vt, V=const. We then get 


qy 1 + ws qi ™ 181 = (ve e,) Cos (ky eve ; 
: Tre (6.54) 
dyo* “4, = 78m — (v-@,) sin (k, *v) t. 
The resonance condition and, hence, the existence of a solution for the energy 


He which increases with time, has the form 


_e¢e 
which is the same as (6.53). 


The solution of Eqs.(6.54) with initial conditions 9\1.> 7 qyy 770 is the 
9 » 


following: u Tee 
Te (@, °¥V 
r 


S————— ———S—X 


q 
a nw, (1 - (v7/e7) n? cos*8,) 
Se 
x {eos ( —— cos 0, ) - cos at} : 
6. 
Vere (e, +) iter 
© x 

42 


n Wy (1 - (v?/c?) n? cos *6, ) 


alee nv : 
x {cos ( a cos 0, )-= cos 8) sin aye} : 


where 8) is the angle between Ky and v. 


Substituting (6.56) into (6.16) and changing from a summation to an integra~ 


tion (see (6.27)) we get 


8Te2v2 


Her = (27c)? 
on 1/2 “max oe ; 
| rr { {2 sin?6(1 + (v2/c2) n2 cos20) [1 - cos {1-(v/c) acos 6} wt 
x | a 9 ; (1 + (v/c) n cos 6)? (1 - (v/e) n cos 6)? 
0 


n sin’9 sin wt sin { [ (v/c) n cos e | cd cee (6.57) 
(1+ (v/c) ncos 6)? 


We have used here the fact that (v re, ,)? +(v 8 5,)° =y? sin?6, = y? 


sin?6 or, 
equivalently, that we can choose the polarization vector ey, to lie in the 


plane determined by the vectors v and K,. It is clear that the radiation 


a i te 


t Of course, when we want to obtain the Cherenkov emission for large t, 


the exact initial conditions are immaterial, and the ones chosen are 
only simpler than others. 
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is polarized in that plane (that is, that the electric vector of the wave ligg 
in that plane). The second term in (6.57) does not lead to solutions which 
increase with time, but the first term shows 6-function behaviour for large t 
(see (1.84)). Integrating over 6 and useing Eq.(1.84) we can thus easily ob- 
tain the Tamm-Frank (1937) formula for the Cherenkov radiation power (we have 
also performed the trivial integration over $): 

dhe - dw e*y | ¢ o c? \ 


dt dt = ae 


e*y . 2 
: wdw = —>- | sin*@, w dw (6.58) 


ven? (w)/ c 


(the integration is here over the region vn(w)/c21). 


If we are interested in the emission over a path length L, we must, clearly, 


in (6.58) replace v (the path length per unit time) by L. 


Dispersion is taken into account in (6.58) due to the fact that we put in 
(6.57) n=n(w) ; we discussed the basis for this procedure earlier. Even in 
the case of an isotropic medium the calculation given here is very simple and 
it can in that sense compete with other methods (Tamm and Frank, 1937; Landau 
and Lifshitz, 1960). In an anisotropic medium, on the other hand, the 
Hamiltonian method (expansion in normal waves) is for us the simplest. We 
must bear in mind that the indexes ny (w,8,$) in that case play the role of 
the refractive index n(w) and that this must be taken into account, of course, 
when we integrate over angles in expressions such as (6.57) (this was forgotten 
in an earlier paper (Ginzburg, 1940c) and this led to errors; Bolotovskii 


(1960, 1962) gave the correct expressions for the Cherenkov radiation power in 
crystals). 


As the next example of a very important illustration of the role played by the 
Medium we discuss the Doppler effect when a source moves with velocity Vv ina 
medium with refractive index n(w). We give at once the result — a generali- 
zation of Eqs.(4.5) and (4.11): 


Weg (1 -v?/c*) Wo 


w(@) = 9 (6.59) 


(1 -(v/e) nw) cos 8| =| 1 - (v/e) n(w) cos 0| 
where Wo, is the frequency in the ‘eigen’ frame of reference of the emitter 
(in that frame the velocity of the centre of mass of the emitter v=0), wy, 

the frequency of the emitter in the laboratory frame (say, the frequency of 

the external electric field in the ondulator) and, as usual, @ the angle 


between k and y. 
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We obtain (6.59), first of all, by means of the general rule for changing from 
the theory of radiation in vacuo to the theory of radiation in a medium — by 


making in (4.5) and (4.11) the substitution 


oe oe 
c+ Vpn = =v ae (6.60) 


Of course, in an anisotropic medium ny (w, 9,9) plays the role of n(w). Never- 
theless, one cannot perform the substitution (6.60) completely automatically — 
it is sufficient to note that in the case of (4.5) it must be performed in the 
denominator, but not in the numerator; in the numerator of (6.5) there appears, 
as before, ¥(l-v7/e*). This is, of course, completely natural as the change 
from Wo, to wy in (6.59) is connected with the relativistic time contraction, 
while the value of the denominator is determined by the motion of the emitter 
and we can get it completely consistently from the expression for the radia- 
tion field. Whatever method we use (see, for instance, (6.22)) we find in the 
expressions for the potentials (and thus also for the fields) phase factors of 
the form exp {i[ (k-r)- (k- r) -wt }}; in the dipole approximation we have for 
the emitter r, =vt and hence there occurs the frequency Ww = W, + (kev) = 

w, + (w/c) vn (w) cos 8, whence follows (6.59). We give in Chapter 7 another 


derivation of this formula which is based upon the conservation laws. 


We note an important feature of Eq. (6.59) — the occurrence of the absolute signs 
in the denominator (Frank, 1942, 1959) which is important when the particle 
moves with a ‘super-light' velocity v> Vph = ¢/n (see condition (6.52)). From 
the necessity to find a positive value for the frequency W it is immediately 


clear that we must take the absolute value of the denominator in (6.59) when 


—n(w) cos0>1. (6.61) 


The range of angles satisfying condition (6.61) is called the region of the 
anomalous or ‘super-light’ Doppler effect. Of course, that region exists only 


for the super-light velocities (6.52). If, on the other hand 
—n(w) cos@< 1, (6.62) 


we have the normal Doppler effect. The regions of the norma] and the anoma- 
lous Doppler effect are separated by the Cherenkov cone (Fig.6.2). Under real 
conditions, the Doppler effect in a medium is rather complicated (Frank, 1942, 
1959) as dispersion must be taken into account (the w-dependence of n). We 
restrict ourselves here to the remark that if one neglects dispersion, the 
frequency w(@=6,) would become infinite on the Cherenkov cone itself where 


(v/c) ncos @ =1 (eee (6.53)). In fact, as w+” the refractive index n(w)+ ] 
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and strictly speaking there is no 
Cherenkov 


cone emission whatever on the Cherenkov 


cone (we assume that v<c and we do 
not just now consider transition 
Region radiation). However, the tendency 
of anomalous 


Region 


of normal of the frequency to increase as the 


Doppler angle 8 approaches 


effect (8>8,) 


Doppler effect 
(@<86,) 


6, = arc cos(c/n(w)v) 
is, of course, retained also when 


dispersion is taken into account. 


The role played by the Cherenkov cone 
Wipiec> Repians’-Gl (he normal in radiation in a medium becomes even 
and the anomalous Doppler effect clearer when we consider not only the 
change in frequency, but also the intensity distribution. We shall do this by 
considering the example of an ondulator in a medium, that is, we generalize 
what we said about an ondulator in Chapter 4 to the case when the charge moves 
in a transparent medium with refractive index n(Ww). We shall assume the 
motion of the charge to be the same as in vacuo, as we may assume the energy 
losses (which are in first instance ionization losses) to be small for a parti-~ 
cle with a sufficiently large energy (we do not yet consider the possibility 
to have a gap or channel in the medium; see Ginzburg 1947, 1972b,c; Alferov, 
Bashmakov and Bessonov, 1975 and Chapter 7). The introduction of the medium 
is thus simply realized by replacing c by c/n (see (6.60)) in Eq.(4.14). As 
a result we get instead of (4.15) 


qu e*w? a’ nL{ (1 - (v/c) ncos 9)? - (1 -(?/c*) n?) sin?6 cos’ o} 
do Bi ci’v|1 - (v/c) ncos 8] ® 
ee?» any 7 (6.63) 
a ("| w(6) = eS ee 
0 e p : 
nwt |1 - (w/c) nw) cos 6| 


Hence it is clear that the power of the radiation is greatest near the 
Cherenkov cone (we assume here that n>J1 and that the Cherenkov condition 
(6.53) can be satisfied for a rather wide range of frequencies). We assume, 
for instance, that 


n(w) =n= const , wsw , 


" (6.64) 


n(w) = | , w>w, 


Instead of requiring that n(w>w,)=1 we can in what follows just as well 
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assume that the radiation is completely absent when W>wW,, due to strong 


absorption. In the case (6.64) and as v/c~+! we may take the second term 


which is proportiona] to 1- (v7/c?)n?  1-n’? to be the main one. If we now 


integrate over the angles we get (bearing in mind that sin’@, = 1~c?/n?(w)v*) 


du e” wt at L(n?-1) sin’6 Wn\? 
satan ante ae ae 
dQ 16 c* 


2 2 fat fme2\2 /W\" 
- mc 
- GaN) (£5) (=) (=) e2L. (6.65) 
l6n tac & w, 0 
Comparing this expression with the vacuum expression (4.16) we see how large 
the difference between the two expressions is under the given conditions 


U(n>1) 3(n*-1)? (=) (as2)" 


U(n=1)  16n? wi) Ve. 


(6.66) 


Incidentally, the energy of the Cherenkov radiation over a path length L is 
in the case (6.64) equal to (see (6.58))* 


e* (1 —c?/v?n?) w L 


lee ee (6.67) 


Expression (6.63), or the more general one obtained from (4.14) through 
the substitution (6.60), rather completely reflects the characteristic 
features of the radiation by a particle moving in a medium. If n>l, 
the Cherenkov angle 0, = arc cos (c/vn) plays the role of the angle §8=0 
around which (in a range of angles @~mc*/&) the emission from an 
ultra-relativistic particle in vacuo is concentrated (Fig. 6.3). Near the 
Cherenkov cone both the frequency of the emitted waves, and their intensity are 


largest. We need only remember the role played by dispersion, due to which 


there are many Cherenkov cones (indeed, 6,(w) = arc cos [c/vn(w) ]). For a 


t We must bear in mind that for a charged particle (in which case both 
Cherenkov radiation and the radiation described by equations such as 
(6.63) and (6.65) occurs during motion in an ondulator) the ‘ondulator' 
radiation appreciably ‘draws’ from the Cherenkov radiation in the sense 
that the amplification of the radiation (6.63),(6.65) is accompanied by 
a diminishing of the power of the Cherenkov radiation (see Gailitis, 
1964; Musakhanyan and Nikishov, 1974). This fact makes it difficult 
to separate the ondulator emission from the Cherenkov background (we 
did not take this into account in an earlier paper (Ginzburg 1972c) and 
this led to an incorrect estimate for the possibility of the production 
of an 'ondulator counter in a medium’ which would be suitable to measure 
the energy of relativistic particles). 
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Emitter Emitter Emitter Emitter 
e e e 
Medium Medium 
n<) €=n<Q 
| u—-c (no radiation) 
n= 
Vacuum 
Q~Jfi-n 
a~ = ‘ Cherenkov 


cone 


Vv 


Fig.6.3 Sketch of the polar diagrams for 
an emitter in vacuo and in a medium 


es i , eee ‘ 
non-transparent medium there is no radiation independently of the nature of 
the emitter and its motion (of course, we are talking about frequencies for 


which the medium ig non-transparent). 


Finally, we must especially look at the case 


0<n(w) <1, (6.68) 
which is very important, as in an isotropic non-relativistic plasma 
ws 4ue7N 2 
e(w) = n*(w) = 1 - + ,w = (422-5) = 5.6410°WYN , (6.69) 
u) P = 


where we have neglected absorption (collisions) while N is the electron 


density. 


Under cosmic conditions the region where Eq.(6.69) is applicable is very wide 
(see Ginzburg, 1970b; Ginzburg and Syrovatskii, 1966a, 1969; Ginzburg, Sazonov 
and Syrovatskii, 1968, and Chapter 11) and one must thus very often take the 
effect of the medium into account, using just Eq.(6.69) according to which 


condition (6.68) is just satisfied in the transparency region. 


In the region (6.68) even an ultra-relativistic particle can radiate, like a 
non-relativistic one. This is formally clear from Eqs.(6.59) and (6.63) for 
the-frequency and the intensity and it is essentially a direct consequence of 


the fact that the ratio of the velocity v to the phase velocity of light 


A non-transparent medium can be non-absorbing, for instance, in the case 
of a real dielectric permittivity e€(w)=n*(w)<0O (we denote by i the 
complex refractive index; see Chapters 10 and !1). 
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Yoh * c/n plays a deciding role for emission in a medium. Therefore, unless 
we talk about somewhat exotic radiation sources which move with s velocity 
v>c (see below, Chapter 8), for n< 1 we have always V< Vo and, if the dif- 
ference Yon ~V is sufficiently large, all specific properties of emitters 
moving in vacuo with relativistic velocities disappear. To be precise, the 
maximum frequency in a medium with n<1 (see (6.59); we assume for the sake 
of simplicity that n(w) = constant or, at any rate, that the dispersion is 
unimportant) is equal to 

w(0) pres eee : (6.70) 

1-(v/c)n =I!" 

Where, clearly, the last expression refers to the case v*>c; im that case, if 
l1-n« 1, the radiation is concentrated in the range of sngles 6 ~ v(1 —n) 
(see Fig.6.3). 


We shall find the condition that a medium with n <I will not affect the emis- 
sion by relativistic particles. To do that it is sufficient to write out in 


detsil the denominator in Eq. (6.59) for the Doppler effect ss v/c>+1,08>+0: 
1 -~ncos6 = 1-~cos 8 + (1 -n) v cos 8 
c Cc c 
2\2 
Vv 1 (mc 
eS anda (1 -n) 3 (5) + (I -n). 


Hence it is clear that the role of the medium is unimportant, if 


e 2 
2{1~n(a)} (5) «1, (6.71) 


mc * 


In the case of synchrotron rediation in a medium we must replace EFq.(5.39), 
for instance, by the following one, ss can essily be checked (Ginzburg snd 


Syrovstskii, 1966a, 1969; Ginzburg, Sszonov snd Syrovstskii, 1968): 


3H si 2773 " 
9 EE aa (STE Lf gen en 
mc | 


mc 3 
Cyn V/Ve on 


29-3 3eH sin 2 
c,n € me” c 41mc mc 


(6.72) 


The whole spproximation used here (which is clear from whst was ssid in 
Chspter 5) is suitable only when I!-n<« 1, in which case we can put I -n?* = 
2(1-n). It is clesr that therefore the condition that the effect of the 
medium be small, which can be deduced from (6.72), ig exactly the same as 


(6.71). Let us apply this last condition to a plasma for which 
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Ww? 2 
[-n? = 20) -n) = Ba ATER, (6.73) 
a mW : 


The role of the medium (plasma) is then small provided 


2 
16 T7ecN 
c 
3H, 


wt = (2mv)? » we (=, : (6.74) 


2 
mc 


or for the main part of the synchrotron emission (frequencies v NDS pro- 


vided -3 
4ecN N(cm “) 
RI eee eee 


Hz. (6.75 
c 3H H (Oe) 


In the interstellar medium, where N®& 1 cm~? and H,~10°° to 107° Oe condi- 
tion (6.75) is well satisfied for most frequency ranges used in radio-astronomy 
In denser objects (some galaxies, shells around supernovae, and so on) condi- 
tion (6.75) is more rigid. At sufficiently long wavelengths one must always 
reckon with the possibility that this condition 1s violated, provided other 
factors such as, for instance, reabsorption do not play an even grester role 


(see Chapter 9). 


Chapter VII 


CHERENKOV EFFECT, DOPPLER EFFECT, 
TRANSITION RADIATION 


Cherenkov and Doppler effect from the qusntal point of view. 
Radiation reaction in a medium. Cherenkov emission and absorp- 
tion in an isotropic and magneto-active plasma. Cherenkov 
emission by dipoles. Emission in channels and gaps. Application 
of the reciprocity theorem. Transition radiation.+ 


When one analyzes various problems connected with the emission, absorp- 
tion, and amplification of electromagnetic waves when charges or other 
"systems' (such as atoms, bunches, or antennae) move in a medium, elementary 
quantal pictures have turned out to be very fruitful. It is important that 
this is the case also when the problem is essentially classical so that the 
final results within the approximations used will be independent of the quan- 


tum constant fi. 


As the starting point for our use of quantum-mechanical considerations we take 
the concept of quanta, or photons in a medium, with an energy iw and a momen- 
tum 
Awn, (w,$ ) 

Ak = eras 
where k=ks is the wavevector and np (w,s) the refractive index for a normal 
wave of the given kind (2) which propagates in the medium considered — which, 
in general, may be anisotropic and gyrotropic. In Chapter 6 (for details see 
Ginzburg, !940a; Jauch and Watson, 1948a,b; Watson and Jauch, 1949; Riazanov, 
1957) we outlined a scheme for the quantization of the electromagnetic field 
in a medium. Of course, such an approach is correct only where s phenomeno- 
logical theory is applicable. We must also bear in mind that the momentum of 
a photon in a medium introduced here is its total momentum, including both 


the field momentum and the momentum imparted to the medium in the emission of 


the wave (vide infra; for more precise details see Chapter !2). 


Except for the part desling with transition radiation we follow 
in the present chapter an earlier review paper (Ginzburg, 1960). 
In the Russian literature the Cherenkov effect is called the 
Vavilov-—Cherenkov effect. 
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From a quantal point of view the kinematics of the emission, that is, the 
conditions imposed upon the frequency and the direction of the emission, are 
determined by the energy and momentum conservation laws (this is also true for 
the Conditions for absorption). If, for instance, before the emission the 
‘system’ (electron, atom, antenna) had an energy E,, while its energy after 
the emission was E, with the corresponding momenta being equal to P, and Pie 


the following conservation laws must be satisfied in the emission of the photon: 


E,-E, = fw, (7.1) 
k 
P,-P, -fk = Tan Kk - fun, | (7.2) 


where, for the sake of simplicity, we have assumed the medium to be isotropic 
s0 that we could drop the index 2 of n. 


For a ‘system’ which moves uniformly in vacuo (that is, when n=1) emission 
without a change in its internal state is impossible (for instance, an electron, 
moving uniformly in vacuo, cannot radiate; see Chapter 1). This well known 
fact follows, in particular, also from Eqs.(7.!) and (7.2) ss in the case when 
n=! they have only the solution w=0 for s particle without internsl degrees 


of freedom. If, however, n#1, we can substitute the expressions 


E 


= 24 2_2 : = ce 2 
0,1 ~ Sos ~ ¥(m‘c *c'py ; Po -ov, VG Vogt? 


into (7.1) and (7.2) ond we then get es the condition for emission without a 
change in the internsl state (Ginzburg, !940a) 


2 
Aiw(n? -1) =) 
9. = ee od, € ial ean Val A —= : 
cos 6, atay, + ae 2 
2(mc/n)(v, cos 9, - c/n) 
Aw = ee ee (7.3) 
(1 -w2/ce7)? (1-1/n7) 


where 0, 18 the sngle between v, snd k. 


When Miw/mc* « | this condition changes to the clessicsl condition (6.53) for 


emission, 86 would be expected (when fiwfmc”? «I, the 'recoil' connected with 
the emission of s quantum is relstively smell). It is clesr from (7.3), of 


course, thst emission is possible (thet is, cos8,<!I snd w>Q) only when the 


+ 


It is clear from (7.3) thet if we want to be more precise the condition for 
classicsl behsviour must be written in somewhst different form, namely, 


{Rw(n? -1)/2mc?}¥ [t-v2/c7] «1. 
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motion is with a velocity exceeding the speed of light, thst is, when the 
inequality v,n/c>! holds (see (6.52)). 


When the result does not contsin Fi a quantum-mechsnicsl cslculation has only 
s methodologicsl vslue, but it often turns out to be more convenient. Essen- 
tislly this reduces to using the conservstion lsws which have a wider renge of 
applicsbility in the sense thst they c8n be used also without invoking qusntum 
mechsnics. Let us, in fsct, sssume that it follows from the classicsl theory 
of an electromagnetic field in a medium thst the connection between the energy 
H =H. and the tots] momentum G of the radiation in the medium is found to 


be G= (Hn/c)s a 


Moreover, if the changes in energy and momentum are sufficiently small we hve 


for free motion of the charge A€ = (v- Ap), since 
2 
Le | |) == - 
dp dp ( E c +c’ p 3 Vv. (7.4) 


Because we have assumed the chsnge A€ to be smsll we need not distinguish 


between v, and v, and we denote the velocity of the source v, ®v, by v. 


From (7.4) and the conservation laws (7.1) and (7.2) we get, replacing fiw 
by H, 
Ne Oe Cary eer an 
Vv Pp C $ 3 


or cos8,=c/nv, that is, we get the Cherenkov condition (6.53). However, it 
is simpler to introduce at once the quanta fw and this is a completely natural 
thing to do not only in the quantal, but algo in the classical case. We shsll 


proceed in this way. 


If we are considering the motion of a ‘system’ rather than a ‘structureless’ 


particle so that its internal energy can change, we have 


Cy =; 7{(m+m,)?c* +c7p?} ) E, a 7{(m+m,)?c" + c*pi} 9 


oe = mc” + Ww, 
(m +m, ) co? amc? +w, Che total energy in the upper state. Clearly, Fe ts 


fiw; >0 is the energy difference of the two levels of the system (atom, ...) 


where (m+m is the total energy in the lower state and 


considered here. 


Ie will be shown in Chapter 12 that the momentum of the field equala 
Gem = ¥/nc, while the momentum of the force imparted to the dielec- 
tric in the radiation, ¢@ = (n?-1) Gen = H(n2-1)/nce. The total 
momentum lost to the emitter is thus G=Gen+G‘S™ = Un/c. 
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If we now apply the conservation laws (7.1) and (7.2) with Rw/mc? «1 we get 
exactly the Doppler Eq. (6.59) with Wy, =w,. If, however, we do not neglect 
terms of order Mw/mc*, we find, as in the case of the Cherenkov emission 

(see (7.3)), a somewhat more complicated expression (Ginzburg and Frank, 1947a), 
In practice, however, we can restrict ourselves to the usual form (6.59) of 

the formula for the Doppler effect. In a quantal calculation, moreover, 
snother important fact is clarified which completely escapes attention in a 
classical derivation of Eq. (6.59); namely, in the region of the normal Doppler 


effect, that is, when (see (6.62) ) 
~ n(w) cos8<1, (7.5) 


the emission corresponds to a transition of the system from an upper level 


with energy w, to a lower level with energy w, (the direction of the transi- 


0 
tion is determined by the condition that the energy of the quantum emitted 
must be positive, that is, formally from the requirement w>0O). If, however, 
the quantum is emitted inside the Cherenkov cone, that is, if we are dealing 


with the snomalous Doppler effect and (see (6.61) ) 
nw) cos 98>1, (7.6) 


the emission of the qusntum is accompanied by a transition of the system from 
the lower level wy to the upper level w,. The energy of the quantum, and 
also the energy exciting the radiating system, is then derived from the kinetic 


energy of its translstionsl motion. 


It is clear from this example that in quantum theory, in contrast to clsssicsl 
theory, when one finds the conditions for radistion themselves one determines 
st the same time the direction of the process, thst is, whether the transition 
is up or down. It is just this fact which together with the possibility of 
such 8 simple calculation of the induced emission (vide infra) makes quantal 
calculations so vsluable for obtsining conditions for radiation, the condition 


for amplificstion (instsbility) of wsves in beams, snd so on. 


If the system hss only two discrete levels O and 1, we see that when 
(v/c)n<1 (subluminsl motion) the stationsry stste of the radistor corres- 
ponds to its being in the lower level O (we sssume that, say, the system 
moves in s chsnnel in the medium and that there are no extraneous sources of 
excitation). In other words, if the level 1 is excited, the system will be 
de-excited after some time and go over into stste 0. If, however, (v/c)n>! 
_ Csuperluminsl motion) there is slso in stationary ststes s non-vsnishing proba~ 


bility to find the system in level 1 snd it rsdiates all the time both norwal 
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and anomslous Doppler waves. The population of the levels O and | » and also 
the intensity of the emission of normal and anomalous waves, sre clearly deter- 
mined by the retio of the totsl probsbilities for the emission of these waves. 
For 8 system with many levels (Ginzburg and Fain, 1959) the emission of 
snomalous Doppler waves while the system makes a trensition upwards leads to 
the possibility of the smplification of ‘transverse oscillstions' and, for 
instance, to the ionizstion of an atom, 

To be more exact, there are here two cases (Ginzburg end Eidman, 1959b). In 
the first case the average energy of the transverse oscillations of the system 
decresses while it moves. This mesns that for a wavepacket consisting of wave- 
functions with different, but approximately equal, energies (we think, for 
instance, of an electron moving along a magnetic field) the centre of mass of 
the pscket in the energy scale diminishes. The difference between subluminal 
and superlumins] motions lies in this case in the rete at which the sverage 
energy changes and elso in the nsture of the spreading of the packet. Thus, 
when the system moves subluminally states with energies lerger than those 
represented in the initial spectrum of the packet never become occupied. If 
the system moves superluminally, however, there is a finite probability to 
find the system (we assume, of course, that we have en ensemble of systems) in 
any, however highly excited, level which can be reached with condition (7.6) 


being valid, notwithstanding the fact that the average energy decreases. 


In the second of the above mentioned cases the system is unstable even ‘on 
average’, that is, its sverage energy (and we sre tslking here sbout the energy 
of the oscillations, that is, the energy of the excitstions) incresses with 
time snd, moreover, the nsture of the spresding of the packet is changed. 
Elucidation of with which of the possibilities we sre desling requires sctusl 
cslculstions of the transition probsbilities. In that respect a quantal 
cslculation is, generally speaking, superfluous for a classical system, 
whatever its advantages, and it is naturel to use the classical theory of 
radiation, as we shall do below. 

We now note that quantum considerations like those given sre nevertheless use- 
ful also for an analysis of the problems, already mentioned, of the absorption 
and amplification of waves in particle beams (in the case of wave amplification 
the beam, in fact, becomes unstable). In this way one easily obtains criteria 
for the instability of a particle beam moving in an isotropic plasma (vide 
infra). It is, moreover, clesr that when beams of ‘systems’ with two or more 


levels move superluminally, as a rule, amplification (negative absorption) 
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must occur rather than absorption (re-absorption) of anomalous Doppler waves 
(Zheleznyskov, 1959). This is connected with the fact that when a quantum 
corresponding to the region of anomalous Doppler waves (that is, flying at an 
sngle 9<@, to the velocity of the system) is absorbed, the system will make 
a transition not upwards, ag in the normal effect, but downwarde.* On the 
other hand, the upwards transition of the system corresponds now to induced 
emission which in the region of the normal effect corresponds to a downwards 
transition of the system. Therefore, if all syetems (stoms, electrons in a 
magnetic field) in a beam moving superluminally sre, for instance, in the 
lower level, normal Doppler waves, emitted by one of the systems, will be 
absorbed in this beam, snd the anomalous Doppler waves will be amplified: 
they will slong their path transfer other systems upwards through induced 


eMission, thst is with the emission of yet another snomslous Doppler quantum, 


We shell in Chapter 9 dwell on the use of the Einstein coefficients for the 
spontsneous emission and absorption probabilities. However, it is already now 
convenient to use these coefficients in order to make what has been said above 


somewhat more quantitative. 


If both the upper and lower levels ! and O are populated, the coefficient 
for absorption in the beam of normal Doppler waves is equal to (see Ginzburg 
snd Zheleznyakov, 19594, 1965; Ginzburg, Zheleznyakov and Eidman, 1962; 
Zheleznyskov, 1959, 1970; Ginzburg, 1970b) 
a2 
ae dI,, ; Bn°c“N, (N,/N, - 2) 


“U 
n Y dz 1 wn2 7 “Ww “WwW 


Z 


, wWw=2mN , (7.7) 


where AD (9) is the probability per unit solid angle for 8 1*+0 spontaneous 
transition with emission of s qusntum at an angle 6 to the velocity, N, and 
N, sre the particle densities in the beam in levels I! and 0, respectively, 
and n is the refractive index of the medium for the frequency w considered 
when the wave propsgates at an sngle 9 (we sssume for the sake of simplicity 
that the dipole moment for the transition 170 is for all particles parallel 
to the velocity). In order that normal Doppler waves are amplified, the number 
of particles in the upper level 1 must exceed their number in the lower level 


O (in that case N,/N, < 1 and WH <9). Such a distribution over the levels 


ac el 


+ 


Absorption is the process which is the inverse of emission and what we 
say here follows therefore at once from the calculations performed for 
emission. The terms ‘upwards’ and 'downwards' sre used here everywhere 
as referring to the energy scale of the excited levels of the emitting 
system. 
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does Not occur in thermal equilibrium snd its production is, generally speak- 
ing, connected with well defined difficulties. The position is changed in the 
case of snomalous Doppler waves, when emission of waves (of a photon in the 
medium) tskes place in the transition O+1, and absorption in the ersnsition 


1+0. In thst case 
Bn °c°N (N,/N, ~ 1) 


0 
er eT es 


and We when N,/N,<1. From this it is, of course, also clesr that when 
the anomalous Doppler effect occurs (that is, if (v/c)n>1) a beam of particles 
which are solely in the lower level 0, shows negative sbsorption and wsves 
emitted by separate particles are amplified. This fact is possibly very 
favourable for using beams of particles moving in a dielectric gsp or s retard- 


ing system for genersting snd amplifying micro-wsves (Ginzburg 1947, 1972b,c). 


The role of the system (particle) which emits snomalous Doppler waves may, ss 
we mentioned slresdy, be plsyed by electrons oscillsting as a result from 
being acted upon by an spplied field or moving along a helical path along a 
magnetic field which is parallel to the axis of the beam. For small ampli- 
tudes such electrons (if we forget about Cherenkov radiation) emit just like 
the corresponding oscillators which move with a velocity v which is equal to 


the component vj of the electron velocity along the beam axis. 


In an electron beam the transverse velocities v, are usually distributed in 
such a way that the distribution function f(v,) decreases with increasing v, 
(this occurs, for instance, for the distribution f(v,) =const. x exp{-mv | /kgT}. 
In similar circumstances the normal Doppler waves will be damped due to 
reabsorption in the beam; however, the anomalous Doppler waves will, on the 
contrary, be amplified. The amplification of waves in an electron beam means 
that the amplitude of the oscillations increases and the beam becomes unstable. 
The electrons will then, in general, start to bunch and coherent radiation 
emerges. The quantum condition for the instability of the beam (the condition 
(vy, /e) n(w) >1) is the same as the condition which one can obtain by solving 
the classical problem of the instability of an electron beam in a magnetic 
field (Zheleznyakov, 1959). The instability of electron beams noted here is, 

in particular, possible in a magneto-active plasma and is of interest for the 
theory of sporadic radio-emission of the Sun (Ginzburg and Zheleznyakov, 1958b, 
1959b; Zheleznyakov, 1970). 

The condition (6.53) for Cherenkov emission has in the classical case an inter- 


ference character, and it is therefore universal for any kind of wave—of course, 
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replacing the phase velocity of light, c/n(w), by the phase velocity Yoh of 
the waves considered which may be sound waves, Capillary waves, ... The sape 
is also true for the results given here which are obtained by using the energy 
snd momentum conservation laws ewuploying either a quantal or a classical 
approach to them. In that csse the quantal approach, that is, the introduction 
of quanta, is appreciably simpler, not only for light, but also for (longitu- 
dinal) plasms waves and sound. In the latter case the energy of a sound 
qusntum (phonon) is equal to E = Aw and its momentum to p = Aik =(E/u)s, 
where u is the sound velocity; for sound the dispersion is usually unimpor- 
tant snd one need not distinguish between the phase and group velocities. Of 
course, ss in electrodynamics, in the case of supersonic motion the emitting 
Bcoustic system will make an ‘upwards’ transition — that is, will be excited — 
in the region of the snomalous Doppler effect and thus to a certain extent 'be 


amplified’ (Tamm, 1959). 


Let us now consider an interesting feature connected with the fact that the 
directions of the phaSe and the group velocities are not the same, as may be 
the case in an anisotropic medium or when one takes into sccount spatial dis- 
persion (see Agranovich and Ginzburg, 1966). If the projection of the group 
velocity dw/dk on the direction at right angles to the velocity of the parti- 
cle, that is, the quantity dw/dk,, where ky is the component of k act right 
angles to v, is negative, no energy, apparently, lesves the emitter, but 
energy is absorbed by it. However, under similar circumst8nces one must use 
the advanced rather than retarded potentials (Mandel'shtam, 1947; Pafamov, 
1957, 1959). If we choose the vector k always to be directed slong the phase 
velocity, this vector will in the case when dw/dk,<0O in the Cherenkov and 
Doppler weves be directed towards the particle trajectory, while the energy — 
as should be the case — will go away from the trajectory. In the case of 
Cherenkov redistion the difference between the cases dw/dk,;>0O and dw/dk, <0 
is clear from Fig.7.1. The angle 6, is in the case dw/dk,<0O determined as 
before by the Cherenkov condition (6.53) as is clear from the choice made for 
the direction of k from interference considerstions, and also from the con- 


servation laws (7.!) and (7.2). The latter statement follows from the fact 


a 


+ 


The qusnta of plasma waves are often called plssmons. If we under- 
stand by photons in a medium the quanta of sny electromagnetic field — 
where we are, strictly spesking, desling with s free field, that is, 

s field when there sre no chsrges or currents — plasmons are a parti- 
cular case of photons in a medium. 
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that we have used plane 

waves of the form J > O 
exp {i(k*r)~iwe} a (Normal 

for which the momentum of i case) 

the corresponding quantum (a) 

is equal to (Mwn/c)(k/k); @. AN fronts 

when we use this form of 8. SZ 

waves there is no difference 

whatever in the directions \ 

of k in Figs.7.la and 7.1b, \ 

as in terms of the plane NK 


waves the disposition of \ 


the wavefronts is the same dk, 
in both cases—we consider > je 
fronts with the vector k (b) Wave \ g 
lying on the Cherenkov cone. nae nee 
Equation (6.59) for the 
Doppler effect for the case ‘ 
dw/dk, <0 also remains 

valid. However, the physi-~ / 


cal difference between the 


two cases is, of course, Fig. 7.1 Cherenkov radiation when 
dw/dky > 0 and when dw/dk;y < 0. 
k; is the component of the wave- 
nected with the different vector at right angles to the 
particle velocity v 


very Important and is con- 


directions of the group 
velocity. In fact, in an isotropic medium in che normal case (see Fig./7. 1a) 
the group velocity is parallel to k. However, in the case depicted in Fig. 
7.1b the group velocity dw/dk is directed at an obtuse angle 8,=7-8, to 
the particle velocity. Under such circumstances the Cherenkov radiation will, 
when particles pass through a plate of finite thickness, emerge from the back 
surface of the plate, and will also be refracted in an unusual way at that 


surface (this is clear from Mandel'shtam's work (1947) ). 


For electrons moving with superluminal velocities in a plasma or a retarding 
medium in the presence of a magnetic field and also in similar cases of oscil- 
latory motion of electrons, usually only the classical region is of interest — 
the quantum numbers corresponding to the transverse motion are large. Under 
such circumstances the problem of the emission of waves and of the damping or 


amplification of the transverse oscillations of the electrons may and in 
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practice must be solved by means of classical calculations. The corresponding 
calculations reduce essentially to the evaluation of the radiation reaction 
force when the charge moves in the medium. Let us consider that problem in a 


somewhat wider context. 


As the presence of the medium may radically change the character of the elec- 

tromagnetic waves radiated by the moving particle (see Chapter 6) it is clear 

that the radiation reaction force in the medium is also changed, and sometimes 
very considerably. For instance, an oscillator with a frequency w in an 

isotropic plasma with index of refraction n={1-47Ne‘/mw‘}? does not 


radiate at all if we = 41Ne*/m > w* 


» When €= n° < O; in a magneto-active 
plasma there is in the non-relativistic approximation no radiation by an elec- 
tron revolving in a magnetic field H, with a frequency Wy, = eH, /mec (see 
Ginzburg and Zheleznyakov, !1958a; Ginzburg 1970b). In both these cases the 
radiation force, of course, vanishes, while in vacuo it equals f = (2e7/3c3) r. 
On the other hand, in the case of uniform motion in a medium there is, if for 
some frequencies the velocity v>c/n(w), the Cherenkov radiation force f oh 
which produces per unit time an amount of work equal to (fon? v)=-dW/dt. It 
is thus clear from (6.58) that 

2 


2 
f __ eV | 1-5] w du, (7.9) 
oe eee 


In the light what we have said so far the problem naturally arises of how to 
evaluate the radiation reaction force for arbitrary motion of a charge in an 
arbitrary medium. In the past this problem has not particularly attracted 
attention. The point is, apparently, that the radiation force when a charge 
moves in a medium is usually appreciably smaller than the braking force con- 
nected with ionization losses. For example, losses due to Cherenkov emission 
which might be called radiative, are even in a transparent, but dense medium 
only a small fraction of the total losses. The position is, generally speak- 
ing, not changed for the case of non-uniform motion of a charge. There are, 
however, interesting and practically important cases when taking the radiation 
forces into account when a charge moves in a medium is very important — motion 
in a magneto-active plasma, motion in channels, gaps, and close to the surface 


of a medium. 


We give here a scheme to evaluate the radiation force in a medium (Ginzburg 
and Eidman, 1959b) where, as elsewhere, we shall not be afraid to repeat our- 


selves. For a point charge with charge density p=e6(r-A) the equations 
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for the field and the equations of motion have the form 


curl H = <T ev é(r-RA) 1i2 » divD=4ned(r-A , 
(7.10) 
curl E =-1 30 » div H=0 
eee HE te lyn] 
—— =e iE +—IvaH + 
OE) paw iee = | 
re[{Em+ + fv aH cry}} eGR d'r. (7.11) 


Here A(t) is the position of the charge (v = R= dA/dr), E, and H, are the 
external fields, and E and H the fields produced by the charge itself (for 


the sake of simplicity we assume the medium to be non-magnetic). 


The only effective method of solving the problem for an arbitrary medium is by 
expanding the fields in terms of normal plane waves, that is, using the method 


which we have called the Hamiltonian one. As a result we have 


Dw) = € gw) E, (w) ,>4,8=1,2,3; 


E=-- oA 09 ; H= curlA, 
: (t) a, 
pele JF MOM raeny, | 72 
- n 
A, j=l,2 Aj 
2 _ * 
aA. 
0B Ing + c.c.= 0 (7.13) 


where condition (7.13) is chosen for the sake of convenience, c.c. indicates 
the complex conjugate quantity, summation is understood to be performed over 
indexes which occur twice, and the argument w shows that we are talking about 
Fourier components; the real fields are equal to D= D+D* =5+ ne 
E=>E+ E* . and so on. In Eqs.(7.12) and (7.13) n) ; is the refractive index 
and the a); are the complex polarization vectors corresponding to the jth 


Normal wave. 


The equations for the potentials, obtained from (7.10), (7.12), and (7.13) 


have the form 2a 
e oe + P) A I 92 b re 
V A 7 grad divA - eB awe ie O = a €uB tox, a «Ce 
ake = - 3m eyd(r-A), (7.14) 
= e Cc 
r) - R) 
€,- +c.c. =~ 47e6(F . 
aB X09, 


136 THEORETICAL PHYSICS AND ASTROPHYSIC§ 


where €) is the unit vector along the a-axis and i. =ev 6(r- R) is the 
current density corresponding to the particle considered; the somewhat dif- 
ferent notation and definition of various quantities as compared to those used 
in Chapter 6 is because of convenience and in order to refer the reader to the 
papers by Eidman and the author (Ginzburg and Eidman, 1959b; Eidman, 1960) 


where the calculations are given in detail using the same notation. 


Substitution of the expansion (7.12) into (7.14) produces a set of oscillator 
equations for the field amplitudes qj which can be integrated in an elemen- 
tary way. It is necessary to substitute the fields obtained this way into the 


equation of motion (7.11). As a result we get 


a be ok 
da my eve. tee aa a;) _ 
dt vy ~y?/¢? Fo 2n? 2 : | Ce Exc 5 | 
(v’-a*) ae ee 
-ilva[kaa.]] ——41 sin[w,(e-e")]} oi (k {R -R’}) dt! dk +c.c. 
J now. J 
Jj 
ng tad ’ (7.15) 


where R= A(t’), v! =v(t’), and F, = e {E, +t [v AH, ]} . 


The method applied here for calculating the radiation reaction force is con- 
venient in a number of cases even for an isotropic medium or a vacuum, This 
was checked in Chapter 2 for the latter case. Moreover, for the case of a 
particle moving uniformly in an isotropic medium with a retractive index 
n>c/v we get from (7.15) a formula for the braking force (7.9) due to 


Cherenkov radiation, 


Ginzburg and Eidman (1959b) considered the superluminal motion of an oscilla- 
tor. In an isotropic medium we have for the case of an oscillator vibrating 
parallel to the translational velocity y, 

R = {0,0,v t +R, sinQt} ; v = {0,0,v, +v_ cos Qe} , Vo = Ryk 

(7,16) 

a7 {1,0,0} »a,> {0o, cos6 ,~sin 6} »> k= {0 »ksin®@,kcos 0} ; 
and in what follow we shall be dealing only with the dipole approximation, 
that 18, the case when 


kRy = —n(w) R,KI, (7.17) 


Under those circumstances we get the following expression for the work done 


by the radiation field on the particle: 
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T T 
a=| (v traglat =, | fag ,at+ vy [ cos Mt fiad.gdt "Ao tAL: (7.18) 
0 0 ‘ 0 
2p2 
A=- ia { w? [ seo eee (1 -2)} dw 
4c*B, ‘Bin(w) cos @ <1 B’n?(w) \ 
2 
+ | w? {1-41 (1 +8) | au} ; (7.19) 
B,n(w) cos 6 >! Bin’ (w) 4 
where Vv 
Q 0 
of A ett at Se (7.20) 
- [1 -B n(w) cos 6| ’ Bo c 


If the dispersion law has a 'step-function' character, that is, 


n(w) =m =constant, for wsw,; n(w)=1, for w> <4 (7.21) 


one can write the result (7.19) in the form 
242 
e7n Roat sin?6 dé 
Kee a ie (7.22) 
4ce3 |1-B, ncos6|° 


where for the anomalous Doppler effect 


l + Q/uy, 
O <6 < arc cos —— 
Bon 
and for the normal Doppler effect 
1 —Q/0, 
arc cos ———— < 0 < T. 
Bon 


The quantity U f cawrae) dt=-A>0O equals the energy emitted during a period 
T by the particle. Expression (7.22) is the analogue of formula (6.63) 
which refers to an oscillator vibrating at right angles to the translational 


velocity. 


The work of the radiation field expended while amplifying or reducing the 


energy of the particle oscillations is, in agreement with (7.19), equal to 


e7AR2T 2 
A na-a,2——-{ wi ] (1 +8)"| au 
° 4c*B, Bn(w) cos 6 >1 Ben? (w) ) 
2 l Q\2 
= TY) [ pore ae (1 -£) | aw} : (7.23) 
B,n(w) cos 6 <1 Bon (w) 


In the case (7.21) 
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2254 G T 
A = fea { | ___sin*@ dé - | sin’@ de } 
e 4c* 0 (1-B, ncos Q@) * (1 -B, ncos 8) * 


(7.24) 


oO 
tll 


! Q : Mf ot 
arc cos gi (1 +2) » 8 = arccos Bn (1 @). 


The radiation propagating outside the Cherenkov cone, which corresponds to the 
second integral in (7.23) or (7.24), leads thus to a damping of the oscilla- 
tions while the radiation inside this cone (the anomalous Doppler effect), 
corresponding to the first integral in (7.23) or (7.24), amplifies the oscil- 
fatvons. This result is in complete agreement with the quantummechanical 
considerations (vide supra). One sees easily that the second integral in 
(7.23) is larger than the first one, and that the same is true in (7.24). 
Hence it follows chat the vibrations of the oscillator are always damped in 
an isotropic medium and A_*+0 only if B jn (w) + in an appreciable region of 


integration. 


Ginzburg and Eidman (1959b; Eidman, 1960) considered also the motion of an 
oscillator vibrating at right angles to its translational velocity v, and the 
helical motion of a charge in a magnetic field. They showed that as in the 
preceding case in an isotropic medium the vibrations are always damped (this 
result does not necessarily follow for other radiating systems such as, for 


instance, a sufficiently long antenna). 


It is convenient for the calculation of some of the features of the super- 
luminal motion of charges in anisotropic media to consider the motion of an 
oscillator along the optic axis of a uni-axial non-gyrotropic crystal with 


the electron assumed to be oscillating in the same direction. In that case 


R = {0,0,v t +R, sine} »ke= {0,k sin®, kcos 6} , 
a,= {0, cos 9+K, sin@, -sin @+K, cos eo} , a. = {1,0,0} > (7.25) 
2 
-~¢ 7 
K = (n, 1) cos 8 Jy sin’6 " cos7@ kR <1] 
i e siné eae? € e.- 0 F 
1 1 | t 


where n. is the refractive index for the extra-ordinary wave which in the 


If the work Al, or part of it, is positive, it corresponds to an 
amplification of the oscillations, as A_ is the work done by the 
radiation force on the particle. 
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given case is just the one which is radiated. The quantity K, is the ratia 
of the components of the electric field strength vector in the extra-ordinary 
wave which are parallel to and at right angles to the vector k; the electris 


vector itself is parallel to the polarization vector a, (see Chapter 6). 


We can now obtain the expressions which correspond to Eqns. (7.19) and (7.23) 


e*R21 e?(w) sin?@]1 - (cot 6/n,) (an, /90)|7? 
1 1 1 
Az#- 3 w? dw , 
4e"By L, +L, [e, (w)sin?@ +@, cos?@]? 
e*R2QT | e7(w) sin’@]1-(cot 6/n; (3n,/26) | 
Roky Sg ge imate ha ae kn 
7 4o3B L [e (w)sin’e +e, (w)cos76 |? 


1 
| e7(w)sin76|1 - (cot @/n, (an, /96) |? 
w* 4 


du} . (7,26) 
L, [€ (w)sin’é +€} (w)cos7@ |? 


The integration domains L, and L, are here determined by the Doppler rela- 


tions 

1-6 n(w,6) cos 8 = 2/w (7.27) 
for normal Doppler frequencies (domain L,) and 

B,n(w,6) cos 8-1 = Q/w (7.28) 


for the anomalous Doppler frequencies (domain L,). One sees easily that both 
integrals in Eqn.(7.26) for A_ are always positive. This means that the 
radiation at the normal Doppler frequencies (first integral in (7.26)) corres- 
ponds to a damping of the oscillations, while the radiation at anomalous 


Doppler frequencies corresponds to an amplification of the oscillations. 


We must note that such a subdivision is somewhat arbitrary and that, of course, 
only the force which is the difference of the two integrals has a physical 


meaning. 


In contrast to the isotropic case, in the present problem the oscillations 
may not only be damped, but they can also be amplified — we are, of course, 
speaking about the sign of the whole of the work A_ and not just about its 
parts. For instance, let €, and € be frequency-independent and let €,< 9, 
€,>0; in that case nj (8,) + at an angle determined by the condition (see 
Eqn. (7.25) for nj) 


€, ein’@_ + €yCos*6_ = 0 (7.29) 


In such a medium the extra-ordinary waves can propagate at an angle |6| < lol, 
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but for angles 47 >6 >@., we have already ny <0, and the waves cannot propa= 
gate. Moreover, nj is a minimum and equal to €, when @=0. If now 8,€, >I 
we can always choose €) such that che Cherenkov angle 8, is larger than 6, 
where Byncos®@,=1. Clearly, under such conditions Cherenkov radiation is 
totally absent — the angle 6, corresponds to a value ny <0O — and only anoma- 
lous Doppler waves are emitted in the forward direction ~— for @<47, and in 
fact for 6<6.. In the backward direction — for ™<@<6, — normal Doppler 
waves are emitted, but now 1-8, n, cos8=1+6,n, |cos @| and the total work 
A_ is positive. One can check this by using (7.27) and (7.28) to change in 
(7.26) to an integration over 8, as a result of which we get for the case 


considered 


G 


e70*RT n> (@) sin°@ d@ Gs nS(0') sin?! ae! 
fem zi | 


4c*B, 9 €}, [8,n, (6) cos 8-1]* 4 €7, [B,n,(6’) cos0’ +3)" 


arc tan’ Je}; |/e, ; (7.30) 


where 0/=7-6. Here A_>O by virtue of the fact that the first integral in 


G 


(7.30) is always larger than the second one. In the case considered the oscil- 


lations are thus amplified. 


Eidman (1960) has studied the problem of the motion of charges in a magnetized 
plasma and showed that in that case under well-defined conditions the oscilla- 
tions are amplified or, to be more precise, that spiral lines along which the 
particle moves in the magnetic field are ‘unwound’. Amplification thus occurs, 
for instance, when 


«“},w,=—",u 


H mc 2) i) 


Vo eH, 2 _ 4 1mNe2 
a Vee 


2 
_P = 3) = 
uy? 0 - 
H 
where H, is the uniform magnetic field in which the plasma is situated and N 
the electron density in the plasma. Amplification also occurs for the follow- 
ing values of the parameters ~ which are found through numerical integration: 
= 27,2 = 2 2742 = 
B, = 0.01, w/o, = 10 and £6, =0.99, w/w = 10. If on the other hand, we 
have, for instance, B, = 0.99 and wy wf = 0.01 the transverse motion of the 


particle is damped, 


When the oscillations are amplified the energy of the translational motion (in 
this case the motion along the field) changes into energy in the transverse 
Motion. As a result the translational velocity Vo diminishes and amplifica- 


tion necessarily ceases when the velocity v, reaches the minimum light 


velocity c/Mpax in the given mediun. 
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The difference in the sign of the force acting upon the oscillatory motion of 
the particle in the case of the normal and anomalous Doppler radiation clearly 
agrees completely with the conclusion reached by using the conservation laws 
(vide supra). We have already stressed that in the isotropic case that dif- 
ference leads to a weakening of the ‘friction’ or even its virtual vanishing 
but it cannot cause amplification of the vibrations of the oscillator; the 
quantal amplification of the vibrations which is connected with the spreading 
of the packet in ‘energy space’ occurs, of course, in the case of superluminal 
emission, also in an isotropic medium. Amplification of the oscillations is 


possible in an anisotropic medium and, in particular, in a magnetized plasma. 


It is totally obvious that the instability of 'superluminal' particle beams 
which occurs in the classical approximation even in the case of an isotropic 
medium is closely connected with the radiation reaction of a single particle 


considered here, 


We note also that we have here considered a medium at equilibrium or, at any 
rate, such a medium that the normal waves in it are absorbed when damping 
(conductivity) is taken into account, that is, that their amplitude diminishes 


as they propagate through the medium. 


In media with a negative conductivity ~ which are sometimes called inverted 
media -— the normal waves are amplified (maser effect) and the problem of the 
radiation reaction needs special consideration (Ginzburg and Eidman, 1963; 
Gavrilov and Kolomenskii, J971, 1972). In that case the oscillations can be 
amplified even for subluminal motion (v<c/n), for instance in the case of the 


non-relativistic motion of an oscillator. 


As plasma physics is at present in the centre of attention we shall briefly 
dwell here upon some aspects connected with the theory of radiation for super- 


luminal velocities (v>c/n). 
In an isotropic plasma, that is when there is no external magnetic field H,, 


we have for transverse waves 


_ 4mNe? 


) 


< ] 
m (Ww? +" 
e 


ff 
(the phase velocity of the waves Von =c/n>c), and, hence, Cherenkov radiation 
is impossible (see, however, Chapter 9; we assumed above that v<c). However, 


when we take into account thermal motion in an isotropic plasma, longitudinal 
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plasma waves can srapseate” which have a refractive index equal to (see 
Ginzburg, 1970b and Chapter 11) 

Z4,.2 
otk? | ap/e =. “Be 2 _ 4 1Ne? 


= ‘ B z— , SSS (7.31 
N3 w2 , 62 T mc2 P m ) 


Here e and m are the electron charge and mass, N is the electron density, 
kp Boltzmann's constant, and T the absolute temperature. Equation (7,31) is 


equivalent to the dispersion equation 
kgT 
w? = w2 + 3 — k? 
P m 


and leads to the following expressions for the phase and group velocities: 


Pe ey ee ta 
ph k n, | Sis? fae 
3k_T : 7 
3kaT i) 
_ dw Bo - [== (1-2) 


The plasma waves form one of the three normal wave branches in a plasma which 
appear on equal footing. The phase velocity of the plasma waves can be less 
than the speed of light in vacuo c and hence the Cherenkov effect can occur 
for those waves for 'normal' motion of the source (particle) with a velocity 
v<ec. Such radiation, indeed, occurs when charged particles move through a 
plasma — the energy which they lose as a result of ’distant' collisions just 
goes into the ‘Cherenkov’ emission of plasma waves. As a result of this radia- 
tion a particle of charge e and speed v which is appreciably above the 
thermal velocity vr =Vk,T/m loses per unit time an amount of energy (Pines 
and Bohm, 1952): 


e*w? 2 
dé P ( 2v 
—=z£- 1 + 5 133 
it ay Cen 3 (7.33) 
T 

One does not usually call the emission of plasma waves by a moving particle 
Cherenkov radiation. The question of terminology is, of course, not very 
important and, moreover, is a question of taste or habit. It seems to us, 
nonetheless, that in the case of the emission of plasma waves — in contrast, 


Say, to the emission of sound — it would be very appropriate to speak just of 


the Cherenkov effect. Firstly, the high-frequency longitudinal (plasma) waves 


We neglect the motion of the ions and thus leave the quasi-acoustic (low- 
frequency) longitudinal waves out of our considerations (see Ginzburg, 
1970b and Chapter 11). We also neglect the absorption due to collisions 
by putting the collision frequency equal to zero, Vor¢ =O. 
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occur, as we have already noted, on equal footing with the electromagnetic 
(transverse) waves. Secondly, and this is more important, in a magnetized 
plasma — that is, when there is an external magnetic field Hy present — there 
occur in the general case three normal waves which are neither longitudinal 
nor transverse. The distinguishing of plasma waves in those circumstances 
becomes completely arbitrary (Ginzburg, 1970b); it is usually conventional 
also to split the waves emitted when a charge moves in a magnetized plasma 
into Cherenkov electromagnetic waves and plasma-type waves. Moreover, when 
one lets the external magnetic field WH, tend to zero (transition to the iso- 
tropic case) the emission of the waves which are called the Cherenkov waves 
does not vanish, but it goes continuously over into the above-mentioned emis- 


Sion of plasma waves (Ginzburg and Zheleznyakov, 1958a), 


We note that what we have said refers not only to a gaseous plasma but also to 
other media in which we can in a well defined approximation talk about the 
propagation of plasma waves. In this respect optically anisotropic media 


(crystals) are the analogue of a magnetized plasma. 


In solids and liquids the plasma frequencies oo. (4 mNe?/m)2 are very 
large — they lie in the ultra-violet range of the spectrum. It therefore has 
turned out to be important to take quantization into account and the above- 
mentioned concepts of the quanta of plasma waves — the plasmons — are intro- 
duced (Pines, 1963) which have an energy hws Aw, (we assume here that the 
medium is isotropic). It is clear that the difference between plasmons and 
electromagnetic field quanta in the medium — the 'photons in the medium’ — 
corresponds merely to the difference between transverse and longitudinal waves 
(vide supra). In an anisotropic medium that difference does, in general, not 
exist and one is fully justified to consider the so-called discrete energy 
losses when electrons pass through thin layers (Pines, 1963) as the result of 
the Cherenkov effect (Ginzburg, 1958). When studying the discrete energy 
losses it turns out to be important to take also the momentum of the photons 


or plasmons into account (Pines, 1963). 


In the case of a gaseous (rarefied) plasma when the frequencies W, are rela-~ 
tively low — we think here of the condition es AMv? , Rw, “KkpT, where M 
is the mass and v the velocity of the radiating particle, and T the plasma 
temperature — it 16 not necessary to use quantum language. However, also under 
those conditions, it may turn out to be very convenient and effective, as in 


the case of electromagnetic waves, to apply the quantum theory of emission and 
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absorption of plasma waves and the plasmon concept itself. As an example we 
mention the calculation of the reabsorption of plasma waves and the establish- 
ment of a criterion of the stability of a particle beam moving in the plasma 
(Ginzburg and Zheleznyakov, 1959a, 1965; Ginzburg, Zheleznyakov and Eidman, 
1962). 


The instability of a beam arises if the perturbations (waves) which are formed 
in it grow. From the quantal point of view this means that the absorption 
coefficient for waves (quanta) in the wave must be negative (that is, <0) as 
occurs if, firstly, the particles in the beam in general can emit waves and, 
secondly, the velocity distribution function of. the particles in the beam 
guarantees the prevalence of induced emission over absorption. A sufficiently 
fast particle (v > VkpT/m) moving in an isotropic plasma emits, as we have 
mentioned, Cherenkov plasma waves. The absorption coefficient w is negative, 
that is, there are more induced emission processes than absorption processes, 
if there are more particles in the beam at the 'upper' levels than at the 
‘lower’ levels (see (7.7) and (7.8) and for details see Chapter 15). For 
particles without inner degrees of freedom, that is, for free electrons, 
protons, ... , or when we can neglect changes in the inner state the upper 
level corresponds simply to a larger velocity. From this it follows at once 
that beams are unstable in which in some range of velocities there are more 
fast than slow particles, that is, when the velocity distribution function of 
the particles in the beam f,(v) has a positive derivative. The same condition 
for instability dfg/dv > 0 is obtained also classically (Bohm and Gross, 1949), 
but as the result of a special investigation. The quantum method for obtaining 
a stability criterion is not less but in a certain sense much more effec~ 
tive — because of the greater complexity of the problem — for the above- 
mentioned case of the motion of a beam of charged particles in a magnetized 
plasma; in this cage we must take into account the change in the velocity 
components of the particle at right angles to the magnetic field, or in quan- 
tum terms, take into account transitions between energy levels for the motion 


at right angles to the field, which is quantized (Zheleznyakov, 1959, 1970). 


To illustrate what we have said we shall consider for the sake of simplicity 
the emission in the direction of the velocity v by a one-dimensional beam of 
particles; in the general case the function f,(v,), where v,=vcos®@ is the 
velocity component of the particles in the beam along the wavevector k of the 
emitted waves, plays the role of f,(v). For a distribution function of the 


kind 
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M 2 
_—_— -v, cos 8 } 
shown in Fig.7.2, the coefficient y>0 


f,(v,) in region II, where df .(v,)/dv, < 0, while 
u<O in region I where df,(v,)/dv, >0. 


£.(v,) = const x exp {- 


| e e 
| By virtue of the Cherenkov condition 
! v cos 8, =v, = c/n, (w) and waves emitted 


by particles with different values of vy 


Uo cos O re (in particular, values corresponding to 
SS  _ ed 
Region I I the regions I and II in Fig.7.2) have 


different frequencies and hence cannot 
Fig.7.2 The distribution function 


L i d t tabi- 
£,(v,) for particles in a beam cancel one another and guarantee s 


lity, even if w<O for only a small 
part of v,- We note that for any isotropic three-dimensional electron velo- 
city distribution f£=f(v"7) the function E(v,) = f E(w’) dv,, where vy is the 
velocity component along the direction perpendicular to k , does nowhere have 


a positive derivative and that the distribution is stable. 


The possibility of the emission of Cherenkov waves leads, of course, also to 
the possibility that the particles can absorb the same kind of waves from 
whatever origin. Hence it is clear that apart from absorption of waves con- 
nected with eal tevena:” in a plasma Cherenkov type absorption must occur. 
Thus, plasma waves must be absorbed also when there are no collisions. Of 
course, there is no such absorption for transverse waves in an isotropic 


plasma, as there is also no Cherenkov emission. 


The necessary occurrence of absorption of plasma waves was already explained 
quite some time ago by completely different means (Landau, 1946) without includ- 


ing considerations of Cherenkov radiation. 


In fact, let us consider the linearized kinetic equation for the plasma elec- 


trons (see, for instance, Ginzburg, 1970b and Chapter 11) 


Bremsstrahlung occurs when particles collide. The inverse process con- 
sists in the absorption of waves as a result of collisions. 


When we employ the usual Maxwellian velocity distribution we can formally 
conclude that there is a non-vanishing, albeit very weak absorption. Such 
a conclusion is, however, erroneous and is connected with the fact that 
the non-relativistic Maxwell distribution does not guarantee the complete 
absence of particles with velocities v>c. 
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of 


1 
oe (v-V. )£, += (E+ Wy )£y =0 , £=£,+f, , lf, 1> If, | (7.34) 


(we have neglected here collisions, and £,(v) is the zeroth-order discribution 
function, that is, in the case of equilibrium a Maxwellian distribution). 
Fourier transforms, that is, substituting £, (v »t,¢) =ge(v)exp {i(k r) -1W c} : 


then lead to the equation 


F _e z 
i{w-(k-v} €£, = ~(E°¥) £,- (6.35) 
If w# (k°v), we can divide by {w - (kev) } and obtain a well defined expres- 


sion for £,; if we then substitute f, into the field equation 
curl curl ee ee ae J =efvt, dv, 
c 


we get a dispersion relation connecting wW with Kk; we can write that equation 
2 

1,2,3°” 
above for waves of the appropriate type — transverse waves (n; 2) and longitu- 


in the form c’?k*/w*=n where Ny 2,3 are the refractive indexes used 


dinal waves (n,). If, however, w = (k*°v), we cannot divide Eqn.(7.35) by 
{w~ (k>v)} and one can show that a longitudinal wave which propagates in the 


plasma is damped (Landau, 1946). However, the condition 


2_2 
w= (kev) = "2" cose , k? = 45 (7.36) 
Cc 


is just che Cherenkov condition (6.53), (6.55). As we said, in an isotropic 


plasma it can be satisfied only for plasma waves for which the absorption in 
the given case is precisely the inverse Cherenkov effect — the wave is then 
weakened and the plasma electrons with velocities satisfying condition (7.36) 


obtain an extra energy. 


When there is an external magnetic field present the emission of waves — in a 
magnetized plasma — occurs as a result of collisions (bremsstrahlung), by 
virtue of the Cherenkov effect, and thanks to the acceleration of the particle 
in the magnetic field (magneto-bremsstrahlung). Corresponding to these there 
are three absorption mechanisms. One should, however, state that the division 
of emission and absorption into Cherenkov and magneto-brems processes is some- 
what arbitrary. We know that a particle (electron) in a magnetic field moves 


along a spiral, revolving with a frequency wa = Ww, me*/e = (eH, /mc) (me*/e@ ) 


i I 


t The physical interpretation of the damping of the plasma waves which is 


not connected with collisions was essentially given already by Bohm and 
Gross (1949), but they did not refer explicitly to Cherenkov radiation. 
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where @ is the total energy. In vacuo such motion leads to radiation with 
frequencies suh (s=1,2,...3; we have neglected here the Doppler shift of 
the frequency for the sake of simplicity). However, when there is a plasma, 
the nature of the radiation — its intensity, directionality, and polarization— 
is changed and apart from the frequencies su, radiation may occur with a 
continuous spectrum which is clearly Cherenkov radiation (when the particle 
moves strictly along the field magneto-brems radiation is completely missing). 
Moreover, when the particle moves, for instance, along a circle in the plane 
at right angles to the field H, only discrete frequencies sus are emitted, 
that is, we are only dealing with magneto-bremsstrahlung, to use the termino- 
logy employed here. However, it is clear physically that also in that case 
the radiation spectrum is practically contimwous provided the radius of the 
circle is sufficiently large and @/mc* »1, and its nature is in the appro- 
priate frequency range close to the spectrum of the Cherenkov radiation. In 
view of what we have said the only consistent method is in the general case to 
consider magneto-brems and Cherenkov radiation and absorption in a unified way 
(Eidman, 1958, 1962). 


Let us dwell upon the defermination of the frequencies emitted (and absorbed) 
in a magnetized plasma in somewhat more detail. To do this we write down the 


equation of the field amplitudes 1); which we introduce earlier (see (7.12)), 
eo 2 a _e eax _?: é = 
yy G4 a = Yun a; (v ay,) exp { i(k, RA)} = f(t), (7.37) 


where wy; = e*ky/n) 5 , while A(t) and v=dR/dt are the radius vector and 


velocity of the radiating particle. 


Equation (7.37) is obtained by substituting the expansion (7.12) into Eqn. (7.14) 
* : 

for the vector potential, multiplying that equation by 243 exp {-i (k,er)} and 

integrating over space. If we disregard a constant factor the form of the 


‘force’ £(t) in (7.37) is at once clear, as 


JG,-9%,) exp {-i(k,*F )} d?r = e(v -ay;) exp {- i(k, ° R)} 
when j, zevo(r~ R) (see (7.14)). 


Equation (7.37) has a solution for qj which grows with time which corres- 
ponds to radiation at only the frequencies Be which are represented in the 
spectrum of the ‘force’ f(t). If, for instance, the electron moves uniformly, 
we have R «vt and only the frequency w= (k°v) occurs in the spectrum of 


the 'force' f. The condition for radiation thus takes the form w,.=w# (kev) 
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that is, we get at once the Cherenkov condition (7.36) as we mentioned already 


in Chapter 6. 


For an electron in a magnetic field H, along the z-axis we have 


R = {Re cos wit , Rg Sin wit ; vet} 


‘ ke & 
v= {-v, sin uy,t » V, cos wat ; ve} » Vv, = Row, P 
Pi ‘ ‘ . (7.38) 
= x l-a inw*t + + x 
f(t) const ( Vi sinw),t aa ve cos Wit a. v,) 


x exp {-i (eR, sing sinwit +kvpt cos a) ’ 


where, for the sake of simplicity, we have put k,=0, and a is the angle 
between k and H, (the z-axis). Using the expansion of a plane wave in 


Bessel functions, 


+ 0 
ex {-ik R, sina sinwt} = ) J (k. R, sina) exp(-is *e) 
P X 0 Oy ae Ss x 0 p uw 
we easily get the resonance condition 
ke 
w = |su,t+kv, cosa| >s=0,+1,+2,43,.... (7.39) 


For s=0 this condition is exactly the Cherenkov condition (7.36) with V=Vo3 
at the same time all terms with s#0 are absent only when the motion is 
strictly along the field, when R,= 0. When s#0 we can write instead of 
(7.39) (n=ck/w) 


* & 
s s 
a Oe ee, §6| 
1 -(v,n/c) cos a (v,n/c) cosa-1 


where, as everywhere before, the frequency is positive. 


If the velocity Vv, «vz, =vcos @, the electron in the magnetic field radiates 
like two appropriately chosen dipoles, moving along the field with a velocity 
Vv, & v3 to this case correspond the values s=+1— to be more precise, the 
intensity of the higher overtones is small, provided 


s kk . 
kR, sing = (wn/c)(v, /o,,) sina «1. 


Equations (7.40) are for s=+1 essentially the same as Eqn. (6.59) for the 
Doppler effect in a medium; clearly for the motion considered in a magnetic 


field } * 
Woo (1 -v*/c?) = Wegme*/& = wmc*/E= uw, , ‘ 


as W, is the frequency in the system in which the centre of mass of the radia- 


tor is at rest. 
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Changing from emission to absorption we see that waves with the frequencies 
(7.39) must be absorbed in a magnetized plasma; these frequencies correspond 
to magneto-brems and Cherenkov radiation (including the Doppler effect). We 
note that one can arrive at the same result (Gertsenstein, 1954) by consider- 
ing for the motion of an electron in a magnetic field the frequency spectrum 
of the force acting upon that electron in the field of the wave; the frequency 
of the force is not equal to the frequency of the field E, as the electron 
moves around and is at different times in a field with a different field 


strength. 


Above we considered only the conditions for emission and absorption. The calcu- 
lation of the radiative intensity and of the absorption coefficient is yet an 
independent and sometimes very complicated problem. It is solved either by 

the kinetic equation method, or by other methods. A summary of the corres- 
ponding results is given elsewhere (Ginzburg, 1970b; see also Chapter 11). 

It is, perhaps, not superfluous to note here that the absorption of waves in a 
Magnetic field which is not connected with collisions plays an important role 
and not only at very high temperatures — in apparatus connected with thermo- 
nuclear reactions — but also, for instance, in the solar corona Where the 


temperature T ~ 10° °K (see Zheleznyakov, 1970; Ginzburg, 1970b). 


One usually considers only Cherenkov radiation of point charges or charged 
bunches (packets). At the same time it is, of course, fully obvious that 
Cherenkov radiation can be emitted by any source moving with a velocity v 
larger than the phase velocity of light in the medium Vph= c/n. In other 
words, the condition (6.53) for emission is retained also for any multipole, 
in particular, for an electrical or magnetic dipole (for references to the 
literature see Jelley, 1958; Ginzburg, 1960, Bolotovskii, 1960, 1962; Zrelov, 
1968); however, the intensity of the radiation is appreciably changed and 
already for a dipole — not to mention the higher-order multipoles — it is 
usually considerably lower than for a charge. For instance, for v~c and 
n~ 1 the intensity of the radiation of an electrical dipole with moment pcted 
is, as to order of magnitude, smaller than the intensity of the radiation of a 
charge e by a factor p?w*/e*c? ~ (d/A)?; in the case of a Magnetic dipole wu 
this ratio is of the order p*w*/e’c? (the appearance of the factor (d/A)? 
can be particularly easily understood by considering the dipole to be two 


charges te and -e at a distance d; see Frank, 1952). 


For elementary particles, such as electrons, neutrons, ..., or for atomic 


nuclei, Magnetic dipole Cherenkov radiation is very weak and of no interest. 
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The position is changed when we consider bunches of particles which under wel] 
defined circumstances radiate like point particles with a charge and multipole 
moments corresponding to the whole bunch. Such a situation can just occur 
when bunches or current rings move in a magnetized plasma or along the axis of 
a channel or a gap, or also close to a system, which retards the electromag- 
netic waves, such as a waveguide, and so on. Moreover, the calculation of the 
intensity of the Cherenkov radiation of a dipole is a well known methodical 
process which is, in particular, used to reach some conclusions about the 
magnetic moment of particles with different spins (see Ginzburg, 1960 for 
references). Even in the problem of the Cherenkov radiation of a magnetic 
dipole there were for a long time some points of lack of clarity. Finally, it 
is rather interesting to elucidate how the Cherenkov radiation of a dipole is 
altered when it moves in a channel or a gap. For these reasons we shall dwell 
here for a moment upon the Cherenkov radiation of dipoles and we shall follow 


earlier expositions (Ginzburg and Eidman, 1959a; Ginzburg, 1960). 


Let us consider a point particle of charge e, electrical dipole moment p and 
magnetic moment W Moving with a velocity v=const. The current density con- 
nected with the particle is then equal to (or is the charge density, pf, the 


magnetization, and P the polarization; see also (6.20)) 


J = p.vtccurlm +s =evé (r-vt) + 
+ c curl {us (r= ve) } + 2 {pe (r-vey} ; (7.41) 


For the sake of simplicity we shall assume that the medium is isotropic and non- 
magnetic (the magnetic permeability W=1; do not confuse the magnetic moment 
wooand the permeability w!). Assuming that the vector potential A_ satisfies 
the condition divA=0 we then get the equations (compare, for instance, 


(7.14) with ug E542 and Chapter 6). 


2 
2 _€ VAL 4m. € a 2 _ _ 4p 
V A = ap? a +— 5p Brad¢ > V ¢ = E ’ (7.42) 
A= ). (4 A,.+q).A* ) A,. = ee ex {i (k ‘ r)} 
rj rj Aj Tj Aj . rj = , Aj Pp x , 
(@):°8) 5) ON , (Ky +a) .) =0% 15. 761525 (7.43) 


eEr +H? 
= __-- d?r = > ( * 2 . * ) 
ae | BT 3 Px5 Pag OAG Ug Ul ° 
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21.2 
k 
Aj r e * er cdot ’ 
dq (7.43) 
= = _ Aj - ; 


Clearly, $ is here the scalar potential, H,, the energy of the transverse 
field, and the ae are the polarization vectors. Substituting exper 32200 
(7.41) into (7.42) and integrating over space after multiplying by A; we 
find 


Cc 


ee 2 | - * 3 
4) j + 4) | {i A, ;)4 c 


= bay fe (a sev) -ic(uslk, aa, ;}) 
-i(ay,+P)(k,+v)} exp {-i(k,+v) ef. (7.44) 


We can find the energy He by integrating Eqn.(7.44), for instance, with the 
initial conditions Aya k0) = GAO) 0: This energy contains a part which 
increases with time and is connected with the appearance of resonance at the 
Cherenkov condition w= (kev). The part of 4,, which increases with time, 
and that is the only one to be discussed in what follows, is independent of 
the initial conditions and can easily be evaluated by introducing the density 


of states 32 4 
€2u*dw d*Q 


dZ. (w) = 
(27)? 


and integrating over the angle 98 between k and v; in that case 
d*Q = sin@d@ dd. All these operations were already performed in Chapters | 
and 6. 


It is clear from (7.44) that the radiation of the charge e and that of the 
dipoles with moments p and Wt are shifted in phase by 47, and there is 
therefore no interference between the radiations from the charge and from the 
dipoles. In other words, the energy emitted per unit time is thus equal to 
the sum of expression (6.58) for a charge and the expression for the energy of 


the Cherenkov emission by dipoles 
27 ; 
tr _ dW l y [a | 2,3 {( ) l } 
Ss ee, W ™ els Aa. + —(@.° dd, 7.45) 
dt dt = omnye2 j=1,2 n uel jJ = (2, p)r do ( 
, 0 


where n*(w)=€(w) is the dielectric permittivity of the medium, 


cos 8 = cos 6, =c/n(wv,s =k/k, 
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and @ and @ are the polar and azimuthal anglea in the system of coordinates 
with the z-axis along the direction of the velocity v. The integration over 
the frequency in (7.45) is over the region where vn(w)/c 21. We emphasized 

in Chapter 6 that this calculation takes into account the dispersion, that 1a, 


the u-dependence of n, although this is not immediately obvious. 


For a magnetic dipole of moment pW directed along the velocity we get from 
(7.45) (Ginzburg, 1940a) 


2 S 
dW _ aie 2 _ c* 3 
dt — ve? | - ¢ $7) we nen? 


We also get at once from (7.45) for an electrical dipole the already well 


known expressions (Frank, 1942, 1952, 1959). The above mentioned lack of clarity 


arose when one considers a magnetic dipole moving at right angles to the axis 
of the dipole. 


If in the rest frame of the particle this moment is equal to 

My and p, =0, in the laboratory frame we have the well known relations w=, 
} : 

and p= oly Awl. For that case we find, when Vil 


ee PO ae 
dt” pyar J" 2M) +) 1-——}(1- 4-}} aw . (7.47) 


ne n Vv 


This expression is the same as the one obtained by Frank (1942), but differs 
from the result of other calculations. 


instead of Eqn.(7.47) the relation 
2 2 \2 
qW uv (f 4 a(,__c ) 
dt ~ 50% [on w (1 a) dw. (7.48) 


The cause of this disagreement lies in the fact that Frank (1952) and some 


Frank (1952), for instance, found 


other authors used ‘true’ magnetic dipoles formed from magnetic poles; the 


calculation was first performed for magnetic poles from which the dipole was 


then formed. However, moving 'true' magnetic dipoles are equivalent to a 


current moment only in vacuo. Indeed, when one uses magnetic poles with a 


density 9,,(r) the field equations have the form (see, e.g., Vainshstein, 
1957) 


192€E 
curl H = — -——., diveE =0, 
C dt 
1oHH 4n F 
curl E ce. Pr ad ; divul “470, » 


(7.49) 


where we have assumed that 9 = 0, j = 0, and B =H (we remind ourselves 


once more that one must distinguish the same symbol y for the magnetic per~ 


meability and for the magnetic moment). 
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Hence we have 


curl curl H + — ——=~- — ¢€ ———., 
c* or? C ot 
97E 
€u 4n 
curl curl E + ———~ =-— curl (pv). 
c* ot? c (Py 


When electric charges and current are present, but e,7=9, we have on the other 


hand 


eu 37 4 
curl curl H + oo es curl (py) , 
c* ot c 


eu Ean Je) 


curl curl E + 


The equations for magnetic poles are thus obtained from those for charges 


through the substitutions 
E+H,H+-E,p+p,,ure. 


The current moment is thus for w=1, indeed, equivalent to the 'true' magnetic 
moment only in vacuo, when €=1. However, in a medium with ¢€ # | a moving 
"true' magnetic Moment possesses an electric moment equal to < [van] » and 
not to [vawp]/c. Such a substitution is equivalent to taking into account 

the electrical polarization of the medium produced by the dipole itself 
(Ginzburg, 1952b). In other words, a 'true" magnetic dipole is equivalent to 
a current moment ‘manufactured’ from material with a permittivity € and there- 
fore polarized. It is interesting that such a situation may exist for bunches; 
for this it is necessary, as we have remarked, that for the frequency consi- 
dered the dielectric permittivity € in the bunch itself be equal to the 
permittivity of the surrounding medium (for instance, a plasma in a magnetic 
field). 

If we use the Pauli or Dirac equations (and also the equations for particles 
with spin 1, 2, and 2) for a quantummechanical calculation (see Ginzburg, 
1940a, and Ginzburg 1960 for references), we find, in particular, equations 
such as (7.46) and (7.47). If then the spin is parallel or antiparallel to 

the velocity Vv, an expression such as (7.47) is obtained only for transitions 
with spin-flip, as only for such a flip the components of the spin operator at 
right angles to Vv are important. In fact, the Cherenkov radiation of a mag- 


netic dipole does therefore not possess any specifically quantal features. 


A characteristic feature of Eqn.(7.47) as compared to (6.58) and (7.46) con- 


Sists in the fact that the integrand in it does not vanish at the threshold, 
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when cos 8,=c/nv=1, when 


2 
| 


vc n 


One cannot, however, consider this result to be paradoxical as the power W 
itself at the threshold vanishes and beyond that increases smoothly. Indeed, 
when the velocity increases the radiation starts at a frequency corresponding 
to the maximum value of n(w) , when dispersion is taken into account. More- 
over, when recoil is taken into account, which is done automatically in a 
quantal calculation, one obtains Eqn.(7.3) in which in the case of a bunch the 
mass of the whole bunch clearly plays the role of the mass m. By virtue of 
(7.3) even when n=const the radiation starts with increasing velocity v at 
a single frequency, in this case at w=0; the region of integration and the 
radiation power (7.47) itself therefore increase gradually with increasing 


velocity v. 


We note that in a quantal calculation one can also obtain an expression such 

as (7.48); to do that one must add to the Dirac equation for a charged parti- 
cle an additional term proportional to Yi Ve Sige and for a particle with a 
non-kinematic magnetic Moment replace Y, ¥,F;, by Yj YyHyy,» where Fi, = {H, iE}, 
Hi, = {H,iD} , Gs, =Fi~n ~Hik» and the Y; are the well known Dirac matrices. 
However, there is no basis for introducing these changes for applications to 
separate particles and it would have no sense to apply such a quantal calcula- 


tion to the case of bunches. 


To conclude the exposition of the theory of the Cherenkov radiation we consider 
the case of the motion of a source (charge, dipole) in channels or gaps; for 
the sake of simplicity we assume that in the channel or gap €=1 and p=). 
This problem is important, firstly, for exploring the possibility to reduce 
ionization losses which, roughly speaking, are concentrated in the immediate 
vicinity of particle trajectories. At the same time, Cherenkov radiation 

is produced in a region of dimensions of the order of the wavelength 
A=2mc/wn=)A,/n. Secondly, the consideration of radiation in channels and 


gaps is of some methodological interest. 


It follows from the calculations (see Ginzburg and Frank, 1947b, and below) 
that in the case of Cherenkov radiation the intensity of the radiation for 
a/X «1 is the same as in a2 continuous medium (a is the radius of the channel 
or the width of the gap). One obtains this result from the above-mentioned 


intuitive idea that a channel or gap with dimensions a« should not affect 
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the radiation produced in a region with dimensions of the order of A. In fact, 
however, such a conclusion is for dipoles and other multipoles true only in 


particular cases. 


To evaluate the effect of thin channels or gaps on Cherenkov radiation it is 


conventent to use the reciprocity theorem 


yO wee 2 S62): ay) ; 
iOS -E. )a r | (i¢ E | d’r, (7.50) 
(1) (2) 
where je = 5%») (yy are the Fourier components of the external current 


density in the regions 1 and 2; the field gt) is produced by the current 2 
in the region 1! and the field ag by the current 1 in the region 2 (see, 


for instance, Vainshtein, 1957; Ginzburg, 1970b) .* 


If we write the current in the form j=p,v+c curl ht dP/dt, we get 


[[(ieen-«)-s0f@{-Jon, (n-ne) ws 


(a) 
= { [(to, v12? +66”) iw f(g? +2?) -us (mg? <P )pLaPe 
= (7.51) 


where Ut, , is the magnetic permeability of the medium in the points 1,2. In 
J 


the case of Cherenkov radiation by a point charge moving along the z-axis 


(ovo) = sv exp (iw2/v) 8(x) &(y) , (7.52) 


and if we put an electric dipole at some point 2 well away from the trajectory, 
(2) = fp?) 4h% 


with moment 9p we have 
£{(v- Ee (0,0, 2) ] exp (i22) az =e iv(p -E(2) J (7.53) 


where E(2) = E() (9) is the radiation field at the point 2 in which we are 


interested (we have dropped the index w). 


The quantity (v - E6219 ,0,2)) remains the same as for a continuous medium when 
a charge moves in a thin Channel or a narrow gap, that is, when a/A «1, as 


(2) 


the tangential components of the field E are continuous. Therefore the 
radiation field also remains the same as in the case of a continuous mediun, 
as is clear from (7.53). 


+ 


In the given form the reciprocity theorem is valid for any linear non- 
moving medium, provided there is no external magnetic field present. 
When there is a magnetic field present, so that the tensors €-; and 
U;; are asymmetric, only a generalized reciprocity theorem is ‘valid 
(see Ginzburg, 1970b, § 29). 
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For a radiating electric dipole p (1) =pdé(x) d(y) 6(z-vt) we have 


ae |(p ° ge?) (0,0, 2) ) exp (ie) dz = (o? °E (2) ‘ (7.54) 


277 
(1) is parallel to the axis of the channel or 


If the dipole with moment p=Pp 
lies in the plane of the gap, the radiation field again remains the same as 
for a continuous medium when a/A«<1. As the component of D= eE normal to 
the dividing boundary is continuous we have for a dipole at right angles to 


the plane of the gap 
(p ° p{?) (0,0,2) ] = €(w) (e- E<”) (0,0,2) ) P (7.55) 


where 


EC?) is the field produced by dipole 2 in the continuous medium (Fig. 


7.3). If the field of the Cherenkov radiation of dipole 1, with moment 


p{) 


=P, in the continuous medium is denoted by E,, we have from the recipro- 


When there is a gap present, we have by virtue of (7.55) and the reciprocity 


city theorem 


theorem 


p (#2) dz=(p -£(2)} : (7.57) 


Fig.7.3 Radiation 
of a dipole in a 
channel or a gap 


From the last two relations it follows that the field of the Cherenkov radia- 
tion E=eE,, that is, it is larger by a factor e€ than for a dipole moving 

in a continuous medium. For a dipole directed at right angles to the axis of 
a thin channel which has the shape of a circular cylinder, E = (2€/(€+1)) €E,. 
As the magnetic field in the wave zone is proportional to the electric field, 


the radiated energy in the cases considered of a gap and of a channel increases, 
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respectively, by factors e* and (2e/(e+1))22 An arbitrarily oriented dipole 
may be assumed to consist of dipoles parallel and perpendicular to the exis of 
the channel (gap) and, thus, by virtue of the superposition principle that 
problem reduces to the previous ones. We see from (7.51) that for a magnetic 
dipole of moment w when the magnetic permeability w=1 the presence of a 
narrow channel does not affect the radiation. If there are at the same time 
Magnetic and electric dipoles, the fields radiated by them (but not, of course, 


the energies) add up, that is, the problem can again easily be solved. 


A moving current moment and a ‘true’ magnetic moment placed in an empty cavity 
must, of course, produce the same radiation. This conclusion was also verified 
by a direct calculation (Bogdankevich, 1960) of the radiation of various dipoles 
moving in a circular channel; in the particular case of a thin channel one 

found, as should be the case, the result given above, that is, an amplification 


of the field of an electric dipole by a factor 2€/(€+!1). 


In connection with the fact that the Cherenkov radiation of a moving electric 
dipole, and also of a magnetic dipole, provided the magnetic permeability p#1, 
depends on the shape of an arbitrarily narrow cavity there arises the problem 
of the validity of Eqns. (7.45), (7.46), and (7.47) for the motion of dipoles 
in a continuous medium. It is clear from the reciprocity theorem that we are 
here dealing with the possibility of considering the field E ote which acts 
upon the dipole to be the average macroscopic field E. This is, in general, 
not the case for fixed dipoles which are introduced into the medium (that is, 
E ace #E). However, for a particle with a charge or with dipole moments which 
moves along a given trajectory the average field is at once also the macro- 
scopic field. We also reach the same conclusion that the starting Eqns. (7.42) 
to (7.44) are valid for the motion of a particle in a continuous Medium when 
we obtain these equations by averaging the equations of microscopic electro- 
dynamics. Therefore, in our opinion there is no reason to doubt the validity 
of Eqns.(7.45) to (7.47) for the Cherenkov radiation of point dipoles in a 


continuous Medium. 


We could see above the great efficiency of the method based on the use of the 
reciprocity theorem when we calculated the Cherenkov radiation in narrow chan- 


nels. This method has’ also been applied for considering transition radiation 
—_—_—e ee eee _ ee a es cS 


t : 
When using Eqn.(7.45) to evaluate the radiated energy we must replace p 


when there is a channel or a gap present by the appropriate expression 
determined by using (7.54), that is, for instance, for a dipole at right 
angles to the axis of a circular channel by (2€/(€+1))p. 
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(Frank and Ginzburg, 1945; Ginzburg and Frank, 1946), and it is useful for 
solving a whole range of other probleme in the theory of Cherenkov and tranale= 
tion radiation when there are boundaries present, even apart from studies of 


many other electrodynamic prablews. 


In concluding this chapter we dwell upon transition radiation arising in the 
case when at the position of the source the properties of the medium are 
changed — to fix the idea, say, the refractive index n(wW) ie changed. Such 


a formulation is a very general one — but, apparently, not generally accepted — 


and it must be sorted out. 


When a source moves in vacuo it emits electromagnetic waves either when ite 
velocity v>c or, when it is accelerated, that is, formally when the parameter 
v/c changes with time. It is just this last possibility which is usually con- 
sidered in the theory of radiation, since a separate particle, apart from the 
particularly hypothetical tachyons, only can have a velocity v < c (we shall 
consider in the next chapter sources moving with a velocity v>c). For motion 
in a medium the parameter V/V on 7 vn(w)/c plays the role of the parameter v/c 
(we are now considering a transparent medium; in the general case the electro- 
magnetic properties of a linear medium are characterized by the tensor 
e;,(w »k)). Now, the superluminal regime, when vn/c >l, is, firstly, realized 
without any particular difficulty, and radiation occurs even when vn/c=const 
(Cherenkov effect). Secondly, it is clear by analogy with the vacuum case 
that independently of the value of the parameter vn/c radiation occurs when 
it changes with time. But this is possible not only when the particle is 
accelerated, when dv/dt#0, but also in the case when n changes in space 
and/or time. Indeed, the radiation is determined by the change in n at the 
position of the particle (radiator) or close to its position in the zone where 
the wave is formed. In other words, the value n(t,r.(e)) iS important, where 
f(t) is the position vector of the charge; for the sake of simplicity we 
neglect now dispersion and the possibility that n changes not on the trajec- 
tory r;(t) itself, but near it. Such radiation, for which the dependence of 
n on t and ¢ is ‘responsible’ is called transition radiation. Of course, 
in its "pure form’ transition radiation occurs only when v= const, v<c/n. 

If, however, v>c/n and/or dv/dt #0, transition radiation occurs in combina-~ 


tion with Cherenkov radiation and/or bremsstrahlung. Later on, in order not 


Bolotovskii (1960, 1962) and Zrelov (1968) have reviewed the results of 
solving problems in the theory of Cherenkov radiation when boundaries 
are present. 
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Vacuum 


Fig.7.4 The transition radiation 

when a charge e crosses a vacuum- 

metal boundary corresponds to the 

‘annihilation’ of the charge and 
its mirror image 


to introduce unnecessary complica- 


tions we assume that 


c 
. 58 
=n) (7.58) 


v = const , v < 


The simplest and most realistic 
situation in which transition radja- 
tion occurs arises when a charge 
crosses the dividing boundary of two 
media (Frank and Ginzburg, 1945). 
Apart from the general considerations 
which can be given, the fact that in 
that case radiation occurs is parti- 
cularly clear, one might say obvious, 
for the example when a charge goes 
from a vacuum into a metal. In the 
low-frequency region, up to and 
including optical frequencies, one 
can consider a metal to a good 
approximation to be perfectly reflec- 


ting (a perfect conductor). Therefore 


the field of a charge in vacuo, as long as it moves in the vacuum, is the sum 


of the fields of a point charge e and of its mirror image (a charge -e which 


lies in the metal; Fig.7.4). When the charge crosses the boundary it and its 


Mirror image ‘annihilate one another' as the field of the charge when it is 


inside the metal is totally screened in the approximation of perfect (infinite) 


conductivity. 


Thus, exactly the same radiation arises as for an actual disap- 


pearance of the charges e and -e, for instance, an electron and a positron. 


The evaluation of the field and the radiative energy in transition radiation 


for different cases can be found in various publications by Frank and Ginzburg 
(1945), Ginzburg and Frank (1946), Bass and Yakovenko (1965), Garibyan (1960, 
1970), Ter-Mikaelyan (1972), Tamoykin (1972), Ginzburg (1975b) and Ginzburg 


and Tsytovich (1974a), as well as in the literature quoted in those papers. 


Here we give merely a few separate remarks about this topic. 


Among the problems which are not going to be discussed we may mention the 
Macroscopic mass renormalization in transition radiation and the motion 

in channels and gaps (Tsytovich, 1962a, 1964; Ginzburg and Teytovich, 1974a; 
Ginzburg, 1975b). Ginzburg and Tsytovich (1978) have elucidated a whole 
set of problems in the theory of transition radiation and transition scat- 


tering (see Chapter 1/4). 
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To find the emitted energy when the boundary between a vacuum and a metal 
(perfect conductor) is crossed we can most simply use the formulae for the 
bremsstrahlung of charges when they are suddenly annihilated (see Landau and 


Lifshitz, 1975, $69, where the quantity dU, is denoted by d@,,)) 


dU, - cae :. ( lv..as] ice eee (7.59) 


d7Q dw W Ane? l- (S*v.5)/c 1-(sev i )ie 


th particle, the velocity of which suddenly 


where e. is the charge of the i 
changes from vey to Veo? while s =k/k is the direction of the wavevector; 
the suddenness of the change in V means that its change occurs during a time 


T «K<T=21/w, where w is the frequency considered. 


In the case of interest to us the charge e, moving with a velocity v is 
suddenly stopped together with the charge -e moving with the velocity -v. 
In the non-relativistic approximation we find (the axis of the polar system 
of coordinates @, is the direction along -v) 


e*[vas]*  e*vsin’0 


nO ae ee 

au 4 he2y? (7.60) 
Wo = | ad [ W,(8,9) sine ao = “27 
W , , Ww 3c? 


These values are four times larger than the energy emitted into the hemisphere 
of directions when a single charge is stopped (in the non-relativistic case 
the field of a charge and its mirror image simply add up, that is, are dupli- 


cated). In the general case (for any velocity v) 


222 ‘n*9 
Ww (0,9) = = 
Ww T2c3 [1 = (vc?) cos” 9]? 
he2y? pie +1) (=<) o 5} 7.61 
a 3nc* | g(v/c)? = b-v/e/  4v*/c? ee 


e? fl +v7/c* l+v/c 
= — {——-—  &n{ ———} - ! 
Tc 2v/c l-v/c 
Exactly the same radiation occurs when a charge leaves a metal to go into a 
vacuum (in that case the z-axis is directed along v). For a comparison we 
note that when a single charge is suddenly (instantaneously) estopped in vacuo, 


we get easily from (7.59) (for a detailed calculations see Landau and Lifshitz, 


1975, §69) 


2 l+v/e } 
e Cc 
=z — 1— tn —-- 2P. 7 
WO We {¢ n rooie (7.62) 
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As v/c?1 (ultrarelativistic case) Eqns.(7.61) and (7.62) become the same. 
This can be explained by the fact that the radiation is mainly directed along 
the velocity of the charge, that is, along v, or for the mirror image, along 
~v. However, the radiation of a charge ‘departing’ into the metal when the 
charge moves from the vacuum into the metal, or the radiation of the mirror 
image ‘departing’ into the metal when the particle moves into the vacuum are 
not observed. In other words, in the vacuum the radiation turns out to be the 
same as for a sudden stopping (acceleration) of a single charge. [In the non- 
relativistic approximation, by the way, the quantity Wh given by (7.62) is 
smaller by a factor two than according to (7.60), as it is a single charge 
which radiates in the case (7.62) (leading to a decrease by a factor four), but 


in the whole of space (giving an enhancement by a factor two). 


In the case where a charge crosses the boundary between a vacuum and a medium 
medium with a complex permittivity e(w)=e€ +1i€ the calculation is rather 
complicated and we shall merely give here the result (Frank and Ginzburg, 1945; 
Garibyan, 1960, 1970; Bass and Yakovenko, 1965; Ter-Mikaelyan, 1972) 
2.2.22 
e“v<sin’® 
aca Pe ma 
ate (€ -1)[1 -v2e2 + (w/c) {e - sin20}?] 


F = Se ae ae ae oe Cr ee 
[1 -(v2/c2) cos?6] | [e cos 0 + fe -sin70}? ][1 + (v/c){e -sin76}*] 
(7.63) 
One accomplishes the transition to the case of a perfect conductor by letting 
-2 
le] += which leads to (7.61) where F = [1 -(v*/c*) cos?@] . As v/ce+! prac- 
tically the whole of the backwards radiation is concentrated within angles 


Q ~ [1 -v2/c2 J} «1, and therefore 


Be nel aI ets 
Ye+! [1 - (v?/c?) cos?0}? 
: 2 et (Ye-1(?f, 2 } 
Wo | (0,4) ata Te ee {en 2 — I>. (7.64) 


This formula generalizes Eqn.(7.61) as v/c*>1 and, of course, changes into it 
for large values of le] > 1. Moreover, it is clear from (7.64) that the radia- 
tive energy decreases as Ve (w) approaches | and therefore the radiation 
itself is concentrated in the optical range. The situation changes for tran- 
Sition radiation occurring when the charge goes from a medium into a vacuum. 


The general expression for W 09s) is in that case obtained from (7.63) by 
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changing v to -v3 moreover, it iS now more convenient to take for the angle 
6 the angle between v and K rather than between ~-v and k. The appearance 
of the factor (1 - (v/c){e - sin20}4]° in the denominator leads in that case to 
an increase of the role played by the high frequencies as v/c+I; for those 


frequencies the permittivity is close to unity as in the X-ray region 
2 


W) 41Ne? 
Pp 
Sh ; ir cee (7.65) 


where N is the total electron density or, for lower frequencies, their density 
in the part of the atomic shells. As a result (Garibyan, 1960, 1970) we find 
under the conditions for X-ray transition radiation in the forward direction 


(see (7.63) as v/c>+1 with v replaced by -v, and (7.65)) 
2 


| a a ee 
wr? eda ot —v7/o7 +O? = 1 ~y2/o? +w?/w? + 62 
' (7.66) 
2 
2 2 — 2 2 WW) 
W - de {fp on te? | gn [ +2 | - i} 
W Tc 2 ws (1 -v7/o7)w? 
ort approximately i 
2e? Cc e* ie 
Ma es ay ee Ge ge B ne 
(7.67) 
W € 
tN) = P = ; 
cot Syiyee? P Mc? 
2 
e*w. @ 
= = _— 
u={ww-+2 ae (7.68) 


The transition radiation in the forward direction lies thus for ultra- 
relativistic particles mainly in the X-ray range (for dense media wW, ~ 10}5 
to 10'© s-') and the characteristic frequency lee (1075 to 10'©) @/Me? s~! 
and the total emitted energy U increases linearly with increasing €/Mc*. It 
is clear from (7.67) and (7.68) that in the main in the case which is now under 
consideration photons with energies Rw ~ fiw, = hw, (@/Mc* are emitted, while 
on average their number when the particle crosses the medium-vacuum boundary 

is equal to U/fiw ~ e*/fic # 1/137. The application of transition radiation 
for registering high-energy particles is therefore only realistic when one uses 
many boundaries, for instance, in the case of a set of plates (see Garibyan, 
1960,1970; Bass and Yakovenko, 1965; Arutyunyan et al., 1971, 1972; Wang et 
al., 1972; Ter-Mikaelyan, 1972; Alikhanyan et al., 1972; Cherry et al., 1972). 


For plates, and in general for an inhomogeneous medium, the ratio of the 
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Fig.7.5 The zone & 
where the radiation 
is formed 


thickness of the plate —or another length which characterizes the inhomo- 
geneity of the medium — to the zone where the radiation is formed plays an 
essential role. For a radiator at rest and when it moves with a velocity 

v «c/n the radiation is formed in a region of size £ ~ c/nw =A/2T — and the 
phase of the wave > = k&= (27/A)L changes just over such a distance by an 
amount of the order of unity. In the case of Cherenkov radiation when a change 
moves in a channel or a gap with a characteristic size a we also verified 
above that when a/A«I1 the radiation remains the same as in a continuous 
medium, that is, it is formed in a region with dimensions of the order of i. 
However, for fast moving sources the zone where the radiation is formed is, 
generally speaking, not at all equal to the length A/2m; for the case of 
Cherenkov radiation the zone £ of the formation is of the order of i/27 only 
in the direction at right angles to the velocity which is just so important in 
the case of channels and gaps. To find the zone & where the radiation is 
formed for the case of a source moving with a velocity v and emitting waves 
at an angle 9 to V, we consider Fig.7.5. Let at time t=O the source be at 
the point A and the phase of the wave emitted by it in the direction of k be 
equal to $,. The zone of formation £ is defined as that distance along the 
trajectory of the source (distance between the points A and B) for which the 
phase b, of the waves emitted at the point B in the same direction k differs 


by 7 from the phase o, of the waves emitted in the point A. We then have 


lo, - op! = lk 2 cos 8 -wt | S —e cos 8 -w= = T , 
wh 
ence Tv (vn/c)aA i 2T1c (7.69) 
; wll - (v/c) n(w) cos 6| . 2|1 - (v/c) n(w) cos @| ’ nw * . 


There is, of course, a certain amount of arbitrariness in the definition of 


the zone of formation 2%. Moreover, according to (7.69) £+0 as v+0 (that 
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is, for a charge at rest), At the same time the concept of a non-vanishing 
zone of formation has a well-defined meaning also for a radiator at rest — in 


; : : : 21¢c 
that case (in the simplest situations) lane =. 


Of course, for the Cherenkov angle 0,7 arccos(c/nv) the waves emitted along 
the trajectory are in phase and the emitted energy is therefore proportional 
to the length L of the trajectory — and is formally infinite as L+@™, as 
would be assumed when one neglects the radiation at the end and the beginning 
of the path. If we apply this to transition radiation the formation zone 
plays the role of the size of those regions in vacuo and in the medium which 
are responsible for the radiation (for details and more precise calculations 
see Garibyan, 1960, 1970 and Ter-Mikaelyan, 1972). To be precise, when an 
ultrarelativistic particle crosses from a medium into a vacuum and when the 
radiation is in the forward direction, which is important at high frequencies 
(vide supra) the formation zone in vacuo (for 8=0) equals 


2 
p= __ - , (£,) rey ae (7.70) 
2(1 -v/c) Mc? P mc? 


where when going over to the last of Eqns.(7.70) we have taken for the wave- 
length A a wavelength Rik 27 c/w, = dy (Mc*/&); here Ap = 2c /w, (see (7.67)). 
When A, ~ 107% cm and €/Mc*? ~ 10" (for instance, for electrons with energies 
of 5GeV) we have £~0.}] cm. In that connection, the use of transition radia- 
tion from a Laminated medium is effective only within well defined limits — 
the intensity of the radiation from the boundaries adds up (provided we neglect 
the oscillations due to interference) only when the distance between the boun- 
daries is larger than the formation zone. If we are dealing with a single 
plate both its boundaries also 'work' effectively only as long as the thickness 
of the plate d=. If, however, the plate is thin (d «2) the transition 
radiation from it is appreciably weaker than from a single boundary. In the 
limit of an arbitrarily thin plate (d>0) there is no transition radiation, as 
becomes clear already from general conetderaciones An application of the 
transition radiation theory for the case of a single separating boundary to 
thin plates, small pellets, and so on can, of course, lead to gross mistakes — 
this occurred in some attempts to evaluate the X-ray transition radiation 


occurring in interstellar space for the case when fast electrons passed through 


eG 


+ 


We have here in mind a plate of some real material, and not a perfect 
conductor for which the limit as d>0 has no physical meaning, if we 
use that concept literally. 
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cosmic dust grains; Yodh et al. (1973) and Durand (1973) have given a correét 


discussion of this problem, 


Apart from the transition radiation from separate boundaries or stacks of 
plates, the transition radiation in a statistically inhomogeneous medium when 
a charge flies past different bodies is also of interest (see Bass and 
Yakovenko, 1965; Ter-Mikaelyan, 1972; Tamoykin, 1972). We note in particular 
the case of non-stationary media when the properties of the medium change not 
only spatially, but also temporally. In particular trangition radiation must 
occur also in a spatially uniform medium, provided its properties or, more 
precisely, its refractive index n changes with time. We shall now occupy 
ourselves just with such a problem, when suddenly at time t=0, n_ changes 
from a value n, (t <0) to a value n, (t >0) (Ginzburg and Tsytovich, 1974a; 
Ginzburg, 1975b). 


Therefore, let a charge with velocity v=const, v<c/n,. move in a homo- 


2 
geneous medium, the properties of which discontinuously change at t#0. Such 
a change in n can, for instance, be realized by a sudden increase in pres- 
sure — and thus in the density of the medium — as the result of a change in 
the strength of the external field in which the medium is placed (we have in 
mind, for instance, a medium in a capacitor). By a sudden change in the 
properties of the medium we understand here a change over a time T «K 2T/w, 


where W is the frequency of the radiation in which we are interested. 


Let us turn to the original equations (6.1) for the field in the medium. For 
a discontinuity (sudden change) in the properties of the medium, generally 
speaking, only the time-derivatives will be large. We therefore integrate 
the first and third of Eqns.(6.1) over t over an interval At which includes 


the discontinuity. We then get as At+0O the boundary conditions 
D,=D, , H,=H, , t=0, (7.71) 


where the indexes 1 and 2 refer to the medium before (t <0) and after (t >0) 
the discontinuity. We shall solve the problem by the Hamiltonian method and 


for the sake of convenience we repeat a few formulae. We write 


Ey, =~ tae HecurlA, divA+0,D-e€E, 
Cc 
x ,% 
. = (a, A, #4, Ay) » (7.72) 
A, = Yan =e, exp li(k,° r)] » ey l » (e,*k,) 0. 
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The longitudinal part of the field E, SESE will not be of interest to us 
and one can check that if one takes it into account the expressions used in 
what follows are unchanged. For a uniformly moving charge j sevé(r-vet), 
v=const and in the usual way we get from (6.1) and (7.72) (we asaume that 
n=VYe=const ; taking dispersion into account does not change the result as we 


saw in Chapter 6) 


we * V4T e - 
dy +} q, = “(v9 Ay (vt)) = a (e, -v) exp [-i (k,eve)] ; as 
2_c¢ 2 ° 


As the functions exp [i(k,- r)] and exp[-i(k + r)] for u # A as well as the 
functions e, exp [+ i(k,+r)] and the longitudinal field E. are orthogonal 
onto each other (and this fact has, of course, already been used in deriving 


Eqns.(7.73)) the boundary conditions (7.71) take the form 


MS oho ae ee Eo aly) 


We shall assume that for t<0O there was no radiation field, that is, that the 
charge was surrounded merely by the field it carries along with itself — we 
remind ourselves that we have assumed for the sake of simplicity that 
v<e/n, > so that neither before nor after the change in the refractive index 
n there is any Cherenkov radiation. We must therefore for t<0O take only 
the induced solution of Eqns.(7.73), that is, 
Y4q e(e,: v )exp [ - i(k,+ve)] 
ee ae (7.75) 
: ny {kye /nj -(k,*¥) } 
For t>0QO there is both the field which is carried along as well as the radia- 
tion field — the solution of the homogeneous Eqns.(7.73) — 
Vor e(e,° v )exp([- i(k,° vt)] 


n, {kjc"/nz - (k,-v)*} 


42 . 


2 


+ C, exp (ix, £t) + C_ exp (ix, — c) ; (7.76) 
2 


Using the conditions (7.74) for t=0 we then get from these equations 


Van e(e,* v) ' I : 
St ete Le a ee tage” ee coe 
- 20*ky 1-(s,-v) ni/c 1-(s,°v) n3/c 
2 2 
s,*v n n 
ge a atts Winter HM 


1-(s,+v)? np/e* 1 -(s,+v)* n3/c* 
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where sak, /k 3 we shall in what follows put (Ss. ° v)? = v*cos*@ and 
(ev)h =v 


vector @, can be chosen to be at right angles to the velocity v. The energy 


sin*@, as the second possible direction of the polarization 
of the transverse field is 


cE? +H? y : : 
Mer 7 | egret = : (Py Py +4) 4) ay) 7) 


We are interested in the total energy of the radiation field which appears as 
a result of the change in n. This means that we must substitute into (7.78) 
the solution 

Ps ie, ee aE (i £ 

q,2 Cc. exp (it, 1 t) _ exp Lk, n, t | ; 
where we must restrict ourselves to that part of He which is independent of 


t. One sees easily that that part is equal to (d7Q = sin 6d@ do) 


= 2 2) a3 2 
He = 2 ) wf (Cl +C* | 4,009) dwd*Q , 


(c2+¢C*) W* k? 21,2 
W (8,9) = ——_—_— « ,w= ; (7.79) 
(27) ne 


we have used here the fact that in (7.72) and (7.78) the summation is over a 
hemisphere of directions of Kk) » while in (7.79) all directions are taken into 


Sasideretions| We finally get 


W (8,0) = e*v' sin’ 8 F, (7.80) 
13 
2 
Es | = | + 
4n, 1 ~(v7/c?) n2cos?@ ~=1 — (v*/c*) n2 cos?8 
2 2 
2 2 ny n 2 
+ Vege 8 | ___2 ________2____| : (7.81) 
: 1 -(v*/c?) n¢cos*6 1 = (v?/c?) n> cos*6 
If yn 
a cos?8 «1, (7. 82) 
we have (n? -n?)? < 2.0826 
F ae aes , (7.83) 
4n ce? 


u In this method we do not distinguish between waves emitted at angles 6 and 
a -@8. The expression (7.81) therefore gives half the sum of the intensities 
for the angles 6 and 1-9. This is not important for the non-relativistic 
case (7.83); for the relativistic case the formulae for the intensity at 
all © can be found in the paper by Ginzburg and Tsytovich (1974a). 


168 THEORETICAL PHYSICS AND ASTROPHYSICS 


One can, of course, obtain Eqns.(7.80) and (7.83) also directly by performing 
the appropriate simplifications which are connected with the condition (7.82) 
in Eqns.(7.75) and (7.76). 


Fort a comparison we remind ourselves that when a non-relativistic electron 
crosses the boundary between vacuum and a medium with a refractive index n, 
one gets, as can be seen from (7.63), for the energy of the transition radia- 


tion expression (7.80) with 


Bic: 
eh 


Nl 
ae —- 
n3 cos 6 + {n2 ~sinzo}e/ 


2 
cos°8 ; 


if, however, medium 2 is a perfect conductor, we have F=1; this can also be 
obtained directly from the previous formulae taking n53+@”. The given kind of 
transition radiation in a non-stationary medium and the transition radiation 
when a particle crosses the dividing boundary between two media are thus, 
indeed, related to one another. Moreover, we note that, as should be the case, 
when n,=n,, the factor F=0 (see (7.81) and (7.83)). For a given difference 
(nj -n3)? the quantity Wo can increase when we take into account the decrease 
in the denominators 1-(v'n} ,/c’) cos78 in (7.81). One might hope to use 
that fact 1f one tries to apply the transition radiation discussed here as an 
indicator for the change in the refractive index n with time. Of course, 
these changes can be noted also, for instance, through the change in phase of 
electromagnetic waves passing through the medium. However, such a clear situa- 
tion is not always realizable, particularly not under astronomical conditions. 
The possibility to use fast particles and the transition radiation produced by 
them as a ‘probe’, although it is not tempting, must not be forgotten. Under 
real conditions the characteristics of the radiation will, probably, be deter- 
Mined at once by several processes and circumstances, in particular, the 
inhomogeneity of the medium, the changes in time of its properties, bremsstrah- 
lung, and so on. Only the actual analysis can in each case sort out which of 


these radiation mechanisms dominates. 


Each radiation mechanism is connected with the corresponding absorption mecha- 
nism for waves; this fact follows in the classical case from the invariance 
of the equations under time reversal and in the quantal case the connection 
between the direct and the inverse processes is clear from the fact that the 
absolute magnitudes of the transition matrix elements for these processes are 
equal. Transition radiation — or, to be more precise, the corresponding tran- 


sitions in the system consisting of the charges and the radiation field — can 
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manifest itself also in more complex processes —in induced radiation processee 
or in spontaneous or stimulated (induced) Raman scattering, and 80 on. Figifly. 
transition radiation, like any other radiation, leads to a change in energy of 
the emitting particle. It is true, that when we solve the problem of the ttam 
sition radiation — and also that of Cherenkov radiation — we may assume that 
the velocity of the source is given and constant. Such a way of stating the 
problem is the more legitimate when the corresponding energy losses can be 
compensated by work done by external sources (forces). However, when such a 
compensation is not present the particle loses, of course, as a result of the 
radiation some part of its energy — or sometimes gains some energy, in 
particular, when we are dealing with media with negative absorption or, as one 
sometimes says, with an inverted dielectric (Ginzburg and Eidman, 1963; 
Gavrilov and Kolomenskii, 1971, 1972). We note, moreover, that when a charge 
moves in an inhomogeneous medium it is, in general, not at all possible to 
equate the work done by the radiative force and the energy emitted. The fact 
is that when the properties of the medium change there appears not only radia- 
tion, but the energy of the field carried along with the particles also changes 
(Tsytovich, 1962a, 1964; Ginzburg and Tsytovich, 1974a, 1978). Therefore for 

a given velocity the work done by the radiative force on the particles equals 
the sum (with the opposite sign) of the emitted energy and the change in the 
energy of the field carried along by the particles—in other words, the external 
forces guaranteeing the uniformity of the particle motion in the inhomogeneous 
medium lose energy to it which is equal to the sum of the radiated energy and 


the energy connected with the change in the field which is carried along. 


Transition radiation is a rather elementary and universal effect and hundreds 
of papers have already been devoted to it. It is in that connection interest- 
ing that after the publication of the theory of transition radiation (Frank 
and Ginzburg, 1945; Ginzburg and Frank, 1946) 13 years elapsed before the first 
experimental investigation occurred (Goldsmith and Jelley, 1959). This was, 
apparently, not due to any special experimental difficulties, but to ‘whims 


of fashion’ which one meets with quite often, even in physics. 


Chapter VIII 


ON SUPERLUMINAL RADIATION SOURCES 


Apparent and real superluminal velocities of: radiation sources. 
Cherenkov effect and Doppler effect for the motion of sources 
with a velocity larger than the velocity of light in vacuo. 


The velocity of light in vacuo c=3% 10! cm/s is the limiting, largest 
velocity encountered in Nature. In this way one can formulate ‘in zeroth 
approximation’ the conclusion following from the theory of relativity and con- 
firmed experimentally. It has, however, been known for a very long time that 
already 'in the first approximation’ this statement is incorrect or, at any 
rate, that it needs to be made more precise. The simplest example is the phase 
velocity of light Vph = c/n which can be arbitrarily large as n+0O (of course, 
there are real media with n< 13 we just remind ourselves of a plasma where for 
certain conditions n = (1 -u2/u?)?, wh = 41Ne*/m). In connection with these 
and other examples one states more precisely that the velocity of signals, 
perturbations, particles, radiation sources, and so on, must be less than the 
velocity of light, but that this is not necessary for, say, the velocity with 
which a constant phase ‘moves’, that is, a phase velocity. However, even this 
statement needs further refinements and if it is incorrectly taken it leads to 
paradoxes and contradictions. For instance, the velocity of a signal is 
usually assumed to be equal to the group velocity 

a ee 

gr dk d(nw) /dw 
(we restrict ourselves here for the sake of simplicity exclusively to the case 
of an isotropic medium when k= (w/c)n(w) and the velocity Vor is in the 
direction of k). This velocity Vor may well turn out to be larger than c, 
for instance, in an anomalous dispersion region, where -dn/dw<0. The solution 
of such an apparent contradiction was obtained more than sixty years ago 
(Sommerfeld, 1914) by analyzing the propagation of a signal through a disper- 
sive medium. The fact is that the concept of a group velocity Ver = du/dk 
has, in general, an exact meaning only when we neglect the spreading of the 


signal and its absorption (for details see Agranovich and Ginzburg, 1966; 


Ginzburg, 1970b; Vainshtein, 1957, 1976). The velocity of the main part of 
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the signal is thus different from dw/dk, in particular in the region where 
the anomalous dispersion is most strongly expressed. One can, moreover, show 
that the velocity of the leading front of the signal is strictly equal to c. 
If we forget about evaluating the field. behind the front (the ‘precursor’ 
region), the conclusion just stated about the velocity of the front is clear 
also without calculations. Indeed, the expansion of the field of the signal 
(the wave train) in a Fourier integral will always contain also very high 
frequencies. However as w*>® (and practically already in the X-ray region) 
the refractive index n~*I1 as the particles in the medium can not react on 
the field of the wave. Such high frequencies just form the 'precursor’ of the 
signal which moves with the velocity c. Another fact is that for signals 
with a relatively low carrier frequency Ww, the energy included in the 
‘precursor’ is negligibly small. The main part, or 'body', of the signal 
moves, when we neglect absorption, usually just with the group velocity 
Ver =dw/dk, but in those cases when dw/dk>c (although not only then) the 
signal is strongly deformed and the idea of the group velocity becomes 
inapplicable and, in any case, transfer of energy with a velocity larger than 
c does not occur. We want to underline especially that what we have said has 
been well known for a long time. It is, however, interesting that some hypo- 
thetical effect of a statement about the impossibility to exceed the velocity 
of light in vacuo c continues to be effective even in our time. AS an exam- 
ple we may mention the widely held view that it is impossible to observe the 
Cherenkov effect or the anomalous Doppler effect in vacuo or in media with 
n<1l—in particular for transverse waves in an isotropic plasma. Another 
example is connected with the continuing discussions about quasar distances. 
It is, indeed, not easy to determine these distances as the only known direct 
method in those cases is connected with measuring the red shift of spectral 
lines. Assuming the shift to be cosmological, that is, connected with the 
expansion of the Universe, we get the appropriate distances, but opponents of 
such an interpretation base themselves on the absence of a proof of the cosmo- 
logical nature of the red shift for quasars. In our opinion it is difficult 
to doubt the cosmological nature of the red shift for quasars, but that is not 
the point of the present discussion. It is interesting that as an argument 
against using the cosmological distances for quasars data were mentioned in 
the Literature about changes in the quasar (radio~source) structure with a 
velocity u>c. Schematizing we have here a radiation source, say, a radio- 


source, with an angular size which increases in time with an angular velocity 
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Qe ag/dt. The angle @ under which we see the source at the Earth and the 
angular velocity 8 are the observed quantities. If the distance from the 
source is R, the velocity with which the boundary of the source changes on 
the celestial sphere is u, = QR. It is just this velocity which is perpen- 
dicular to the line of sight which sometimes turns out to be larger than the 
velocity ¢ if we use the cosmological distance R. Starting from the assump- 
rion that necessarily u<c one concluded from this that the quasars must be 
relatively close by; the red shift in their spectra might then be caused by a 
gravitational effect or by the quasar having a large velocity relative to the 


galaxies in its neighbourhood. 


In fact, however, the observed ‘apparent’ 
velocity ie QR can be arbitrarily large 
and from it there follows no restriction 
whatever on R. Indeed, basing ourselves 
completely upon the theory of relativity 
and keeping away from any hypothetical (and, 
most probably, inadmissible) possibilities 
of objects moving with a velocity v>c, such 
as tachyons, we have, at the same time, no 
reasons for identifying the velocity v of 
the object with the above mentioned velocity 
u,- Let us, for instance, consider a screen, 
which may be a supernova shell or a quasar 
shell, which is illuminated by a radiation 
source and is visible (observable) in scat- 
tered radiation or luminescent radiation. It 


is then completely clear that the screen can 


‘flare up' simultaneously at all points and 
in that case the velocity u+™, Illuminating 
the screen in a definite way, starting at Sid Uno er arena Es 
Some point, one can obtain also any other city of an expanding shell 
value for the ‘velocity’ of expansion of the 

luminescent screen. A less trivial example of obtaining ‘apparent‘ superlumi- 
nal velocities u is the observed expansion velocity of some shells (Rees, 1967; 


Rees and Simon, 1968; Ginzbutg and Syrovatskii, 1969; Cavaliere et al., 1971). 


In fact, let us consider the observation of the outside surface of a spherical 


Shell, say, the product of an explosion, which is moving with a velocity v. 
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Let the explosion have taken place at the point O (Fig.8.1) at time bys and 


Iet the signal be received at the point of observation P at time t#0O, 


t 
0 


where we have assumed that it is possible to neglect the influence of the 


Clearly, t’ =-R/c, where R is the distance between the points O and P and 
medium on the propagation of the signal (light, radiowaves). Let us now find 
the geometric locus of the points (‘visible’ shell) from which radiation 
reaches the observer at some time t> 0. We characterize the points on this 
‘visible’ shell by their distance r from the point O and the angle t between 
r and the line OP (see Fig.8.1). The time of emission t! , corresponding to 
the point (r,%) and the time of observation t are connected by the relation 
R’ 


Rr 
th’ =t-—at-—t—cos 0, 
Cc Cc a 


where R’! = R-rcos ©, as we have assumed that R >» r. On the other hand, 
t’-ch=t+R/c = r/v, as the trajectory of a point r in the shell proceeds 
with the velocity v. Combining the two relations for t which we have writ- 
ten down we get 


ve 
* " T= (/e) cos © ve 


The factor [1 -(w/c) cos ¢ ie is here the same as in the formula for the 
Doppler effect and has the same nature — it is connected with the fact that 
the propagation velocity of light c is finite. Due to the fact that the 
velocity of light is finite, in the case discussed here light (radio-waves) 
arrive at the moment of observation t at the point of observation from points 
of the shell which correspond to different times as after the time of 
the explosion t, =—R/c. The situation is here similar to the one which 
occurs when one observes (photographs) a fast moving object when one also must 
distinguish the form of the object at the time when it is observed (when the 
light arrives) at a given point and the shape of the object for a given time 
of emission corresponding, say, to simultaneous events in the reference frame 
(laboratory frame) considered (see, for instance, Weisskopf, 1960; McGill, 
1968; Smorodinskii and Ugarov, 1972). Turning now to the expanding shell we 
find the ‘apparent’ (visible) velocity of its expansion in the direction at 


right angles to the Line of sight. Clearly (see (8.1)) 


dr. vsin d dp “a 
= ? = ————____ a e 
u, qr Sin PoGiereons = Q Ty: Rr ° (8.2) 


The velocity u, is a maximum when du /d& =O for an angle bax 7 are cos (v/c) 


and 
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Vv Vv 


se as A = (8.3) 
amex" Ty y2ye2}t) ™* [1 -v2/0? 


The velocity ae 


1~-(v/c) cos 9 


ig itself a maximum when 9§=0 and Ua 7 V/ (i ~v/c). It is clear that the 

apparent velocity Og May be larger than c although the velocity of the 
b 

shell v<c. It is true, this happens only if the velocity v is sufficiently 


large, that is, it is a relativistic effect. 


Might it be possible that not only the apparent velocity (in the sense given 
here), but also the real velocity of a radiation source could exceed the 
velocity of light c? One must also give a positive answer to this problem, 
and we shall follow here the paper by Bolotovskii and Ginzburg (1972). It is, 
strictly speaking, sufficient for a proof to give the example of a ‘spot’ from 
a rotating source which moves on a far-away screen. The velocity of the spot 
is equal to 

v = QR, (8.4) 


where © is the angular velocity of the source (’lighthouse') and R the dis- 

tance from the source to the screen. The Lighthouse model is now the generally 

accepted one for pulsars (see, for instance, Ginzburg, 1971; ter Haar, 1972) 

and in that case the velocity of the lighthouse spot at the Earth exceeds for 

all known pulsars the velocity of light c. For the best known pulsar 

PSR 05 32 in the Crab Nebula 9 & 200s~' and R & 6 107! cm (1500 pc), whence 
v=OR 1.2107" cm/s (!) If we 


\ Ww rotate the beam of a laser with 
an angular velocity 2 = 10° s', 
Pulse 
\ a — we have v=QR>c already for 
b SS Medium, distances R>3km. 
LS ny 
=e As the simplest model or example 
of motion with a superluminal 
velocity we can mention a light 
7 pulse of plane waves which is 
Screen 


obliquely incident upon some 
Plane dividing boundary (screen) 


(Frank, 1942), If we denote the 


Fig.8.2 Incidence of 4 


angle of inci of the wave 
Pulse on a pjane screen incidence 
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on the screen by ¥ (clearly, ¥ is the angle between the wavevector k and the 
normal to the screen; Fig.8.2) the intersection of the pulse with the screen, 
that is, the spot of light on the screen, moves along the screen with a 


velocity “ 
v=——, (8.5) 


n, sin Y¥ 


where n, >I is the index of refraction of the medium above the screen, which 
for the sake of simplicity we assume to be non-dispersive — in fact, it is 
important for us only that the velocity of the Light pulse is taken to equal 
c/n,- Clearly, the velocity of the light spot, or to be more precise, the 
streak of light, can always be made larger than c by changing the angle of 
incidence ¥, and in vacuo it exceeds c in general for all angles ¥ as in 


that case 
Cc 


_ sinY ~ cee8) 


A beam of electrons moving along the normal to the front of the beam with a 
velocity u<c can, of course, play the role of the light pulse; in that case 


ul 
= 8.7 
Yay (8.7) 


and a superluminal velocity of the spot is also always admissible. Moreover, 
the velocity v in all cases (8.5) to (8.7) can be made arbitrarily large — 
when normal incidence is approached (as ¥%+0) the velocity v>@~. This is 
completely understandable as for normal incidence the pulse intersects with 

the screen simultaneously over the whole of its surface. Scissors can be used 
as the mechanical analogue of a pulse which is incident on a screen — the point 
of intersection of the two blades which form the scissors play in that case the 


role of the spot. 


In the case of a rotating source, mentioned above, and also in the case of a 
pulse intersecting with a screen a large velocity of the spot is reached 
through diminishing the angle between the constant phase surface (the wave- 
front) and the ecreen. Indeed, if we consider for the sake of simplicity a 


cylindrical source in vacuo which rotates with an angular velocity { we can 


write the field in the wave zone in the pona 


This formula gives the solution of a scalar problem. The function E 
satisfies a wave equation for r>r, and the boundary condition E = 
f£(@-MQt) at the surface of the cylinder r=r,. In the system of 
coordinates which rotates around the z~axis with velocity Q the field 
is thus a static one. 
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exp[is{(Q/c)r + -—-Rt}] 


E «= (8.8) 
s=] Yr 
The constant phase surface is determined by the equation 
2 r+ o-Qt = const (8.9) 
or 6 
r = const+c (c-2) : (8.10) 


Equation (8.10) is the equation of a spiral. For a cylindrical screen of 
radius R at a large distance the equal phase surface intersects the screen 


along the generatrix of the cylinder for which 


R = const+c (¢-5} : (8.11) 


where the angle », which determines the generatrix under consideration changes 
with time according to d@,/dt = 2. In other words, the intersection (spot) 


moves along the screen with a velocity 


r=R do, 
v= R — =QR. (8.12) 


We have thus in a more formal way ob- 
tained the obvious — or, at any rate 

N well known — result (8.4). It is impor- 
tant that the angle Y between the equal 
phase surface and the screen is given 
by the condition (Fig.8.3) 


dr c c 


Rad OR VS (8.13) 


For small angles Y we have, of course, 


tanY = sin¥Y = ¥ and vs c/sinY, in 


Fig.8.3 Spot from a rotat- 

ing source (lighthouse) on . agreement with (8.6). In other words, 

a spherical or cylindrical 
screen 


the large velocity is, as we noted 
earlier, caused (for instance, when 


v »>c) by the angle Y¥ between the wavefront and the screen being small. 


We have here in fact not made any assumptions about the nature of the field 
and only — and this for the sake of simplicity — assumed that its speed of 
propagation was equal to c. Hence it is clear that spots with velocities 
v>c can be obtained not only in the case of electromagnetic waves, but also 


in that of gravitational waves. Using the ray treatment we are led to the 
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possibility that we can have spots moving with any velocities both for neutri- 
nos (velocity c) and for any other kind of particle (velocity ieee’ The 
fact that the appearance of a velocity v>c for spots does not contradict the 
theory of relativity cannot cause any shadows of doubt. It is sufficient to 
say that this result is obtained for completely realistic examples, for 
instance, when a pulse of light or of electrons impinges on a screen (see Fig. 
8.2). Nevertheless, as a supplement we note that the application of the 
velocity of light for synchronizing watches, which is normally used in an 
exposition of the theory of relativity is, firstly, not a unique method, but 
only one of a number of possible methods. Secondly, such a method is, indeed, 
in most cases the most convenient and appropriate one, not because the velocity 
of light is the maximum possible speed, but because it is universal — that is, 
it is the same for all inertial systems of reference (of course, provided one 
chooses identical rulers and clocks in all systems). Finally, when one never- 
theless speaks of the velocity of light in vacuo c as the maximum possible 
speed, one has in mind the velocity with which perturbations, interactions, oF 
"signals' can be transferred. Such a statement is, indeed, valid — at least 

in the framework of the theory 
of relativity and in the whole 
of physics known to us. Light 
and other spots which we dis- 
cussed do not violate that 
statement, although they can 
Move with velocities v>c, 


that is, they cannot be used 


to transfer a signal with a 4 x,t Geran 


velocity v>c. Indeed, let a , ; oc sin aa Lo 
us consider a pulse (of light Se i! 

or of electrons) the inter- : we 

section of which with a screen i Rae V ete ts 
(spot) moves along the screen if 


along the x-axis with a velo- 


, . ; 
city v>c and reaches the Fig.8.4 Intersection of a 


points | and 2 with coordinates pulse and a plane screen 


When a rotating source emits particles with a velocity u the 
trajectories of such particles are: r=r tu(t-t ), $= MNty, 
whence r=r, + u(t-¢/2), where t, is the time of emission. 
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x, and x, at time t, and t, (Fig.8.4). Clearly, x,=x,+v(t,-t,) and 
if v= u/sin¥>c, the events | and 2 are separated by a spatial interval 
that is, Ce > ec (65 05)*: The perturbation ('cut') which is 'plotted’ 
in the point | on the moving pulse at time t, turns out to be at time t, at 
the point 3 with coordinates x,=xX, tu sin ¥ (ct, =.) » ¥,u (t, = t.) cogs ¥ 
and (x, oa): Pye St.) eS e* (ty to). This perturbation does, how- 
ever, not hit the point 2. Nonetheless, the superluminal velocity of the spot 
is, of course, in no sense an apparent one; it is just as real as any other 
velocity of a macroscopic structure or body. Therefore we emphasize that the 
superluminal velocities of spots are of a different nature from the apparent 
velocities such as UW, may (see (8.3)); the velocity Us max can exceed c 
because we are dealing with the observation at a given time t of signals 
which are emitted at different times (vide supra). The retardation caused by 


the fact that the speed of propagation of light is finite is then important, 


Taking retardation into account also affects appreciably the behaviour of spot 
when they are observed at some point. 
We shall restrict ourselves here to the 
simplest example of a light spot which 
moves with a constant velocity v along 
a plane screen and is observed in the 
point 0! (Fig.8.5). By observation we 
understand here the reception of the 
light emitted by the spot when it hits 


bserver : 
<aeeeee ees ------- ° the screen, that is, as the result of 


: scattering, oF due to luminescence of 
the screen when it is illuminated. If 
v $c, the spot will be observed in the 
"normal' way, as a spot moving on the 


screen from top to bottom. Let us now 


assume that v >@, that is, that the 
Fig. 8.5 Observation of whole track of the spot is outlined 
a spot on a screen instantaneously. In that case the spot 

will first of all be noted in the point 

0 which is closest to 0’ (the straight line 00’ is perpendicular to the 
Screen). After that the observer sees, clearly, two spots which move away 
from the point O in opposite directions. When c<v<o sometimes one can 


also observe two spots. 
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The existence of superluminal velocities and of the above mentioned kind of 
superluminal sources, as we shall simply call in what follows sources moving 
with a velocity v>c, has been well known for a long time. In the dark 
remained for a long time only the fact that such sources are ‘in no sense 
worse’ than subluminal sources in the framework of a macroscopic theory or in 


a general macroscopic approach. Macroscopic we understand here in the sense 


that a superluminal source is not a single, arbitrarily small particle, but 
always must be connected with a collection of such (microscopic) particles. 
Moreover, in any real statement of the problem the number of particles corres- 
ponding to the motion of a superluminal source (spot) turns out to be very 
large. The usual field theory and in particular Eqns. (6.1) with a current 
density j =pv which in principle can change and shift with any frequency and 


velocity forms an adequate theoretical basis for describing the radiation of 


superluminal sources. 


t In general, we call sources moving with a velocity v>v,, = c/n super- 
luminal sources. Such a terminology is reasonable, but by calling in the 
present chapter only those sources for which the velocity v>e we shall 
hardly cause confusion, especially as we have stated clearly what we are 


doing. 


t The concept ‘macroscopic’ with which we are dealing here is rather rela- 
tive and appreciably ‘weaker’ than the conditions connected with the 
transition from the equations of microscopic electrodynamics — or, in 
the old terminology, from the equations from electron theory — to macro- 
scopic electrodynamics. Indeed, from the equations of electrodynamics 
only the equation of continuity follows and for the rest the motion of 
the charges may be given 'externally'— whether this motion is compatible 
with the equations of motion for the particles is another question. 
Hence it is clear that already in the framework of the electron theory 
one can without contradictions assume the current density j = pv to be 
within wide limits arbitrary and, in particular, one can put v>c. In 
that sense the calculations by Sommerfeld (1904, 1905, 1964) which were 
made as long ago as in 1904where he considered the radiation by a charge 
moving with a velocity v>c were completely correct. It is true that 
Sommerfeld has in mind the motion of a single charge when, indeed, v<c — 
this conclusion follows from the special theory of relativity created 
by Einstein in 1905, provided we forget about the tachyons. In his 
papers in 1904 and 1905 Sommerfeld essentially anticipated the theory 
of the Cherenkov effect. It is very interesting that for more than 30 
years, up to the work by Tamm and Frank (1937) nobody suspected that it 
would be interesting either to replace in the problem of the radiation 
of a uniformly moving source the velocity c by the phase velocity c/n 
or to consider a spot-like source moving with a velocity v>c. 


oN SUPERLUMINAL RADIATION SOURCES 181 


Let us consider a charged filament 
which is incident with velocity u at 
an angle ¥ upon the boundary of a 
transparent medium with refractive 
index n(w). In other words, we have 

a situation which is schematically 
depicted in Fig.8.6 and which is simi- 
lar to the one shown in Fig.8.2. Up 


to its intersection with the boundary 


RRR of the medium the charges, say, elec- 


e . 
ara 8 Meera .t Orga a Matera t 
SOOO Oe a setae eG 


trons or protons, which constitute 
Fig.8.6 A charged filament 


jusident pone sereen the filament move uniformly. However, 


after the intersection with the bound- 
ary the charges are braked and as a result there appears a (polarization) 
current which moves with a velocity v=u/sin¥ corresponding to the velocity 
with which the intersection with the boundary of the medium moves. Such a 
current occurs also when we neglect the braking of the charges by virtue of 
the transition effect — the change in the parameters of the medium along the 
path of the charge — leading to the emission of transition radiation. Clearly, 
one can describe the situation bv saying that on reaching the medium the 
charges are stopped and after that they are, say, neutralized by currents in 
the medium. As a result there woves along the surface of the medium a charge 
q with a velocity v. For the sake of simplicity we shall assume that the 
filament has a square cross-section (with edgelength d) and consists of 
charges e and density N. The area of the intersection of the filament with 
the boundary of the medium, that is, the area of the spot, equals then 
S=d?/sin¥ and on that area we have a charge q=Ned* cot¥ (the boundary of 
the medium is per unit time crossed by a charge Ned*vcos¥ and to unit length 
along the velocity there corresponds a charge Ned? cos ¥ and, hence, the length 
d/sin¥ of the spot corresponds just to this charge q). The solution of the 
problem of the radiation of a charge moving at the vacuum-medium boundary is 
known (Bolotovskii, 1960, 1962). The result for the emitted radiation can be 
written in the form 


2 2 
#92 | (1-55) rae . (8.14) 


It is clear that this formula changes into Eqn. (6.58) for a homogeneous medium 
when F=1, The factor F(w,...) takes into account the effect of the boundary, 


the size of the source, and so on. One may think from general considerations 
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that the same formula would also be applicable for a superluminal source with 
v>c, where F=F(w,¥,d,...) and also depends on the charge distribution in 
vacuo.’ We can give the actual form of the factor F only when we have made 
an exact calculation and also used a completely well defined model of the 
source. This will be done in what follows. Now, however, we note that in any 
case the integration in (8.14) is over the range of frequencies satisfying the 
Cherenkov condition (6.53). We must then, of course, put ne«J in the vacuum 
(we have assumed that the medium is bounded by a vacuum). If v>c, there 
occurs therefore in the vacuum (above the medium) always some radiation, pro- 
vided only that F#0. However, the factor F must in fact always be very 


small for waves with wavelengths A=2%c/w which are less than the projec- 


tion of the size of the spot on the direction of the wavevector k. In the 
/ 
ris 
H =-6o, 
Vacuum n=l p8o.7 arc cos + Spot 
7) (Shes A 
Medium n<I \@),arc cos ~ Lo Fig.8.7 Cherenkov 
\ __ OG radiation of a spot 
Pa 
\ a 
a 
\ — 
a" = - 
— 


medium the situation is the same when v>c and n(w)>1, but when n(w)< J 

the condition v> Yph =c/n must also play the role of a cut-off factor — 
radiation in the medium is possible only when it is satisfied. One can also 
State in the general case that the radiation is characterized by the angle 

8, = arccos (c/v) im vacuo and the angle 0,, = arccos(c/n(w)) in the medium, 


where 0 is the angle between k and v (Fig.8.7). As the velocity of the 


a 


It would be more precise to write the right-hand side of Eqn.(8.14) as 
a sum of two terns 


2 2 
| (1 -£5) Fy Wdw + | ( -—=—] F, wdw 
v n? (w)v2 


where the first term corresponds to the radiative power in vacuo and the 
second term to the radiative power in the medium. However, as long as 
we have not given the actual form of the factor F Eqn.(8.14) has a 
purely symbolic character and can thus be retained. 
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leading front of the electromagnetic waves in any medium is equal to c, when 
one takes dispersion into account, the radiation of a superluminal source in 

a medium is characterized not only by the angle 0... but algo by the angle 

64, * arc cos (c/v) which in this case determines the opening of the cone 
corresponding to the leading front of the wave. Therefore, if 0>6,, the 
field in the medium vanishes. If we talk about the main part of the radiation, 
and not about the leading front, an analogous situation also occurs for the 


Cherenkov effect in a dispersive medium where the group velocity 


= dw/dk = c(d(wn)/dw)7? 


Ver 


is less than the phase velocity v,, = c/n. There is here no special reason 


to discuss that side of the ects (see Tamm, 1939; Motz and Schiff, 1953). 
Let us now consider the exact solution of the problem when a filament is inci- 
dent upon a perfectly conducting plane. The geometry of the problem is the 
same as in Fig.8.6, but the medium with the refractive index n(w) is replaced 
by a perfect conductor. A charge incident upon the conductor (crossing its 
boundary) vanishes for an external observer, that is, if we are concerned with 
the radiation mechanism, we are dealing here with transition radiation; we 
are, however, interested in the result of the interference of such radiation 
from a moving filament while it is known a priori that the resulting radiation 
will be directed at an angle 8,, = arccos (c/v). The field of the filament 
in vacuo is the sum of the fields of the filament iteslf and its mirror image, 


that is, it is produced by a current with density 


j = Q6(z) u,d((b, ° r)-ut) , y>0; 


j =- Q8(z) u,6((b,°r) -ut) , y<o. 


Here Q is the charge per unit length of the filament, u, =ub, and U,= ub, 
are the velocities of the filament and its mirror image (b, =b, =I, bi = boy 
Big aye Pay 
of simplicity, it is assumed to be infinitesimally thin). The Fourier compo- 


=b5. 0 ; the filament lies in the xy-plane and, for the sake 


nents of the current density are equal to 


ae oe Qd (z) i 
i, - an fiers a {b, exp EE (b, «r+ b, exp #2 (6, }} 


At large distances from the screen we have for the Fourier components of the 


vector potential 
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Cc 


W 
ikR b b 
=~ Se {—__*_ a ee be(2> -k,) (8.16) 
cR (w/u)byy - ky (w/u) bo, —hy u Ix x 


where k= (w/c)s =ks is the wavevector of the emitted wave; clearly s? =} ; 
k=w/c. Moreover, one can easily find the magnetic field H | = i[k AA, | and 


then the integral 


+ 
4 / 
dw | dw’? (H e He) ei(wrw!)t 


+ 
=$c aw | dw’ (HH ) 6(w +w’) 


ws 
—_ © —_ © 
+ = 
=4e | [H |? dw =c J IH,1? au 
—"o@ 0 


y 


Sgt eee Fig.8.8 Evaluation of 


v=— -velocity of the spot the Cherenkov radiation 
Pia of a spot 


Z 


We shall take the x-axis, along which the spot moves, as the polar axis and 
let the wavevector of the radiation k = (w/c)$ make an angle 0 with the 
polar axis; we denote the azimuthal angle by > (Fig.8.8) and in vacuo 


-31<oS4T7. 


It is clear from Eqn. (8.16) that A. is proportional to the delta-function of 
the argument (w/u)d), - ky. It is clear that the magnetic field H_, will 

also be proportional to the delta-function and the energy of the radiation to 
the square of the delta-function. The integral of the square of a delta- 
function diverges, indicating that the energy of the radiation is infinite. 
This infinity is physically easily explainable ~ we assume that the filament 
intersects with the screen during an infinite period of time. To find a finite 
result we can consider the motion of the filament during a large, but finite 
period T. It is clear that the energy of the radiation will be proportional 


to T. The following formal procedure leads to the same result. We write 
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240 = \ iu =) uy) 
6 (2 bis 9 ie Ye (0 bi, (4b, -k,) - 


We now expand the first factor in a Fourier integral: 
+ 


(Yom )e— 6(Yo,,-m) { exp[i(u-B)efac. 
u-lx “x /) 27 byy u Ix x ays bis 


Because of the presence of a delta-function in this product we can put the 


index of the exponent in the integrand equal to zero and we than find 


2{w = ~ Yig/u is 
: (2 Dix k,) 2 6(2 Bis k,) , 
where T is the total time during which the filament moves and v=u/b,, is 
the velocity of the source (spot). Acting thus, we obtain the following expres- 


sion for the energy emitted per unit time into a solid angle d?2= sin6 dO do 


in the frequency range dw: 


dw, (8 o>) 


1 | a ae 
a aclHy|* R’ sin6 d0 do du 


{s ab, } [sab,] }? 
- 2 |—___ ___ 6(E-s,)sine d6 dd dw. 
2mw \(c/u)byy—Ssy, (c/u)byy + 8y v x 


As a result of the presence of the corresponding delta-function it is clear 
from this that waves are emitted only with wavevectors k which satisfy the 


condition s,=cos 6 =c/v=cos 6,,» as should be the case. After integrating 


x 
over 6 we find 


dw (o) _ ay { [s ab, ] : [s ab] \ ae | 
ec 27 X(c/u)byy — Sy (c/u)byy + sy | 


b, = {sin¥,-cos¥ , O} » b= {sinY, cos ¥ , 0} ’ 


$s = {cos 04,» sin®,, cosd,sin®,, sing], (8.17) 


cos 6 ee ve 
01 Vv 


sin ¥” 


where ¥ is the angle between the particle velocity u and the x-axis. 


Finally we get 


2. 2 ¢ 
ww. Wve {se | do x 
dt T yy? W 
0 -7/2 


x A =u’ /y?)? - (1 -¢7/v?) (1 -u*/e2y?) cos’ > (8.18) 


[(c?/u?) cos?¥ - (1 -c?/v?) cos? 9]? 
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It is clear from (6.58) that a charge q moving in a homogeneous medium would 


radiate ‘in the range’ dwd@ with a power 


dW 2 
~ 7 a ( -=) eae 
where we have put n=1. Comparing this expression with (8.17) we see that 
the filament is equivalent to a charge 
[s Ab, ] [s ab, | 


aS (c/u)bjy - sy - (c/u)bj, +s, 


l 


; (8.19 
[1-2/2] 


E|n 


As Q is the charge per unit length of the filament, the factor Q in (8.19) 
is the effective length of the filament responsible for the emission in the 
direction of k. This length is nothing but the length over which the transi- 
tion radiation in the direction of k is formed. The integrals of (8.17) and 
(8.18) diverge as w*>0O; this is simply connected with the assumption that the 
filament is infinitely extended. The radiative power decreases with increasing 
w, clearly, because with increasing w the length over which the transition 
radiation is formed decreases. The frequency dependence may be different in 


other problems of a similar nature (vide infra). 


We have already mentioned that one can consider the radiation mechanism when 
separate particles or a filament as a whole crosses the boundary of a conduc— 
tor to be transition radiation. However, one can just as well (and with the 
same final result) assume that one gets bremsstrahlung as the result of the 
instantaneous stopping of the charges and their mirror images at the boundary 
(in the case of a perfect conductor these two possibilities are indistinguish- 
able when one calculates the field in the vacuum; see Chapter 7). In general, 
the mechanism of the ‘elementary radiation process’ which ultimately leads to 
the Cherenkov effect is in a well known sense unimportant — the nature of the 
Cherenkov radiation (and in first instance one is concerned with the condition 
cos 0, = c/vn(w)) is determined by the interference of the waves emitted along 
the path of the source. What we have said is, of course, in complete agreement 
with the Huygens principle. The radiation by a charged filament, incident 
upon a screen, which we have considered is thus just the Cherenkov effect for 
v>c and at the same time takes place in vacuo (it is true that the presence 
of some boundary with a medium is here necessary). The intensity of the radia- 
tion and its angular dependence on @$ will change depending on the properties 
of the two media (of course, in order that one can observe the Cherenkov radia- 


tion at least one of the media must be transparent; above we assumed that 
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medium | was a vacuum). For an anisotropic medium we must in condition (6.53) 
take the refractive index n(w) for each normal wave separately and the value 
of n depends also on the angles to the axes of symmetry (crystal axes, direc~ 
tion of an external magnetic field, and so on). We mention especially 
radiation of waves in waveguides. In general there arise here a multitude of 
problems similar to the ones one meets with in the theory of Cherenkov radia- 
tion for v<ec (see Jelley, 1958; Ginzburg, 1960; Bolotovskii, 1960, 1962; 
Zrelov, 1968). It is also clear that the sources (spots) considered radiate 
also in the subluminal regime, that is, when c/n<v<c. Such sources are of 
interest also when one considers, for instance, the excitation of different 
kinds of surface waves as the result of the Cherenkov effect or of transition 
radiation on an inhomogeneous surface; in the last case the condition v>c/n 
does, of course, not occur. What we have said is valid also in the case of 
waves which are not electromagnetic in kind; as an example we mention the 
possibility of exciting second sound waves in helium II by a moving source, 


say, by a laser beam moving along the surface of helium. 


The radiation of a superluminal source to no extent reduces to the Cherenkov 
effect. For instance, even for uniform motion, but with 'modulations'’ of the 


source with a frequency w, one will observe radiation with the Doppler fre- 


0 
quency w=w,|1 -(v/c) ncos 6[7' (see (6.59)). One can realize the modulation 
in different ways - by an additional oscillation of the beam, a change in its 
density (along the beam), application of a'lattice' (periodic inhomogeneities) 
on the screen, and so on. Of course, the peculiar features of the superluminal 
radiation with v>c, as in the case c/n<v<c appear also when the source 
moves non-uniformly. As an example we may mention synchrotron (or, rather, 
quasi-synchrotron) radiation which occurs when a source moves along a circle. 
Such a case is realized when particles or photons which are emitted by a 
rotating source are incident upon a spherical or cylindrical screen. A more 
concrete model of this experiment is (Eidman, 1974a,b): a rotating source, 
say, a pulsar, emits a directed beam of y-rays which is incident upon a more 
or less dense medium (a plasma) which is at a distance R from the source. 
The y-rays, incident upon the screen are scattered by electrons which due to 
recoil acquire momentum and therefore produce a radial polarization which 
"moves' along the screen with a velocity v= QR. As a result there flows along 
the screen a current with density, 
j “2 [p(r) S(r- R(t) ] » P(t) = p{cos Qe, sinkt » of ’ 
Ric) = R{cos Ne, sinNt ,O}, (8.20) 


188 THEORETICAL PHYSICS AND ASTROPHYSICS 


where p is the electric dipole moment corresponding to the polarization 
produced which is assumed to be a point dipole; this is possible if we consi- 
der radiation with a wavelength i which is appreciably longer than the size 


2 of the source. 


The radiation occurring is when v= QR>c in its nature analogous to synchro-~ 
tron radiation in a medium under conditions when v>c/n (see Chapter 6); the 
total emitted power is equal to 

aU gy pri tv fel) te fe" w? dw. (8.21) 

QeK€w«Kc/L 

The integral has a cut-off at high frequencies because of the finite size of 
the dipole — this was not taken into account in (8.20) and (8.21); incident- 
ally, Eidman (1974a,b) assumed that the dipole p in (8.20) was parallel to 
the z-axis rather than to the radius, that is, he put p=p{0,0,1}, but this 
will probably only Lead to a different numerical coefficient in Eqn. (8.21). 
In pulsar models a perturbation moving with a velocity v>c in the plasma can 
be produced also by magnetic dipole radiation or by particle beams emerging 


from the pulsar. 


In connection with the development of laser techniques there is special 
interest in the possibility to use light to produce a superluminal source. 
The use of a rotating beam is not really so easy, even if we apply a laser, 
when we require that the field strength in the spot would be sufficiently 
Large when v=Q2R >c. It is therefore simpler to achieve the incidence of a 
pulse on a screen — a dividing boundary (see Fig.8.2 and Eqns.(8.5) and (8.6) 
above). If the screen is a perfectly plane dividing boundary between two 
media and if we can consider the problem in the linear (weak field) approxima- 
tion, we are dealing with the usual problem of the reflection and refraction 
of light. It is thus immediately clear — and, of course, follows from the 
field equations — that a pulse incident at an angle ¥, is reflected also at 
an angle ‘) =,, while the angle of refraction Y, is determined by the law 
of refraction (Fig.8.9) 

Sin ¥, n 


/ 
sin¥, Mp »Y =e. (8.22) 


It is interesting that, as was already noted long ago by Frank (1942), the 
conditions (8.22) are the same as the conditions for the occurrence of the 
Cherenkov effect for the pulse considered, the intersection of which with the 


screen moves with a velocity v = (c/n,) sin¥, (see (8.5)). Indeed, the 
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Cherenkov angle in medium | is 
determined by the condition 

cos @,,= c/n, v=sin¥,, whence 
we get ¥ = ie Am7~6,,> as 
should be the case (see Fig. 
8.9). For medium 2 we have 
cos 8), =c/n,v= (n,/n,) sin ¥,, 
which is the same as (8.22) 
since cos8,, =sin',. One can 
say literally that 'we did not ve 
know that we spoke prose' — the | \ 


superluminal (for n, >I the 


more general) Cherenkov condi- | Vk, 
rion had “been enewn “already Fig.8.9 Reflection and refraction 
for several centuries. What of a light pulse at a dividing 
we have said about the corres- boundary between two media 
pondence between the reflection and refraction laws and the Cherenkov condition 
is, however, natural as all these relations are obtained in the same way from 
the Huygens principle. To obtain any new results we must consider a problem 
where non-linearity for various media is taken into account — in particular 


for piezo-electrics. 


There is yet another remark which we want to make here; it concerns light 
spots in the case of rough or luminescent screens. In the last ease the 
radiation emerging from the spot is, in general, incoherent. The same is 
practically also the case for rough screens as we are in that case usually 
dealing with rather large light spots with dimensions which are appreciably 
larger than the wavelength of che light. If the radiation is incoherent, 
interference is impossible and such specific features as the sharp direction- 


ality of the Cherenkov radiation disappear. 


The historical fate of the studies of the radiation of sources moving with a 
velocity exceeding the phase velocity of light is very unusual. We are deal- 
ing with classical effects which are qualitatively clear already in the frame— 
work of the simplest optical representations, such as the Huygens principle or 
interference, and which are quantitatively described by the Maxwell equations. 
We have seen that the elementary reflection and refraction laws of light at a 
plane dividing boundary between two media in fact are the same as the Condi- 


tions for Cherenkov radiation from a source which moves along the boundary 
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The Cherenkov condition for a charge ~ a superluminal source (with velocity 
v>c) was obtained in 1904 (Sommerfeld, 1904). Nonetheless, the Cherenkov 
effect turned out to be experimentally observed only in 1934, and that by 
accident — in the sense that a completely different problem was studied — and 
the formulation of the theory of this effect (Tamm and Frank, 1937) required 
large and rather lengthy efforts (Frank, 1972). It is also interesting that 
in the first stage the possibilities for applying the Cherenkov effect in 
physics, both for measuring purposes and for understanding various phenomena, 
turned out to be very modest. However, the Cherenkov effect and related pheno- 
mena are now, in fact, widely used, and one can say that their study is a 
whole chapter of physics to which a vast number of papers and a number of 
surveys have been devoted (Jelley, 1958; Ginzburg, 1960; Bolotovskii, 1960, 
1962; Zrelov, 1968). It would appear that the problem, if not exhausted, at 
any rate has already been studied fully and from all sides. However, this 
turned out to be not completely true, as witness the paper by Bolotovskii and 
Ginzburg 1972) and the present chapter. Indeed, the opinion was widely propa- 
gated (and the present author himself subscribed to it himself) that the 
Cherenkov effect and the anomalous Doppler effect could be observed only for 
waves which correspond to a refractive index n(w) >1 (and to the condition 
e/n<v<c). In accordance with this it was thought that the corresponding 
effects were impossible in vacuo. Meanwhile there existed superluminal sources 
moving with a velocity v>c. These sources could be considered to a large 
extent on the same basis as ‘ordinary’ sources with velocities v<c. To be 
precise, superluminal sources are able to generate Cherenkov radiation in any 
medium, including a vacuum or a medium with n(w)<1. General kinds of super- 
luminal sources have on the whole the same peculiar features as sources moving 
with a velocity satisfying c/n<v<c, such as an anomalous Doppler effect. 
From the point of view of radiation theory the important difference between 
superluminal (v>c) and subluminal (v<c) sources consists in that a super- 
luminal source can not be a separate ‘elementary’ particle and therefore is 
always extended. It is just the size of a superluminal source which in the 
first instance determines, especially for radiation in vacuo, the short- 
wavelength limit of the emitted spectrum. It is in that connection difficult 
to rely upon the use of superluminal sources, for instance, for the production 
of X-rays (such a possibility might turn out to be tempting as the fact that 
the refractive index n(w) tends to unity at high frequencies, which is an 


obstacle for the use of the Cherenkov effect in the X-ray range for sources 
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with v<c, does not play a critical role when v>c). We should not be 
amazed, however, if in the future some interesting applications would be found 
also for superluminal sources. Moreover, one might meet with superluminal 
sources in aStronomy. Independent of this, the radiation by such sources (with 
v>c) of electromagnetic, gravitational — and, possible, neutrino — waves and 
a whole host of problems which then arise is, in our opinion, of undoubted 


physical interest. 


Chapter IX 


REABSORPTION AND RADIATIVE TRANSFER 


Reabsoption and maser effect (wave amplification) 

Radiative transfer equations. 

Einstein coeffecient method and its application to 

the case of polarized radiation. 

Reabsorption and amplification of synchrotron radiation in vacuo 

and when there is a ‘cold' plasma present. 
When we considered the synchrotron radiation of a system of particles (see 
Chapter 5) we assumed that different relativistic electrons radiated indepen- 
dently of one another — or, as one says, radiated incoherently. This referred 
not only to radiation in vacuo, but also to the radiation when the effect of a 
non-relativistic, ‘cold’ plasma was taken into account (see Chapter 6). More- 
over, when along the line of sight there are a sufficiently large number of 
radiating particles, absorption and stimulated (induced) emission by the 
radiating particles themselves begins to play a role. Ome usually calls this 
process reabsorption. Reabsorption can, in principle, appreciably change the 
intensity and polarization of the radiation. Furthermore, negative reabsorp- 
tion, that is, amplificaticn of the radiation, is possible under some 
conditions. Such an amplification, or negative reabsorption, is called a 
maser effect. Of course, the nature of the reabsorption is closely connected 
with the nature of the radiation considered, that is, in the case of reabsorp- 
tion of synchrotron radiation by the radiators one has in mind charged 
relativistic particles moving in a magnetic field. Not only such radiation, 
but also its reabsorption can be changed considerably if in the radiating 
volume we have apart from the relativistic electrons also a cold plasma. For 
instance, in the case of radiation in vacuo, reabsorption in any system of 
relativistic electrons which has an isotropic distribution of its velocity 
directions is positive, that is, under those conditions we have absorption. 
However, where there 1s a cold plasma present reabsorption of synchrotron 
radiation can become negative (vide infra). This means that the corresponding 
system, such as a layer or a cloud, of relativistic electrons with an isotro- 


pic velocity distribution will act like a maser. 


a 


This chapter is mainly based upon section 3 of the review by Ginzburg 
and Syrovatskii (1969). 
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Although we shall discuss in what follows, as we have said, only the reabsorp~ 
tion of synchrotron radiation, much of what will be said below also refers to 


any other kind of radiation. 


For 2 study of reabsorption one often uses expressions for the intensity of 
the radiation from separate particles averaged over all directions. The condi- 
tions for the applicability and even the nature itself of such an approach are 
unclear a priori and for a determination of the changes in the polarization 
it is totally unsuitable. It is sufficient to say that the synchrotron radia- 
tion has all the same a non-zero angular distribution while its polarization 
properties depend strongly on the angle =y-Q between the direction of the 
velocity and the direction of the radiation (see (5.21) to (5.23)). Ina 
study of reabsorption, and especially, negative reabsorption, including polari- 
zation of the radiation it is thus necessary to give a more rigorous analysis 
of the angular and polarization properties of the synchrotron radiation. We 
must also add that a cold plasma in a magnetic field is anisotropic (magneto- 
active) and far from always, even in a weak field, can it be taken to be 
isotropic to a good approximation, with a refractive index n w 1 -up/2u’. 

The polarization characteristics are particularly sensitive in this respect as 
the rotation of the polarization plane (the Faraday effect) is an integral 
effect — it increases with the length of the path traversed by the wave (see, 
for instance, Ginzburg, 1970b and Chapter 11). 


The general problem which is usually studied in separate particular cases is 
the following. The distribution function of relativistic electrons, Ne(p a); 
the cold plasma density, N(R), and the magnetic field strength, H(R), are 
given in some region (the 'source'). One must determine the radiation field 
both in the region considered (the source) and particularly far from it. One 
is usually dealing with the radiation from the source itself, but one may 
encounter the necessity to determine the effect of such a 'source' on the 
radiation from another source passing through it, where the other source may 
be situated further from the position of the receiver (this is just the. reason 


why the term source acquires an arbitrary character). 


We have already assumed above that the source is stationary so that the time 
t mowhere occurs. We must give up such a restriction in the case of moving 
or expanding sources. In practice, however, other simplifications, apart from 
the assumption of stationarity, are also possible. For instance, under cosmic 


conditions the anisotropy of the electron velocity distribution vanishes 
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rather fast or, at least, is strongly diminished as the result of the existence 
of a whole number of instabilities (see Chapter 15). One can therefore moet 
often assume that the distribution function of the relativistic electrone 
depends solely on their energy, that is, we can use the quantity N,(@,—). 
Moreover, the position dependence of N,,N,and H is under cosmic conditions 
always very slow, when we are dealing with distances of the order of the wave- 
length of the radiation. Hence, in general one can apply the geometric optics 
approximation, and often can simply assume that all quantities are constant 
along the line of sight in a region of some dimension L. Another possibility 
is to assume that the densities N, and N are constant along a length L, but 


that the field H is on average random with a field strength H. 


To describe the radiation in the general case we must use the Stokes parameters 


I, Q,U, and V, which can be combined into a tensor Ty (a,8 =1,2) 


-3(0"° ae T=1,,+1,, ,V=i(l,, -1,,) , 


oB ?\y-iv 1-Q -qsi,-1 nn 


22» U=1,, +1 


12 
The indexes 1,2 correspond here to x- and y-axes at right angles to the line 
of sight. The connection between the Stokes parameters and the radiation 
intensity I, the degree of polarization Il, the ratio of the axes of the 
polarization ellipse p, and the angle X which determines the orientation of 
that ellipse, is as follows (for details see, for instance, Gardner and Whiteoak, 
1966; Ginzburg and Syrovatskii, 1966a; and also Zheleznyakov, 1970, § 6) 

{q? +U? ey2}? 


I=I1, 1 
I 


» B= arctanp, 


sin 2B = ——— tandy =>. (9.2) 
{Q? +u? +v"} Q 


From this it is, of course, obvious that the Stokes parameter I is just the 


intensity. 


The Stokes parameters used — and any other parameters which can be expressed 
in terms of them — refer to radiation in some frequency range Av <v_ and 
correspond to expressions which are quadratic in the fields averaged over a 
time At>»1/Av. In an anisotropic and, in particular, in a magneto-active 
Medium the electric field E is, in general, not at right angles to k, whereas 
the induction D is always orthogonal to the wavevector k. It is therefore 
as I. = D, 8 (a, 8 = 1,2; 


B aB 
Zheleznyakov, 1968; 1974). The Stokes parameters and the quantities (9.2) 


More convenient to define the tensor ry 
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will now also refer to the vector D, and not to E. We must bear in mind 
e e — * * LJ o 

that the intensity I=Tr 1¥B = D,,D,;,+D,,0,, 18 in the general case no 

longer proportional to the energy flux. When we receive the radiation far 

from the source (in vacuo or, to be more precise, outside the anisotropic 


medium) this fact is clearly unimportant. 


One uses the transfer equation to determine the tensor Top? this equa- 
tion has in recent years been studied and discussed in a number of papers (in 
great detail by Zheleznyakov (1968, 1974)). The transfer equation has in a 


uniform medium for the stationary case, where 148 is independent of t, the 


form 

ae: 

a at (8 uByé - XBy6) lg: (9,3) 
Here 

E42 = | R? Pug Ne (2@,A,T) ded’a, (9.4) 


is the emissivity per unit volume, that is, the power of the spontaneous emis- 
Sion of unit volume into unit solid angle per unit frequency range; in the 
present chapter we do not use the notation €.; for the permittivity tensor 
and the remainder of the notation is the same as in Chapter 5. To fix the 
ideas we shall restrict ourselves to the case of synchrotron radiation when 
the quantities Pug are given by Eqns. (5.21) to (5.23), (5.26) and (5.27); 
in this case it may turn out to be necessary to add to Eqn.(5.23) for Pie 
terms of higher order in & =mc*/@ (see Sazonov and Tsytovich, 1968). When 


there is a plasma present one must also in those formulae replace 
E=me*/e by n= {E? + (w2/w2)}? {1 -n2v2/c?}? 


(see Ginzburg, Sazonov and Syrovatskii, 1968; Ginzburg and Syrovatskii, 
1969). The tensors Rugyé and Kupyé in (9.3) characterize the changes in 
14g due, respectively, to Faraday roation and absorption of the radiation. 


The tensors R Bys and i can be expressed in terms of parameters which 


aBy6s 
characterize the ‘normal’ waves which can propagate in the medium considered. 
In an anisotropic medium two ‘normal' waves can propagate when we neglect 
spatial dispersion; in the case of uni-~axial crystals or of a magnetized 
plasma they are called the ordinary (o or index 2) and extra-ordinary (e or 
index 1) waves. For normal waves in a uniform medium all quantities (the 


fields E,0D,WH) depend exponentially on t and R, for. instance, 


De = A, eVo,e oP (Kk, 2) exp [-i(wt =O..¢ ~ke 2) : (9.5) 
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As in (9.3) the waves are here assumed to propagate along the z-axis, > oe ig 
8 


the amplitude absorption coefficient (the power absorption coefficient Hoe 
6 


equala 2K, e? one often denotes by kK the absorption index cu/2w), we anv, 


and Kae ie the wavevector (Kg (w/c) Nye? where nye is the refractive 


index). The complex vectors Ye characterize the polarization of the normal 
i) 
waves; A, a and 65 e are the arbitrary amplitudes and phases of these waves. 
+ J 
In a magnetized plasma we can, if we neglect absorption (that is, in practice, 


for sufficiently weak absorption), put 


Yoo eee Yo Be DS a Vee Vee lap gee 8 (9.6) 


where we have summed over a=1,2, as always over repeated Greek indexes (in 


other words, y. Y__= IT y and so on; for a detailed discussion of 


do ‘ao ao ' Bo . 
normal waves in a magnetized plasma see, for instance, Zhelezhnyakov, 1970; 
Ginzburg, 1970b, and Chapter 11). The components of the induction of an arbi- 


trary radiation field in the frequency range Aw have the form 


Di (z,t) = | A. Yoe exP {-K,z-i(wt -6, -k,z)} dw + 


Aw 


+ | A Yao exp {- K 27 i(wt le ~k 2)} dw 


Aw 
If we now ei the tensor D De from these components and also evaluate the 
derivative o> = (D ag) and average over time for a sufficiently narrow frequency 


range Aw we can at once go over to Eqn.(9.3) (Zheleznyakov, 1968; 1974) where 


(do not confuse the index y with the polarization vector y!) 


Rupys ~~ ilk, ~k 0 Yoe ne Ves. Nas YBe V na Yee)» (9.7) 
Kogys = (Ke + lar Yao Wee V5. * Yan YRe i. Yee) * 
* * x * 
. ok Ge Vee Yve Ngee? Ko Yao 'Bo Yyo ry (208) 


If the absorption is sufficiently important, one can no longer assume the 
normal waves to be orthogonal (see (9.6)) and Eqns.(9.7) and (9.8) are no 
longer correct. This occurs, in particular, under conditions when relativis- 
tic particles (a hot plasma) and a cold plasma make comparable contributions 
to the real and/or imaginary parts of the dielectric permittivity tensor. 
Sazonov and Tsytovich (1968; Sazonov 1969) have considered the transfer Eqn. 
(9.3) without the assumption (9.6), but only in conditions when the effect of 


the plasma is not too strong. 
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If there ia only one kind of waves (ordinary or extra~-ordinary) in the medium, 
that is, if only fields of kind e or of kind o enter into the tensor TAB ; 
we have R aay 6 Ts = 0. One can easily obtain this result formally, but it 
1s straightaway obvious, as the polarization of the normal waves by definition 


does not change in a uniform medium. It is also clear that for a single normal 


wave H I. = 2K I and, if there are no sources, the transfer Eqn. 
apys “v6 e,o ap 
(9.3) becomes 
are) 
ap —_ (e,o) _ _ (e,o0) 
= Se ee = Ue fk) 143 : (9.9) 


Equation (9.9) is immediately obvious as it reflects the fact that in the 
normal waves the field vectors — in particular, the vector D — change due to 
absorption as exp (-K, 2) (see (9.5)). The quantities 2Ke 6 = He gtk) are 
the power (intensity) absorption coefficients along the wavevector k. If the 
directions of the phase and group velocities, that is, the directions of the 
vectors k and —- dw/dk, are the same, the quantities 2K. oo are, of 
course, the same as the absorption coefficients along the ray Dug: In the 
general case He = 2K cos ge where the ae are the angles between 


»O e,o 


k and v Under conditions when one can use (9.9) only the intensity 


e,o gr,e,o° (e 0) (e 0) 
of the radiation ae oer By. for which dI-~’ “/dz =~ 2K I°-’ “, varies 


along k (that is, along the z-axis). As to the er ae p (or 8), 
and X> they remain unchanged for normal waves, as we have already mentioned. 
Formally, the same follows from (9.2) and (9.9) and is connected with the fact 
that the quantities Il, p, and X depend only on ratios of Stokes parameters. 
It is also obvious that II, p, and X remain constant also when there are 
radiation sources of only one kind present in the medium. In that case 


ap tere) ; 


a (e,o) _ _ (e,0) 
dz “Eb ear = foo Ue gt I . (9.10) 


One can generalize this equation for the case of a non-uniform medium, pro- 
vided the geometric optics approximation is valid and, hence, provided it is 
admissible to use the ray concept — the possibility to use a ray treatment is 
restricted also by the condition that the absorption be weak (Ginzburg, 1970b). 


The corresponding transfer equation for the intensity y(er0) of one kind of 
waves has the form 


1] Ol k? r) (? cos } 
ee gh Re ae Icos $ | =e-ul, (9.11) 
Vor dt |cas o| 9% k 


We have here taken into account the possibility that the problem is not 


= te) 


stationary, I , and all the other expressions also refer to waves of 
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type e or o with frequency Vv; moreover, Ver is the magnitude of the group * 


velocity, $¢ is the angle between k and v k= (w/c) n is the length of che 


gr’ 
wavevector, and w= 2K cos¢@ is the absorption coefficient along the ray (a 
length element of the ray is d&). We note that if, in general, in (9.10) 


e Oo a ea a a 
(e,0) in a magnetized plasma, is not proportional to the energy 


the quantity I 
flux (vide supra), we are in (9.11) dealing with the intensity in the real 


sense of the word, that is, with an energy flux per unit solid angle. 


As far as we know, Eqn.(9.11) has not yet been generalized to the case 
where there are simultaneously two kinds of radiation present. For a uniform 
and stationary medium such a generalized equation reduces, of course, to (9.3). 


This equation is, undoubtedly, also valid when the functions Eg? R and 


aBys ” 
change sufficiently slowly with changes in the coordinates. However, 


K 
cae clear from comparing (9.11) and (9.3) that Eqn.(9.3) can only be valid 
in a non-uniform medium when one can neglect refraction (ray bending) and the 
derivatives dn/dz as compared to dIg/dz. Moreover, the usual geometric 
optics approximation wust, of course, be valid, that is, all quantities must 
change little along a wavelength in the medium, A = 21mc/nw. For instance, 


the condition 


<K 
dz euB 


must be satisfied. However, in general, the more rigid condition 


must also be satisfied. Such an inequality is, like the condition for the 
validity of the geometric optics approximation, typical for a weakly aniso- 
tropic medium when calculating the polarization (see Zheleznyakov, 1970; and 


Ginzburg, 1970b, § 26). 


In the above we have attempted to elucidate the problem of the transfer of 
radiation from a rather general point of view. It became then explicitly 
clear that one may encounter very complicated or, at least, cumbersome and 
difficult to visualize solutions for I 


aB 


situation becomes even more complicated when the cold plasma is rather dense 


or the Stokes parameters. The 


and when the magnetic fields are rather strong. It is under such conditions 
no longer possible to take the effect of the plasma into account by replacing 
the quantity E=mce’/e by n= {E74 u2/u?}? (for a discussion of this problem 
see Eidman, 1958, 1962; Ramaty, 1968; Melrose, 1968). A peculiar situation 
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also occurs when the velocity distribution of the relativistic electrons turns 
out to be anisotropic (Sazonov and Tsytovich, 1968; Zheleznyakov and Suvorov, 
1968, 1972; Sazonov, 1970, 1973). Moreover, even when the velocity distribu- 
tion of the electrons is isotropic one must analyze in particular the case 
when the function N,(&) changes fast with energy. However, the function 
N,(@) may be assumed to be sufficiently smooth and one can use the expressions 
for the reabsorption coefficient given below provided N,(&) changes little 
over an energy interval A€& corresponding to radiation of neighbouring fre- 
quency overtones 

oY eH mc* 


2 sin*y ~ ac € sin?x : 


The emitted frequency is w =n, (n=1, 2,3, ...) and, hence, 


H mc* Ae 
Awl =n = a 
POL te eat 
Ag ~ & as Ae 3 eH re 2 es eHi 
n vy mcw sin? 21sin*x : 


where A= 21c/w is the wavelength (we consider radiation in vacuo). The 


above-mentioned condition for the smoothness of the changes in the function 
Ne(&) thus has the form 


ar aN eH 2 one e HA 
———e A& BR ——S=——O—————————OOOOO — SS a < N e 9 e ] 
dé d& mc wsin’x d@ 21sin*y . wie) 


This condition is necessary for y 4m and for y<3m7 it is sufficient, but 
mot necessary because of the y-dependence of Ny (for details see Ginzburg 
and Syrovatskii, 1969). 


Condition (9.12) can hardly be violated in the majority of cases encountered 
in astrophysics: the energy interval A&=eH),/2m is even in the metre band 
less than or of the order of 10°HeV and can be sufficiently important only 


in regions with a strong field, H > 1 Oe. 


The discussion of the whole range of problems which we have touched upon here 
would require at least a special survey. Moreover, a whole set of problems 
referred to here have not yet been considered. In what follows we shall there- 
fore only discuss two much more restricted problems, namely, the reabsorption 
of synchrotron radiation in vacuo and in a plasma for the case of quasi-~ 
longitudinal propagation. These cases are, however, probably the most 


important ones for applications to radio-astronomy. Before we dwell upon 
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the corresponding calculations it is advisable to make a few remarks referring 


to the Einstein coefficients method and its application to polarized radiation. 


When studying the transfer Eqn.(9.3) and other, similar equations for the 
intensity of normal waves or from Stokes parameters it is necessary to evalu- 
ate the coefficients € 


and in (9.3), the coefficients e. 


ap? ®apyé * aByé ,0 
and Yeo” a in (9.10), and so on. To find the emissivity E,g one must 
use Eqn.(9.4). One can evaluate the other quantities in the general case by 
the kinetic equation method (Sazonov and Tsytovich, 1968; Zheleznyakov and 
Suvorov, 1968, 1972) where one must use the classical relativistic kinetic 
equation, when one is dealing with the classical region (condition hwu<«2@). 
The corresponding calculations are rather cumbersome. Because of this and 
also due to a natural tendency to obtain results by the simplest and most 
translucent ways, the Einstein coefficients method plays a large role in the 
analysis of reabsorption. This method is in general well known, but its appli- 
Cation to the case of a medium and especially an anisotropic medium, and also 
when the polarization of the radiation is taken into account has some peculiar 
features (see Ginzburg and Zheleznyakov, 1959a, 1965; Ginzburg, Zheleznyakov 
and Eidman, 1962; Zheleznyakov, 1970, §27; Ginzburg, 1970b, § 12). 


We explained in Chapter 6 (see also Chapter 12) that one may assume in a 
weakly absorbing (formally, a transparent) medium that the quanta in normal 
waves have an energy Jiw and a momentum hk, = (Rw/c) ny (w, s)s, where k, =kys, 
| s] =1, and the subscript & corresponds to a given wave (in a magnetized 
plasma we are dealing with ordinary, extra-ordinary, and plasma waves). In the 
classical region the results of the calculations are independent of the quan- 
tum constant Fi =h/2n, but one can bring no arguments to bear against using 
quantal considerations, if they are the convenient ones. The energy flux and 
gd d*Q and Py dw d*Q, where 


d*2 is an element of solid angle and where we have temporarily used spectral 


energy density in waves of type & are equal to I 


densities referring to the range dw= 21dvV. We have also the relation 


I, = Vv = dw} 
g ~ Po Yor pg ~ Pg dk, = Po 


Cc 


(9.13) 
3 (um » ) 


du 
(ver pg 2 dw/dk, is the group velocity of waves of kind 2). 


lcos bo | 


oe e a e e n n 
We introduce the Einstein coefficients An : BF 


m ; 
» and B where An dw d*Q is 
the probability for spontaneous emission per unit time in a transition between 


the states m*n with emission of a quantum of the given normal wave in the 


202 THEORETICAL PHYSICS AND ASTROPHYSICS 


ranges dw and d’Q, B’ pdw d?Q the probability for the same induced transi- 
tion, and Bp dwd?Q2 the probability for the absorption of a quantum in the 


e e ° * n 
transition n*>m. The coefficients ane Ba? and B are connected through the 


relations 
nm. gn _ (2nc) * n 
ale a ear we Te (9.14) 
n? iw? & 
g oW 


Hence we get for the vacuum the usual relations (see, for instance, Heitler, 


1947) 
n _ (21c) ? n _ 271c 


= n 
m Aw? m™ #14? @ 


B (9.15) 


We can here understand by n and m any two states in momentum space for which 
the energy difference 6 ey = Mw =hv. If we were dealing with a transition 
between energy levels, we should take into account the statistical weights of 
these levels. By definition the relation (9.15) refers to waves with a single 
polarization. If we define the probability for an induced transition in vacuo 
as Be I dv d*2 — as was done, for instance, by Ginzburg and Syrovatskii 
(1966a) — we have Be = (c*/h ve) an » where an dv d?Q = 2m At dvd?Q is the 
probability for spontaneous emission in the ranges dv and d?Q. Finally, if 
we understand by AY dv d*Q the probability for the emission of waves with both 
polarizations, we can use the relation BY = (c*/2hv*) An which was applied 
by Ginzburg and Syrovatskii (1966a). However, we have not given here a suffi- 
ciently complete and well defined definition of the various relations. First 
of all, there is no basis for the transition made here to unpolarized radia- 
tion, although one might expect that in the way given one would obtain the 
average value of u for the two possible polarizations. Secondly, in vacuo or 
in an isotropic medium one has polarization degeneracy (the possibility of 
choosing normal waves with arbitrary polarizations), due to which one can only 


get the polarization relations from an extra analysis. 


Let us denote the electron densities in the states n and m with energies e. 


and €, by Ny, and Ny; here ea co fiw = hv. By virtue of (9.14) the 


absorption coefficient Hp dlong the ray for a wave of type & is then equal 


to 
in n 
Up =- i= we Main Oe Mans? dw | 7 
gL I, Po dk, 
813°? 


Nin - .16 
22 |cos | ), A (NL -N,,)- (9.16) 
Q ae 
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For the sake of simplicity we shall at once assume that Ja, -1| <1 and 
|cos oy f 1. Moreover, if we consider the ultra-relativistic case (’needle’ 
radiation, that is, radiation solely in the direction of the particle velocity) 
and assume the distribution function to be isotropic, we can put 
hv dN 

NUN =N(p-Ak)-N(p) = Ne(p- )-n (P) ap 
We have used here the fact that in the classical case considered hv<cp @ €. 
Finally, the emissivity in the range dv is equal to €,=) AON hv =} 27 AN hv F 
and it is, for instance from a comparison with (9.4), clear that we must in 
(9.16) replace At = Alon by (R?/2Thv) Py lv, &), where Pg (v, &) is a func- 
tion like the Pug (v) in (5.26) and (5.27), but referring to a wave of the 


kind &. We shall in what follows make clear what this means. We now give 


the final expression for Up under the assumptions made: 


aN (p) 
Hp =~ | Saye) p’ dp = 
Bo c* 2d eke 
= eT | € qe er 74g (v, €) dé, (9.17) 
qg(Y> e)= | R’ pp(v, €) d*2 , (9.18) 


where we have used the relations € =cp and N.(P) 4np? dp = No(E) d& ; more- 
over, we must make clear that when replacing in (9.16) the summation by an 
integration the element of phase space equals p*dp d?Q, where d’*Q is an 
element of solid angle into which the spontaneous emission takes place (by 
assumption the angle between p and k is small). According to (9.17) and 
(9.18) the problem of evaluating Hy consists of making clear the meaning of 
the quantities Py(vs €) or dg(v,& ). In an anisotropic medium such a proce- 
dure is completely clear as de is the spectral density of the power emitted 
by an electron in the form of a wave of kind &. However, im vacuo or in an 
isotropic medium where we have polarization degeneracy, it is necessary to 
make clear which waves must be considered to be the normal ones when the reab- 


sorption coefficient Hp is evaluated. 


It is true that at first sight it may seem that the result of the calculations 
should not depend on the choice of the polarization of the normal waves as it 
1s just thie independence which leads to the polarization degeneracy. Of 

course, this is just the case when one performs the calculations consistently 


using the kinetic equation method: a well defined choice of polarization of 
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the normal waves in the vacuum case and, in principle, the use itself of normal 
waves in any medium is not obligatory. However, in the Einstein coefficients 
method one works only with probabilities (intensities), and not with proba- 
bility amplitudes (fields). That is why the coherence of the different normal 
waves which occurs, in general, in the case of degeneracy can not be taken 
into account in the Einstein coefficients method. In other words, by the very 
nature of the method its use is, generally speaking, connected with fixing the 


type of wave for which the absorption coefficient is evaluated. 


For a ‘pure’ vacuum it is, of course, impossible to state which waves are 
normal waves. However, in that case there is no problem of reabsorption. If, 
nevertheless, one speaks of ‘reabsorption in vacuo’ one has merely in mind the 
possibility to neglect the effect of the cold plasma on the emission and 
reabsorption. However, a relativistic plasma in the source shows by the very 
nature of the reabsorption problem an effect on the absorption of the waves. 

It must also show some effect on the refractive index when the medium is aniso- 
trepic. This is obvious as we are dealing with relativistic particles (the 
plasma) in a magnetic field and hence there is in the system a physically 
preferred direction — that of the magnetic field. We showed in Chapter 5 that 
if the distribution function of the ultra-relativistic particles is not steeply 
anisotropic their radiation is linearly polarized with the electric vector in 
the waves a maximum in the direction at right angles to the projection H, of 
the vector H onto the plane of the figure; in what follows we shall for the 
sake of simplicity call such waves polarized perpendicular to the field, and 
waves with the E vector parallel ta H, we call waves polarized along the 
field. It is under such conditions natural to expect that the normal waves 
will also be polarized along and perpendicular to the field (we remind our- 
sleves that we restrict ourselves to angles y > mc*/@ » that is, that we do 
not consider radiation by particles with velocities in a direction which makes 
a small angle y « mc*/e with the field direction; in the case considered 
linear polarization also occurs only provided x »me?/@). Sazonov (1969) 
has confirmed this statement by a quantitative analysis. When we apply Eqns. 
(9.17) and (9.18) to evaluate the reabsorption coefficients of synchrotron 
radiation by ultra-relativistic particles in vacuo we must thus calculate the 
coefficients and Hy for polarizations perpendicular to and along the 
field (in other words, the index 2 ia replaced by 1 or |l). It is clear 
from all that has been said that we must take for pv, e@) and Py (v,@) in 


(9.18) expression (5.34) multiplied by 2msin Xx. Hence 
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2 id i oo ~ 
Y3e w, sinx \, . 
q. (viet) =————_- — Ks(z) dz +Kz|—-4] , 
i 2en Ve ie 3 $ \Vo 
¥¥e* ws sing y co v oa 
(v,e -— + — 2 |x dz +K (2)] 
qj ) 2cn Ve 3 (2) = : ves’ 
: V/Ve 
3. sinx 4, * eH me? 
c 4n n? H me 6 9 
nz uty ane? Om) 
n= {(2E-) +2} Pe et 
& Ww? > ?p m 


For the sake of convenience we have given here the expressions which are also 
valid for an isotropic plasma n=! -w5/2u* : {1 -n| <1, although we shall 
in what follows in this chapter usually put n=& =mc"/e . In the ultra- 
relativistic case considered with an isotropic (or weakly anisotropic velocity 
distribution of radiating particles no waves are emitted with elliptical 
polarization (if we neglect terms of order 7 = {(mce?/e )? + (w2/w?)}?). Because 
of this we can when analyzing the particular radiation of a source limit our- 
selves to the Stokes parameters I and Q or the intensities La 2 (I +Q) and 


Ij) = 4(1-Q). The spectral density of the power of the total radiation is 


equal to 
VZew sinX { 
q(v,@) = q, +4) Sp Ut) ae Ke(z) dz. (9.21) 
n fv/vy. 7 
In vacuo 73 e? H, . ° 
p(v, &) = Sa Se | Ks (z) dz , (9.22) 
mc Ve 3 
v/v, 
which is, of course, the same as (5.39). 
We introduce the notation 
HO = HOD +AQ0 6 Wy = UO) -AGO) . (9.23) 


The expression u(x) = a(u, + uy) is exactly the same as the expression one would 
obtain (see, for instance, Ginzburg and Syrovatskii, 1966a) if we used the 
above-mentioned relation Be = (c*/2h v3) Ar at once for waves with both polari- 
zations. This result is obvious as u(y) is the arithmetic average of uy and 
HW}, - For a power-law spectrum nN, (€) = Ke * we have (Ginzburg, Sazonov and 
Syrovatskii, 1968) 


4 10 


3 e3 3e FY bly +2), -b CY +4) 
ae A(x) =a (y) as KH v ~ (9.24) 


+2 2mm \2 1m’c° 
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Table 9.1 


In Table 9.1] we have given only the numerical values of g(y); the formula for 


e(y) is given by Ginzburg and Syrovatskii (1966a). 


For the case of a power-law spectrum of the electrons we get for the degree of 
polarization of the synchrotron radiation in vacuo, neglecting reabsorption 
(compare (5.46)) 


(0) _ (0) (o) 
I = qT aT = +] SE = 1+H, _ 3y+5 (9 25) 
OOO yeh) OT THT, 


Moreover, according to (9.23) and (9.24) we have 


6y +16 4 PH ow-aA 2 
= +)\ =——— ; = -\ =-——_——- . —_—= en ee 
al H 3y+10" Wy =u 3y+10. W utA 3yY+8 (9.26) 


The transfer equation of the type (9.10) has in the case considered clearly 


the form 

aT, 

ago Sail a a (9.27) 
where 

Eo = Jn, Oe ED Ne CED dE. (9.28) 


One can easily calculate the emissivity (9.28) for a power-law spectrum, using 
Eqns.(9.19) and (5.42). We restrict ourselves here to the remark that when 
there is no reabsorption it is clear from (9.25) that we get for the self- 


radiation of a uniform source of size L 


(o) 
I € 
2 Dias epee 
Ti 7 el : 1?) 7 ej, 2 (9.23) 


When we take reabsorption into account we get by integrating Eqn.(9.27) with 


the condition that at the start of the layer (where z =0) Tg = 0 
al € | 
I. Se a il ~exXp (-u,2) ] ’ Ty = uy (1 az exp (- Uz) ‘ (9.30) 
For a thin layer (source of size L) My yh <1 and 
a i f,  3y+5 eee y+) 
So a 2 r+ Ty 2 aad (9,31) 
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For a thick layer M t L>I1 and 


ap a ge ee II = 


ove! : (9,32) 


I+Iyl 6y +13 - 


Of course, those parts of expressions (9.31) and (9.32) which do not contain 
the index y have a general value and refer not solely to a power-law spectrum. 
We remind ourselves that when we use a power-law spectrum in our calculations 


we assume that y >F (see Chapter 5). 


Assume that the magnetic field along the line of sight is on average random 

in direction. We further assume that when waves propagate in such a field 
their polarization does not change when the direction of the field changes 
(this occurs when the geometric Optics approximation is inapplicable to des- 
cribe the polarization of the normal waves due to the fact that conditions 

such as Aldng o/d2| «|ng-n,], which we mentioned earlier, are not satisfied; 
for details see Zheleznyakov, 1970, §24). In such cases the anisotropy of the 
absorption vanishes for the propagation of waves in a random field and waves 
with any polarization will be absorbed identically with some absorption coeffi- 


cient wu. For a given angle y the average absorption coefficient is equal to 
(uth) = Uy) 


To obtain uw, that is, the average of w(x) over the angles y between the 
field H and the line of sight (the velocity of the emitting electrons) it is 


natural to evaluate the expression 
T 


S| u(x) siny dx = 


’ 3 hy _ 

ATES <— (32) KOT 2) dG ea | (9.33) 
27m c e 

——~  v3n T(h(y+6)) , (3y¥ +2 Sy 2) 


8(Y) = 3” TUG +8) r( 12 } r( 12 


Ginzburg, Sazonov and Syrovatskii (1968) have shown that Eqn. (9.33) which we 


did not derive rigorously is, indeed, the reabsorption coefficient for a 
random field. We have given the numerical values of the function g(y) in 


Table 9.1. For the sake of convenience we give also the following expression: 


u = gy) *0.019 (3.5 10°)” K, wey 2) hy +4) open ; (9.34) 


Ginzburg and Ozernoi (1966) have discussed reabsorption in a non-uniform field. 
We give below (see (9.47)) the formula for uw for the case of a mono-energetic 


electron spectrum. 
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The problem of the region of applicability of these formulae arises now, of 
course, that is, the question of whether one can neglect the effect of the cold 
plasma (the electron density N). To be able to do this it is, first of all, 
necessary that the cold plasma does not affect the emission of the relativis- 
tic electrons. Hence we arrive at the condition (see (6.75) and below in the 
present chapter) 


Aw? -3 
N(cm 
: os 29 Be og —NO wt 


1 37 W, sin x H H(Oe) siny 


4ecN 
3H 


Vv > 


: (9.35) 


Secondly, the rotation of the plane of polarization by the cold plasma must be 


small, whence we get the condition (see, for instance, Ginzburg and Syrovatskii, 
t+ 
1966a) ee 
v » 10° VNHLcosy - (9.36) 


This condition is, of course, not necessary, if the polarization of the normal 
waves is determined by the relativistic particles (this is the case when the 
inequality, which is the opposite of the inequality (9.41) given below, holds). 
Thirdly, the normal waves are linearly polarized only when the same inequality, 
which is the opposite of inequality (9.41), holds. All three conditions, 
written down here, are together sufficient for completely neglecting the effect 
of the plasma. However, this neglecting is under certain circumstances also 


possible under less stringent requirements. 


When in the radiating region there is a cold plasma present, we must take its 
influence into account, first of all, on the radiation process and, secondly 
on the wave propagation. For calculating the radiation one can, in general, 


assume the plasma to be isotropic provided 


w >w, = £2 = 1.76107 He) s-? , 
as it (9.37) 
Ww>wW = fiane’} = 5.64 < 10" N (em?) * S° 
Pp n 
in which case w? 
ie = 14 = n= ] ee ; [1 -n| «Kl, (9.38) 


In that case the effect of the plasma on the radiation is already reflected, 
for instance, in Eqns.(9.19) to (9.21). 


As to the wave propagation, conditions (9.37) are, of course, insufficient for 
neglecting anisotropy. However, the considerable simplification when these 


a gn Sr a Sc eS SP SS Si 


Here and below we equate the angle a between HM and k Co the angle x 
between H and the electron velocity v, as we are dealing with synchro~ 
tron radiation. 
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conditions are satisfied is first of all connected with the possibility to 


assume in most cases that the wave propagation is quasi-longitudinal, in which 


case 
w2 2 
n ®1- , an, = 1 = ; 
e = Oo 2w(W + W 
oe 4) ey (9.39) 
nN -n. = ae » W = Wy cosx .« 
e oO Ww L 


Here we have already assumed that [n -1|<«< 1. The e and o waves are 


e,0 
both circularly polarized with siaoetee directions of rotation of the field 
vectors, and in the extra-ordinary wave these vectors rotate in the same 
direction as an electron in the magnetic field. The condition for the applic- 
ability of the quasi-longitudinal approximation (9.39) are for the conditions 


which are of interest to us 


2 sin’y 
Seale ; sin’y « 1. (9.40) 
4w*cos?y 2u)? 


One sees easily that Eqns. (9.39) are practically always applicable in radio- 
astronomy, provided the effect of the relativistic particles on the refractive 
index is small compared to the effect of the cold plasma which is taken into 


account in (9.39). 


As a result of the effect of the relativistic particles (Sazonov, 1969, 1970, 


1973) 


: ee 
lat ere OO sa NOs 


where u(x) is the reabsorption coefficient given by (9.24) or by (9.33) and 
(9.34). Hence, we can neglect the role of the relativistic particles when 
evaluating n provided (no -n,) »>cu/2w , which leads to 


N> mc’ fata fsin yp? (y+?) K HY yey 
27m*c° Cos X e 


iny)? (Y +2) 
~ 10-§ (3,5 10°)" one K HY cm. (9.41) 


When Eqne.(9.39) are applicable, the problem of radiation transfer is appre- 


Cilably simplified. The tensors RaByé and Xopys become then very simple so 


that one can write Eqn.(9.3) in the following form 


? We have given elsewhere (Ginzburg, 1970b) details about all the condi- 
tions given here and the formulae for n, and n,. 
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a 6, —3(u, tHy) I + a(u,-uQ)Y> 
oe ey -3(u, +H) Ve+d(u,-u) tT, 

(9.42) 
dQ _ 


dz Eq ~# (Ue +o) Q * (k,-k,)U, 


au 
dz 


Ey ~b(Ue +o) U - (kK, -kQ)Q;> 


where we have changed to the Stokes parameters (Zheleznyakov, 1968, 1974). 


Here ke o = (w/e) n and fr v,q,u are combinations of the EB correspond- 


e,0 
ing to the ieansielon from the tensor TAB to the Stokes parameters (see (9.1); 
for instance, €, =€,) t€22). The Faraday effect is determined by the differ- 
ence nmg-Nny=(c/w)(ke-k,) and does not affect the equations for the 
intensity I and the degree of circular polarization M.,=V/I, but it affects 
the degree of linear polarization Ie = {q? +u2}Py1 and the orientation of 
the ellipse X¥ (we remind ourselves that tan2\X=U/Q). It is convenient to 


introduce the intensities of the extra-ordinary and the ordinary radiation 


I, = (I-v) , I, = s(I+Vv). (9.43) 
Using (9.42) and (9.43) we can write 
ar ei6 
dz *e,o7~ Ye,o Taio » Ee =3(€; -€y) » &5 = 3 (e; +€,) : (9.44) 


This result is rather obvious from the start: in the linear medium which we 
consider the intensity (energy flux) of each of the normal waves is indepen- 
dent of the intensity of the other wave. This conclusion refers to any normal 
wave, but if their polarization is arbitrary (elliptical) the intensities I, 
and I, are complicated expressions in terms of the Stokes parameters and it 
is not clear that it is expedient to use the Stokes parameters. However, 

also in the case of quasi-longitudinal propagation we must use all four Stokes 
parameters to characterize fully the radiation (see Zheleznyakov, 1968, 1974 


for the solution of Eqns. (9.42)). 


Nonetheless we shall restrict ourselves in what follows merely to discussing 
the problem of the changes in the intensity of the e and o waves, that is, 
we shall use Eqns.(9.44). When waves of only one kind are present, the polari- 
zation is given and Eqn. (9.44) completely describes the radiation. Such a 
situation occurs, in particular, when there is negative reabsorption and the 
layer is sufficiently thick. Indeed, in the case of negative reabsorption 


the intensity of the waves grows exponentially when they pass through the 
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layer when its thickness increases. Therefore, when leaving a thick layer the 
radiation consisting of those normal waves for which the absolute magnitude of 


the reabsorption coefficient wu is largest will dominate. 


We have already mentioned that, if (9.37) holds the effect of the plasma on 
the radiation is taken into account by Eqns.(9.19) to (9.21). Up to terms of 
order mc*/& half of the total radiation power q(v,€) =p(v,€), given by Eqn. 


(9.21), "goes over’ into each normal, circularly polarized wave. Thus we have 


deo =2P(vse) and, from (9.17), 
c? | 2 f( e i 
= = = —_— el os d = 
at a aearocney = ie s—}p(v,&) de 
¢0 
c2 N,( é) d 
- nem of (etp(se)}ae 
Brvr 4, © © . 
: v? 27-3 
p(v,8) =V3 tis 2 (=) | ve | RG) ai.. (9.45) 
mc l v* \me? Me V/V. 3 
3eH 2 v2 27-2 
eed tea | 
4m™mc \me v* \me 
2 2 
Vv Ww 2 
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For a better understanding of these formulae and for a comparison with other 


expressions we note that 
v? 2 


SY ah [ey Bh 
“CE (SE)! (8 8). 


It is clear from (9.45) that the effect of the plasma on synchrotron radiation 


and its reabsorption is unimportant when 


v2 ry 2 
2 (=) «1, (9.46a) 


Vv" Mine? 
This condition leads to the earlier inequality (9.35) (see (6.74)). In the 
region (9.46a) the integrand in Eqn.(9.45) for Heo is always positive and 


from this it follows that in that case we have always W, 9? Oo: As condition 


(9.46a) is always satisfied for a vacuum, UW is always positive in waeae. If 


however > 
- (=,) »> | (9.46b 
v? \me ” : ) 


see footnote on next page. 
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the effect of the plasma is pronounced and for a euitable choice of the 
electron spectrum Ne(&) the coefficient We 4 may turn out to be negative 
(McCray, 1966; Zheleznyakov, 1967a,b; Zheleznyakov and Suvorov, 1968; Bratman 
and Suvorov, 1969; Sazonov, 1970, 1973; Kaplan and Tsytovich, 1973; Teytovich 
and Kaplan, 1974). It is immediately clear from (9.45) that for a power-lav 
electron spectrum, Ne(&) = Kee’ » negative values of Heo are possible only 
when y <-2, that is, for a function N,(&) which in some region increases 
faster than €*. In the opposite case the integrand in (9.45) is always posi- 
tive, since the function p(v,@) is positive. The region where the function 
N.(&) increases with increasing € can usually not be very large and, at any 
Tate, when € increases further, one must shift into a region where N.(&) 
decreases. A power-law spectrum is therefore in the case under discussion of 
negative reabsorption of no interest (Zheleznyakov (1967a,b) has considered a 
spectrum of the form N,(e) =K,e’ , y’>2,€,<&<6€,3; N.(@)=0, & eee 
€,<€). Of more interest is a spectrum with a rather sharp maximum at an 
energy &., say (the width A& of the spectrum must satisfy the condition 

A& /mce* « 3 eH v"/4 mev- , which is completely compatible with inequality 
(9.12)). For such a spectrum we have (Zheleznyakov, 1967a,b) 


= lk 47 e ne) 4 1™mcv ("5- : 
H=U 374 i (2 : No Ks (25) ‘ Z. ~3eH, e,, (9.47) 


when e.< ain = (me* v/v)? (see (9.45) and (9.46)). I£, however, e:>» A 
(see (9.46)), we have 


3 
ey header ae 0(Z:) 
Samvv. &7 est rd 
r 4 mmev, es (9.48) 
$(Z) = 22 | Ks(u) du - Z* Ks (Z) ae a rpermacep ; 
7 3 3 1 3eH v mc? 


In (9.47) and (9.48) Noi is the electron density with the energy e. (> me?) 


which we are considering. 


Expression (9.47) is always positive; when there is no plasma it is valid for 
all energies, in agreement with what we have said earlier. The function o(Z;) 


can be negative and in the corresponding range of Z; values the coefficient 


a a 


t This remark is valid only if the function N.(&) is sufficiently smooth 


go that the expressions used for u (see (9.97) and (9.45)) are valid. 
For very ‘sharp’ functions N,(&) and anisotropic velocity distributions 
one may encounter a negative value of wy even in vacuo (see the paper by 
Zhelesnyakov and Suvorov (1972) and the references quoted there). 
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<0. It is negative in a range ' the order of 0.7 to 1. 3™ Vi ax where 
Me is the frequency for ae jutt | is a maximum. At that a ee 
3 
II -2 e” ¥ 
ue ee = 1052 — ~p = -8.5x107> —2 ~1 
ane me oe Ne 6a 8.510 a ci ‘ 
max max 
(9.49) 


2amev> ¢.\h 
any (0-24 TES Fa) 
max eH. mc 
At the same time the coefficient ut at the maximum of che frequency spectrum, 
that is at the frequency v, (see (5.40)), is equal to 
I N. : 2\5 | eH &.\2 
H (v,) ms 2.41078 see (3¢-) em’, v. 0.07 + (-+) : (9.50) 
iG i 2 

Zheleznyakoy (1967a,b) and Kaplan and Tsytovich (1973; Tsytovich and Kaplan, 
1974) have given some estimates of the negative reabsorption aoefficient for 


a number of cosmic sources. 


So far we have considered only the case of quasi-longitudinal propagation 
where we could neglect the difference We UG: Zheleznyakov and Suvorov (1968) 
have considered transverse propagation (x =4 7) in a plasma and in that case 
it also turned out that negative reabsorption is possible. Bratman and Suvorov 
(1969) obtained expressions for ue and Uy for any angle x between the field 
and the line of sight. It turns out that the coefficients U, can be negative 
for any Xx, but only, of course, for well defined kinds of spectra N,(€), and 
not for all frequency ranges. Moreover, they found an expression for the dif- 
ference U,-U, for quasi-longitudinal wave propagation. This difference is 


small since 


2 
W,, W WwW 273 
ee aoe emia i «eRe a _H eM 
lu. ul {2 +b—+d [ n | } eo? (9.5la) 


where a, b, and d are numerical coefficients of order unity. At the maximum 


of the radiation 


& 
n= [(e) - ~ [vent Se] 


and, hence, we have in this case 


lu, -u, | ~ {s 2 


: 9.51b 
Tme } Wes ( ) 


It is clear from conditions (9.46a) and (9.46b) that in the region where the 
4\4 ww} 


effect of the plasma is important, but not yet too large, (ws /w? (e /me F 
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n~me*/E& and, hence, lu, ~uyl ~me?/@. In the broad, and more important, 


range of parameter values where w/w" <mc7/@ we have 
{ me* wy }) 
- od F-| <a +-_ —_— ‘ 
lu,-Hl~ a ( —) —2 


In most cases the factor n is small so that even when Jus ott > 1, it is 
difficult to expect that the condition [ue -UgIL 21 is satisfied. If, 
nonetheless, this condition will be satisfied for negative Wag? in the 
synchrotron radiation of the source one of the waves will dominate, that is, 
one should observe in that case complete circular polarization (we refer to 
Zheleznyakov (1968, 1974) for the general expression for the degree of circu- 


lar polarization in the case when lu, oll »>1). 
> 


There can not be any circular polarization in the approximation in which 
Ue =U_ and the emissivities E,=€,- However, the linear polarization can 
change also in the case, when the effect of the plasma does not affect the 
absorption and emission of waves. In fact, if condition (9.36) is not satis- 
fied, one observes not only a rotation of the plane of polarization, but also 
depolarization of the radiation. The fact is that through the effect of the 
Faraday rotation by itself the degree of linear polarization decreases by a 
factor 

sin[}(k, -k,)L] 

a(k, kL 

where Keo = (w/e) me and L is the size of the emitting region along the 


line of sight (see, for instance, Gardner and Whiteoak, 1966; Zheleznyakov, 


1968, 1974). The degree of circular polarization from a thick layer with 
u>O is equal to (Zheleznyakov, 1968, 1974) 


_v _ He ~Ho * (Ue +49) {0 Ue “Ho (o) 
Mezs ee a Ne" (9.52) 
Ue ty + Cu, ~Ug)T : 


where we used, when going over to the last expression, the relations 


(0)  €o~£e 
lu. -u,| «yu, eu and WO so «Kl. 
o “e 

The estimate for lu, -ugl had already been given (see (9.51)); it is clear 
from (9.17), (9.18), and (9.28) that in the region where these formulae are 
valid (HU, - U5) 2u ~ ae Moreover, the formula (9.17) for ue itself was 
obtained under the assumption that the radiation had the nature of needle 
radiation, that is, neglecting terms of order mc*/€. Furthermore, it is well 


known that even in vacuo hae mc*/e (see Chapter 5). Combining various 
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estimates we arrive at the conclusion that usually (when p>O) the degree 


160) 


of circular polarization, or Tl is small and of order mc*/& or 


ce? 
n= {(mc?/e)? + 2/07}, The occurrence of circular or elliptic polarization 
of synchrotron radiation is therefore remarkable, as in the simplest cases 
this radiation is always linearly polarized. Circularly or elliptically pola- 
rized synchrotron radiation for a system of radiating electrons with a quasi- 
isotropic distribution may arise either in the case of not too relativistic 
energies, or when we take into account the effect of plasma anisotropy. The 


position changes if we are dealing with synchro-Compton radiation (see the end 


of Chapter 5 and the references given there). 


Under conditions of negative reabsorption there may occur not only changes in 
the polarization, but also a strong dependence of the reabsorption coefficients 
Woy or aa on the angle x between the field and the line of sight. As a 
result, if the field in the source is inhomogeneous, but not totally randon, 
when w<0O radiation will be preferentially amplified in direction with maxi- 
mal |u|. Thus, when [u[L>1 and, especially when |y|L>>1 separate regions 


of an inhomogeneous source will look anomalously bright. 


In this Chapter we could dwell only upon a relatively small part of the problem 
of the effect of a cold plasma on synchrotron radiation and its reabsorption. 
One still needs to analyze in this field a whole range of problems and possi- 
bilities; first of all there are the problems of negative reabsorption and 

the polarization relations under various conditions and their applications to 
different kinds of sources. Zheleznyakov and Suvorov (1972) have reviewed 


this field. 


Chapter X 


ELECTRODYNAMICS OF MEDIA WITH 
SPATIAL DISPERSION 


Spatial dispersion. Normal waves in an anisotropic medium. 
Some effects of spatial dispersion in crystal optics. 


When earlier we used the electrodynamics of continuous media we assumed 
that the dielectric permittivity was either constant or dependent on the fre- 
quency only (taking temporal dispersion into account). It is, however, well 
known that there is a rather broad range of phenomena — especially in plasma 
physics, but also in metal physics and in optics — for the analysis of which 
One must pay attention also to spatial dispersion, that is, the dependence of 
the permittivity on the wavevector. In the present chapter we shall consider 
both general problems of the electrodynamics of media with spatial dispersion 
and also a few effects of spatial dispersion in optics (for details see 
Agranovich and Ginzburg, 1966; in what follows we shall to a large extent 
follow another paper by Agranovich and Ginzburg (1971)). The role played by 


Spatial dispersion in a plasma will be discussed in Chapter I]. 


Spatial dispersion occurs as the induction D in some point r is determined 
by the electromagnetic fields E and B not only in the same point, but also 
in the vicinity of that point. We shall make this clear in detail a little 
later, but before that we shall for the sake of convenience give again the 
initial field equations and we shall write down the relations connecting D 


and E in linear electrodynamics. 


The initial equations have the form 


13D 4t : = 
curl B = COL es asec: div D= HD 6 : ‘ ' 
0. 
aes div B = 0 
c ot a 


where E is the electric field strength, D and B are the electric and magne- 
tic inductions (we do not distinguish between the fields B and WH but, in 
contrast to other chapters, we use B as is usual in the electrodynamics of 
media with spatial dispersion), and en and Poxt are the current and charge 


densities of the external sources. The induction D is given by the relation 


aD _ 3E GT } 
dt at J o> 
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where j is the current density produced by the fields E and B; it is some~ 


times convenient to introduce also the polarization P and then D= E + 4nmP, 


If there are sufficiently sharp boundaries present it is necessary to use 
boundary conditions which one can obtain from (10.1) by taking suitable limits, 


These conditions have the following form 


E,. = Ey [na (B, -B,)] = == (iti )s 
(10. 2) 


B, «=B D, -D = 4n (o+0 


In 2n ’ 2n In ext) . 


here n is the normal to the boundary surface in the direction from medium | 
into medium 2, and indexes nm and t correspond to the normal and tangential 
components, loyt and Opyye are, respectively, the external current and charge 
density, while the densities i and oO can, in particular, be expressed in 
terms of D by integrating over the thickness of the surface layer. To be 
precise 2 
i -— | (9D/dt) dz 
) 


and 


Oo = Lf in a[Dan]| dg 


(see Silin and Rukhadze, 1961; Ginzburg and Rukhadze, 1975). The densities i 
and 0 are, in general, non-vanishing when spatial dispersion is taken into 
account in which case there are derivatives which occur in the relation between 
D and E (vide infra), In this connection we note that if one usually puts 

| =O and 0 =0 when neglecting spatial dispersion, then there are no special 
reasons for detailed assumptions when spatial dispersion is taken into account. 
We note also that in deriving the boundary conditions (10.2) we assumed chat 
the physical fields E and B could not become infinite at the boundary while 
the induction D may tend to infinity (this is, for instance, possible when 
the value of D is determined by the derivatives of E along the normal to the 


boundary). 


When one obtains Eqns. (10.1) from the microscopic Maxwell equations one must 
perform statistical averages in these micro-equations (for details see 
Robinson, 1973 and the literature quoted there). The vectors E,D and B in 
(10.1) are thus statistical averages. The meaning of these averages is com 
pletely clear for media which are in thermodynamic equilibrium. However, the 
average can also be evaluated in the more general case, such as for metastable 


states corresponding to overheating or undercooling. Due to the averaging 
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fluctuations are not taken into account in (10.1), but the average fields E, 
D and B can change in any way whatever in space and time — any additional 
averaging (additional to the statistical averaging) of the fields over r is 
not only not necessary but, in general, is impossible in the electrodynamics 

of media if one takes spatial dispersion consistently into account. Similarly, 
it, is, in general, impossible to average over t when temporal dispersion is 


taken into account. 


The set of Eqns. (10.1) is not complete and, if at all, without content 
until we have given a relation which enables us to express D=E+ 47P in 
terms of E. In the framework of linear electrodynamics this relation — which 
is sometimes called the material equation or the connecting equation — can be 


written in the general form 
t 


D.(r,t) | dt/ | d?r/ E, (tye! sry’) E.(r! ,t') P (10.3) 
- © 

The causality principle has been taken into account in (10.3); as a result the 
induction at time t is determined only by the fields in the past and the 
present, that is, at times t’ <t. If the properties of the medium do not 
change with time, the kernel es; can depend only on the arenes T=t-t!. 
Similarly, if we can take the medium to be spatially uniforno, ae will depend 
only on the difference AR=r-r’, For such media Eqn.(10.3) can be written 
particularly simply for fields in the form of plane waves, that is, for fields 


of the form 
E.(r,t) = B;(w ,k) exp[i(k*r)-iwe] . (10.4) 
Substituting (10.4) into (10.3) we find 
D, (w, k) = €; (wk) E, (w,k) . (10.5) 


where r a 

e..(w,k) = | ar | d°R exp [-i(k-R) + iwt] €; ;(t JA). (10.6) 
1j , 

It is clear that for fields which in some way depend on r and t the quanti- 


ties E(w,k) and O(w,k) have the meaning of the appropriate Fourier compo- 


nents; for instance, 


E.(w,k) = Exar. elke r)+iwe gap ae 
1 27) * 1 


The tensor E,W. k) describes completely not only the electrical, but also 


the magnetic properties of the medium, that is, it takes into account the 


220 THEORETICAL PHYSICS AND ASTROPHYSICS 


effect of B on D — or, what amounts to the same, on the induced current 


; 1 @ ; 4 
J “an de (D-E). Indeed, the field equation 


1 38 
curl E ae ae 


in terms of the Fourier components has the form 
B(w,k) = = [kA E(w k)| ; 


One can thus assume that in (10.3), and then also in (10.5) and (10.6), the 
effect of B on D is taken into account together with the spatial dispersion. 


If, however, one neglects spatial dispersion, that is, if one puts 


€; ,(w+k) = €, (wk +0) a €; (wu), 


one must assume for non-ferromagnetic substances in the optical region of the 
spectrum that Bi =i; Hi, =H; , that is, Wig = 63; , where Si; is the Kronecker 
delta-function. For ferromagnetics Wig (w) does no longer always reduce to 
855 even in the optical range, let alone the low-frequency range. As k~+ 0 
it is necessary at low frequencies to introduce the magnetic permeability 
tensor Wig also for para- and diamagnetics. This problem — like practically 
all others touched upon in the present chapter — is either discussed in detail 
in the book by Agranovich and Ginzburg (1966), or the appropriate literature 
is cited there (for more recent references we refer to Agranovich and 
Ginzburg's papers (1971, 1973; Ginzburg, 1973b)). It is sometimes convenient 
to use instead of the tensor €; (wk) its inverse, that is, the tensor 


er (w,k). In that case we have clearly 


a -! 
E.(w.k) = e7,(wsk) D;(w sk) : (10,7) 


The dielectric permittivity tensor €;; (w,k) is assumed to be known in the 
framework of the phenomenological theory. To calculate it for a crystal, or 


for any other condensed medium, is a problem for the microscopic theory. 


One sees easily from Eqns.(10.3), (10.5), and (10.6) that the k-dependence of 
the tensor €;;(w,k), that is, the spatial dispersion is immediately connec 
ted with the fact that the induction at the point rf is determined by the 

value of the electric field strength not only at the point r, but also in its 
vicinity. In other words, spatial dispersion is caused by the non-local rela- 
tion between D and E. Similarly, the u-dependence of €;; (wk) (temporal or 
frequency dispersion) is caused by the ‘non-local’ time-dependence of Eqn. 

(10.3). As the eigenfrequencies Ws of the medium usually fall into the fre- 


quency range considered, the ratio w;/w is of order unity and the temporal 
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dispersion is, in general, large. The position is different in the cage of 
spatial dispersion for dielectrics. This is connected with the fact that the 
wavelength A}=A./n= 21c/nw in the optical band (let alone for lower frequen- 
cies) for dielectrics appreciably exceeds the characteristic size of the 
neighbourhood of the point fr which makes a significant contribution to the 
integral (10,3). Indeed, this size is in dielectrics of the order of atomic 
dimensions or of the order of the lattice constant a~ 10° to 107’ em so 
that the ratio a/A ~10°*, that is, very small, At the same time, in an 
isotropic plasma, for instance, the characteristic size a determining the 
Magnitude of the spatial dispersion is the Debye radius Tp= (k,T/8nNe?)? and 
in a conducting medium it is the mean free path £, when collisions are taken 
into account. For those media, therefore, spatial dispersion is, in general, 
small only when the conditions tp «<A and &£<«<dX hold which cannot be satis- 
fied in a number of completely realistic cases (see, in particular, Chapter 11). 
The smallness of the spatial dispersion considerably simplifies the analysis 


of the optical effects caused by it, and we shall use this in what follows. 


We now make a few remarks about the general properties of the tensor 
€; ,(w>k). This tensor is, in general, complex, even for real w and k. At 
the same time, a real field E in the medium leads, of course, to a real induc— 
tion D. From this it follows that the kernel E53 (t »R) in (10.6) is real 


and, hence, in the general case we have (for complex w and k) 


- 3% Lk 
or, what amounts to the same, 
kLey Ok 7] 7 
€, ;(w Kk )=e;.( w ,-k). (10.9) 


Using the symmetry properties of kinetic coefficients (see Landau and Lifshitz, 
1960, §§ 82,88) leads to another relation: 


€;;(w »k,B.,,) = €,;(w »—-k ,-B.54)3 (90.10) 


here B is the magnetic induction which is constant in time and which is 


ext 
non-vanishing when there is an external magnetic field or a magnetic structure 
(ferro- and antiferromagnetics). For the sake of simplicity we shall in both 
those cases call B,,, the induction of the external magnetic field; hence 


the index. 


The proof of Eqn.(10.10) for the tensors €; ;(w) and e,,(¥,8 ) is given by 


exc 
Landau and Lifshitz (1960). There are no principally new features in the 


generalization to the case when spatial dispersion is present — as the vectors 
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k and Boy behave in the same way under time reversal one might say that 
changing from the relation €;;(w » 8.4) =€:;(w »~Bexr) to (10.10) ia almost 
trivial. We note merely that Eqn. (10.10) is usually proved only for real wy 
and K. However, in the analyticity domain, which we shall be discussing 


below, these relations retain their form also for complex w and k. 


A medium is called non-gyrotropic, if for all w and k 


€,, (ok) = €. (wok) : (10.11) 


We have dropped the argument B,,, in (10.11) as the tensor ei; is, strictly 
speaking, in an external magnetic field always asymmetrical (it equals €s5 


only when B.,, is replaced by -B we have here in mind just the exter- 


xt’ 
nal field and do not refer to the en of an antiferromagnetic when there is 
no external field present in which case the tensor ae may remain symmetric, 
even without the change from Boat to -Boxr)- We might therefore talk about 
gyrotropy caused by the magnetic field. In order not to cause confusion we 
call such a gyrotropy magnetic activity and the corresponding medium a magneto- 
active medium (see Chapter 11). We shall call in what follows a medium gyro- 
tropic only when the tensor €;- for it is non-symmetric only when spatial 


J 
dispersion is taken into account. 


It is clear from (10.10) and (10.11) that for a non-gyrotropic medium 


€,,(u>k) = €; (a .-k) , (10.12) 


In a gyrotropic medium there must thus exist at least one direction which is 
not equivalent to the directly opposite direction. In other words, only a 
medium without a centre of symmetry can be gyrotropic. The opposite conclu- 
sion is incorrect — a medium can be without a centre of symmetry, but not be 
gyrotropic, as the satisfying of Eqn.(10.12) can be guaranteed due to the 


presence of other symmetry elements. 


When there is no spatial dispersion, condition (10.12) is satisfied automatic- 
ally and the medium is always non-gyrotropic. Gyrotropy is thus a spatial 
dispersion effect and is the most important optical effect of this kind which 
has been known for a long time. However, if there is no spatial dispersion, 


but Boy, #0, magnetic activity, of course, appears as 


e; ( » Bex) * €,;(w »~Bexr) > (10.13) 


and the tensor €,. is, in general, for given w and Boxe non-symmetric (in 


err €; ;(w » Baxt) =€;;(w 2-B.,,) which may occur in antiferromagnetics 
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when there is no external magnetic field present; in antiferromagnetice Boy; 
is the statistically averaged magnetization in a given micro-volume of the 
crystal, which vanishes only on the average taken over the whole elementary 


cell of the magnetic structure of the crystal). 


The definition of a gyrotropic medium as a medium with a non-symmetric tensor 
€,, (sk) is, of course, somewhat formal. It will, however, become clear from 
what follows that it is just the non-symmetric feature of the tensor ae 
which leads to those peculiar features (for instance, the rotation of the 
plane of polarization in normal waves when there is no absorption) which dis- 


tinguish gyrotropic from non-gyrotropic media. 


It is often convenient to split the tensor aie into its real and imaginary 


parts Re ei; and Ime; ; and also into two Hermitean tensors ei; and ef 


€1; = Ree Lime , (10.14) 
e.. =el.+ ie” , ef. = (e’.)* , ef, = (e”.)* ; (10.15) 
1j 1j Us ee a ji 1j ji 


where the asterisks, as in other cases, indicate complex conjugates; we note 


that one sometimes introduces instead of ec the Hermitean conductivity 


tensor ae , defined by 470, , 
lg eee (10.16) 
1j 4) 


It is true that one also uses the complex conductivity tensor 
o.,=0/,+i0”, =~iw(e..-6.,)/4T ; 
13 13 1j 1j 1j 

in that case the quantity Fe should occur in (10.16). 


When one neglects spatial dispersion and when there is no constant magnetic 
field present we find clearly from (10.12) and (10,13) that the tensor . (w) 
is symmetric 

ae (w) = E(w) : (10.17) 


Both in this case and in the more general case (10.11) we have clearly 


Ree... = €/. and Ime.. = e€”.. 
1j 1j 1j 1j 


It follows from requirements which are connected with the causality principle 
that the function ae (w,k) in a medium which is in equilibrium (or at least 
which is stable) does not have any singularities in the upper half-plane and 

on the real axis of the complex variable w . Using this fact one can under- 


stand a whole number of relations for and properties of the functions 
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€,, (wk). The most important ones of those are the diepereion relations 
connecting Re €, ; (w »k) with Im €, ,(w »k). Taking apatial diepersion into 
account introduces here little what is new ~- it usually reduces to the same 
relations as for the function €.,@), but including the wavevector k as a 
parameter. We shall therefore not dwell upon the dispersion relations — this 
is done in detail by Landau and Lifshitz (1960) for the case without spatial 
dispersion in an application to an isotropic medium. The generalization to 
the case of an anisotropic medium and a medium with spatial dispersion can be 


found in §1 of the book by Agranovich and Ginzburg (1966). 


An important part of the electrodynamics of continuous media is devoted to the 
study of the propagation of electromagnetic waves pToduced by sources outside 
the medium considered. In particular, in crystal optics one studies usually 
just that kind of problem and most often one is dealing with even a narrower 
problem — the propagation of plane monochromatic waves in which the electric 
field is of the form 


E = £, et ken —iut , (10.18) 


here E, is a complex vector which is independent of the space and time coordi- 


nates r and t, while K and w are the wavevector and frequency. 


One should bear in mind that Eqn.(10.)8) with E, =constant is not the most 
general one — sometimes one must consider also a field of the type (10.18), but 
with E, = E (ker) »E =constant. However, this necessity arises only very 
Tarely (case of singular axes in crystals of the lowest crystal systems and a 
few other cases; see Agranovich and Ginzburg, 1966, § 2). We shall therefore 


restrict ourselves in what follows to expressions of the form (10.18). 


Solutions of the type (10.18) satisfy the homogeneous electromagnetic field 
equation, that is, Eqns.(10.1) without the external (given) currents and 

char ges ae and Pext» only if k and w are interrelated. This connection 
is given by the dispersion equation and allows us, for example, to express k 


in terms of w: 


k=—n(w,s)s. (10.19) 


om ht 


‘Here n = nti is the complex index of refraction, n is the index of refrac- 
tion, K the index of absorption (u=2wk/e is the absorption coefficient in 
terms of intensity), and s a real unit vector (we consider now only uniform 
plane waves in which K=k,+ik,,k, and k, being collinear; moreover, in 
accordance with the statement of the problem which one encounters in optics we 


have taken the frequency w to be real). The dispersion equation determines 
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7 


the function fi in terms of the coefficients which occur in the field equations, 
that is, in terms of the permittivity tensor €ij and to each value of w and k 
there correspond several values n=Np where the index 2& corresponds to one or 
other solution— a normal wave. Normal waves (for given w and 8, but different 
2) differ also in their polarization, that is, in the vector E,, in (10.18) 


which is determined (apart from a multiplying factor) from the field equations. 


The problem of crystal optics” consists formally speaking, thus in the first 
instance of a study of the functions Ny (w, $) and E,9(w,s). In turn all 
information about these functions is contained, if we do not mention the field 
equations, in the complex dielectric permittivity tensor €; (ok) . If we in 
this case neglect spatial dispersion, that is, assume that €;,7€;;©; the 
problem reduces to what is usually called ‘classical’ crystal optics. In this 
way classical erystal optics is, of course, contained in crystal optics with 


spatial dispersion as a special (or limiting) case. 


In the optics of practically non-absorbing or weakly absorbing crystals the 
spatial dispersion is weak in that sense that its magnitude is determined, as 
we already mentioned, by the small parameter 

kaw~w~- =X]. (10,20) 


This igs just the reason why one can usually neglect spatial dispersion in 
crystal optics, unless we are dealing with qualitatively new effects (gyro- 
tropy, optical anisotropy of cubic crystals, the appearance of additional 
normal waves, a non-vanishing group velocity for longitudinal waves, and so 
on). Moreover, the presence of a small parameter enables us to simplify 
strongly and to make more precise the study of the effect of spatial 


dispersion. 


Taking spatial dispersion into account in crystal optics and in general in 
electrodynamics is not something principally new and it can be traced back to 
the last century. However, it is only in the last 15 to 20 years that crystal 
optics with spatial dispersion became a more or less independent subject of 
study. At the same time, and even more strikingly, taking spatial dispersion 
into account became an organic constituent of part of modern electrodynamics 
of continuous media, of plasma physics, solid state theory, theory of metals, 


and so on. The modern structure and position of crystal optics, even if we 


: We use here this term for the sake of simplicity also when we are deal- 


ing with a more general case, namely, the propagation of waves in an 
arbitrary (in general, anisotropic) medium. 
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forget about plasma physics, must thereby be based upon electrodynamics taking 
spatial dispersion into account. In other words, one should start from the 
relation (10.5) and obtain a whole series of general results, and after that 
go over as a particular (albeit very important) case to the exposition of 
classical crystal optics. However, in the optical literature one proceeds, 

as a rule, in the old-fashioned way — one develops to begin with, and often 
even exclusively, the classical crystal optics. This is just the reason why 
it is appropriate to discuss in the present book crystal optics taking spatial 


dispersion into account. 


We now turn to finding all normal electromagnetic waves of the type (10.18) in 
an infinite uniform medium characterized by the tensor ei; (w, k). Such waves 
satisfy Eqns.(J0.1) with Lia 0 and Poy, =9 from which we get the wave 
equation 

1 39°D | 


curl curl E + — =O. 10,21] 
. ce? dtr? ( ) 


For the plane waves (10.18) Eqn.(10.21) takes the form 


2 
D = < {x7 E-k (k*E)} . (10,22) 
Substituting here the relation (10.5) we find 
fw? aie } 7 
lo €; (u,k) k's tk kf Eo = 0, (10,23) 


This algebraic set of equations has a non-trivial solution E#0 provided its 


determinant vanishes, that is, provided 


2 
— €,.(w,k)-k?6,, +k. k.| 20. (10.24) 
c 1j 1j 1 Jj 


Equation (10.24) is often called the dispersion equation — it establishes a 
Felation between w and k for normal waves, and its solution can be written 


in the form 


=m ° = Pe 10.25 
Wo w, (k) , R= 1, 2, 3, ( ) 
or in the form (10.19). that is, expressing kK in terms of w, 
212 
= w n 52 = Cc k 10,26 
k 7 n(w,s)s nS rr ae ( ) 


where the index & corresponds to the different normal waves. Ome can also 


write Eqn.(10.24) in the form of an equation for n?(w,s): 


~t = ~2 7 7 
(€;; 8; s;)n -{(e;; 6; 8;)&. CA s;s;)}n + le, 0, (10 27) 
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where €, 5 TFE;,= €,,+€,,+€,, and le; 5 is the determinant of the 


matrix £4? 

When spatial dispersion is neglected, that is, when Ei, 7€;,@), Ean. (10.27) 
is often called the Fresnel equation, and it is the basis of classical crystal 
optics. In that case Eqn.(10.27) always has only two solutions ni? and ns 
whence it is clear that for arbitrary w and S$ in a medium there can propa- 
gate only two normal waves for which the vector E(w,s) has the tranaverse 
component E = E- (s °E)s, s=k/k. Waves with E =0, that is, longitudinal 
waves can in that case exist only for a discrete set of frequencies w. Indeed, 
for such waves D=0 (see (10.22)) and as we have the relation D, =€;; E. » we 
are led to the conclusion that for D=0 and E#0 for longitudinal waves w 


and k must in the general case satisfy the relation 


Je; (ask) = 0. (10, 28) 


We muat, however, bear in mind that satisfying thia equation is necessary, but 
not sufficient for the occurrence of longitudinal waves. When we neglect sapa- 
tial dispersion Eqn. (10.28), which can also be obtained from (10.24) takes the 


form 
Je; &) | = 0. (10,29) 


The frequencies w = Ww) which satisfy Eqn.(10.29) are the frequencies which 
longitudinal waves can possess. For an isotropic medium we get from (10.29) 


the condition 
€(w) =O. (10,30) 


Of course, one could have arrived directly at this very important condition by 
considering an isotropic medium without spatial dispersion when D(w) = e(w) E(u) 
As in a longitudinal wave by definition E)=Ek/k, in it D=0 (see (10.22)) 
and the field E is non-vanishing only when condition (10.30) is satisfied. 
When, however, spatial dispersion is taken into account Eqn. (10.28) gives for 


longitudinal waveea a dispersion relation wy = wy(k). 


Wavea with E #0 play the main role in crystal optics, aa just these waves 
are most strongly excited by light. When spatial dispersion is taken into 
account Eqn.(10.27) can for these waves have in some spectral ranges not two, 
but a larger mumber of solutions. However, even in the case when new solutions 
(‘additional waves’) do not turn up, spatial dispersion leads to a number of 
new effecta amongst which natural optical activity (gyrotropy), and also the 


optical anisotropy of cubic crystals (it is well known that when spatial 
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dispersion is neglected cubic crystals are optically isotropic) are the most 
important ones. All these effects were already mentioned and are discussed 
below, and for their analysis in a phenomenological theory it is necessary to 


know how the tensor ei: (w,k) depends on k for small k. 


Before we turn to that problem, we make a few remarks. For instance, we mst 
bear in mind that when we consider the k-dependence of €;;(w »k) we must 
remember that Eqn.(10.5), which connects the quantities D and E for one and 
the same value of k, was obtained earlier under the assumption that the 
Medium is spatially uniform. However, crystals are in actual fact not spatially 
uniform media as, for instance, the lattice sites are not equivalent to other 
points. Use of the tensor €, (w>k) » which was introduced under the asaump- 
tion of a uniform medium (after statistical averaging), for applications to 
crystals must therefore clearly be limited. An analysis of this problem (see 
Agranovich and Ginzburg, 1966) enables us to reach the conclusion that the 
use of Eqn. (10.5) in crystals is justified provided the wavevector k is small 
compared to the basis vectors of the elementary cell of the reciprocal lattice, 
that is, provided k«<1/a or A>a, where a is the lattice constant. These 
inequalities, the meaning of which is obvious already from purely qualitative 
considerations, are clearly satisfied in the optical range of wavelengths 
where a/A ~ 10°°. We shall therefore in what follows use the tensor €; (wk) 


without restrictions in crystal optics. 


Another and completely independent problem about the conditions of the applic- 
ability of the material Eqn. (J0.5) when spatial dispersion is taken into 
account arises when we change from a crystal of infinite extent which is, of 
course, an idealization (which, however, was used when we changed from (10.3) 
to (10.5) and (19.6)) to finite size crystals. As Eqn.(10.3) is an integral 
relation the presence of boundaries of the crystal have been taken into account 
in it and the exact boundary conditions for the fields are retained. If the 
point r is far from the crystal surface at a distance appreciably longer than 
the size R of the neighbourhood which makes the main contribution to the 
value of the induction, the kernel Cre becomes equal to the kernel ei; in 
(10.6) which is used for an infinite crystal. For such pointa the electric 


field in the form (10.4) clearly leads to the induction 


Dir ,t) = D(w, k) ei(k, r)- iwe 
which is also in the form of a plane wave and the relation between the ampli- 


tudes of E and D is just given by Eqn.(10.5). It therefore follows from 
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what we have said that one can use the material equation in the form (10.5) 
provided the thickness of the crystal is large compared to R. In dielectrics 
the magnitude of R is usually of the order of a where a is the lattice 


constant. 


One should, moreover, note that when we consider additional waves and at the 
same time use the tensor €.,(w,k), and not the general integral relation 
(10.3), the boundary conditions (10.2) are insufficient. One can in principle 
obtain additional boundary conditions (10.3), but usually they are introduced 
less rigorously from different considerations (see Agranovich and Ginzburg, 
1966, §10). One should in connection of the problem of the boundary condi- 
tions in the electrodynamics of media with spatial dispersion make yet another 
remark which one should bear in mind also when there are not additional waves 
present. The question is the necessity to take into account the possible role 
of higher derivatives when writing down the actual form of the boundary condi- 
tions (10.2). Let us elucidate this using the equation div D=0 as an example. 
To obtain the boundary condition at the boundary between the media | and 2 we 
take a limit — we integrate the equation 
oD. dD aD. 

div D= — 5k ae. 
along a direction normal to the diffuse separating boundary. Taking that 
direction as the z-axis and taking the limit of a sharp boundary we get the 
condition 


D,,-D,, = €,E,,- €,£,,=0, (10.31) 


Zz 


where we have put D=e€€E when changing to the second equation, and have taken 


€=€, in the first and €=€, in the second medium. Let us now assume that 
D=€E +6, curlE +curl (6;,E); (10.32) 


where, of course, in a uniform medium D=eE + (57+ 6r1) curl E, the material 
Eqn.(10.32) corresponds to the relation between D and E in the case of the 


simplest (isotropic) gyrotropic medium, 


Proceeding now in the usual way we get the boundary condition 


D -D = - 
6 curl E. Sin, 


2n in II,2 curl | E, ’ (10.33) 


or 


- €,E,,+5 curl E,-6, , curl, E,=0, (10.34) 


I,2 I,] 
where we have used here the more general index n rather than z, as it charac- 


terizes the direction of the normal. The appearance of additional terms in 
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(10.33) and (10.34), as compared to (10.31), is clearly explained by the 


inadmissibility of neglecting the integrals 


[ Galax am [G8 


when using the relation (10.32), even when the thickness of the transition 


layer between the media 270. 


In the optical band where the spatial dispersion is small (this means in 
(10.32) that &5~ a «X) the generalization of the boundary conditions such 
as (10.33) is clearly not of particular interest because of the necessity even 
when spatial dispersion is neglected to complicate the boundary conditions 
(10.31) somewhat to take into account that the boundary between two media is 
not sharp, that there are impurities on such a boundary, and so on (for 
details see Agranovich and Ginzburg, 1973 and the literature cited there). 
However, as a matter of principle and in practice for media with a strong 
spatial dispersion one should take into account possible changes even in the 
usual boundary conditions such as (10.31). If we write the boundary condi- 
tions in electrodynamics in the form (10.2), we can express what we have said 
here in the form of a statement about the necessity to make the expressions 
for the surface densities {| and O more precise, as it is sometimes impos- 
sible, when spatial dispersion is taken into account, to assume in general 
that | =O and o=0 (see (10.2), and (10.33) and (10.34)). 


We make yet one more remark of a methodological nature, which is connected 
with the following problem which often occurs. The dispersion equation con- 
nects k and w and thus €,,(w,k) in fact depends on w only. How then does 
spatial dispersion differ fn the temporal one? The answer consists of the 
fact that the tensor €..(w,k) is introduced (say, in (10.5)) not just for 
normal waves, for which k and w are interrelated, but for an arbitrary 
electromagnetic field with sources (see (10.!)). The wavevector k and the 
frequency W are completely independent in such a field. Let us, for instance, 


i (ker) 


consider a field of the form E = E,e with arbitrary k and frequency 


i(k er) 


w=0O, Such a field produces an induction D = D, e which is connected 


with the field E through Eqn. (10.5), where €; (0 »k). The situation 


@--= 
1j 
is similar for any other frequency w. Hence it is also clear, incidentally, 
that it is the tensor Fe (w,k) and not the refractive index n(w,8s) which 
is the fundamental quantity determining the electrodynamic properties of the 


medium. 
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One does not normally use energy considerations in crystal optics or, at any 
rate, they are of secondary importance. We shall therefore not go into any 
detailed discussion of this side of the problem (see Agranovich and Ginzburg, 
1966, 83 and also Chapter 12 of the present book) and restrict ourselves only 


to the discussion of a single problem. 


Poynting’s theorem follows in the usual way from the field Eqns. (10.1!) 


~ (E+ =) + (p-28)| e- — div [EaB]-(i,,,° 5) - (10,35) 


When temporal and especially spatial dispersion is taken into account and also 
absorption, the use and interpretation of Eqn.(10.35) is in general far from 
obvious. The same simplicity to which we are accustomed when dispersion and 
absorption are neglected — when we can put, say, D=e€E and obtain the 
expression €E*/81 for the energy density—is very deceptive since the situa- 
tion changes when we take dispersion and/or absorption into account. A more 
detailed examination of this problem can be found in $3 of the monograph by 
Agranovich and Ginzburg (1966; see also, for instance, Landau and Lifshitz, 
1960; Ginzburg, 1970b; and Barash and Ginzburg, 1976). Now we give the exam- 
ple of a medium without temporal dispersion. We consider thus a gyrotropic 
medium in which D and E are connected through Eqn.(10.32) with e€ and 67 11 
frequency-independent. In that case (10.35) becomes (6=6, +677) 


5 scl fl it c 4. f _ 6 el} 
5 et iediaid 


BT dt 
+ (Secea (28, 8} [En2E])~ Gee 


(10.36) 


It is clear from this equation, firstly, that taking spatial dispersion into 
account, when 6#0, leads to the appearance of an additional term 6{€*curl E) 
in the expression for the energy density and a term ~ (6/2c)[Ea (9E/at)] in 
the expression for the energy flux density. Secondly, there appears in (10.36) 
aterm A = (1/81)({grad (26, - 5) © [EA(QE/at)}]) which is proportional to 
grad (25,;,~- 6) = grad (6;7-6;) and is thus non-vanishing (localized) only 
close to the separating boundary of the two media. If A # 0, which would be 
true, if 6,, #5, there will be a liberation or absorption of energy. The 
result is, of course, unusual, but in principle well possible, for instance, 
when some kind of surface waves are excited. Nonetheless, the appearance of 
the term A _ is suspicious and the problem arises whether or not it vanishes 


in the general case by virtue of the following condition being satisfied: 
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Fedorov (19733; see also the literature cited there) assumed that condition 
(10.37) and the condition which generalizes it to the case of an anisotropic 
medium follow from the requirement that the Poynting relation (10.36) should 


have the form of the energy conservation law in the usual form 


aw . 
a, * div S = 0, 


where w is the energy density and S the energy flux density. Such an argu- 
ment, however, is insufficient when dispersion and absorption are taken into 
account. It would thus appear (Agranovich and Ginzburg, 1973; Ginzburg, 1973b) 
that condition (10.37) is not obligatory. It turns out, however, that it is 
valid in the general form as it follows from the symmetry principle of kinetic 
coefficients (Agranovich and Yudson, 1973). This example is sufficiently indi- 
cative and useful (at any rate the author of the present book thought it to be 
particularly pertinent to give it, as he himself has here a certain lack of 


understanding). 


The analysis of the boundary problems and of the actual boundary conditions in 
media with spatial dispersion is still far from completed. This fact is fortu- 
nately no obstacle to the possibility of studying a whole range of problems on 
the basis of using the tensor €E;;(w, k) or related tensors. For instance since 
for normal waves (and in general when there are no sources) div D-=0 one some- 
times uses in crystal optics instead of the tensor €;.(w,k) the so-called 

transverse dielectric permittivity tensor E, ij(wsk). This tensor connects in 
normal waves the induction vector with the transverse component Ee. of the 

ae rad D. (w, k) = Ef »k) E, ji rk). (10.38) 


We shall not use the tensor E ie in what fottoves” its connection with the 


tensor ae has been eiucidated €leeuhere (Agranovich and Ginzburg, 1966,197!). 
Thanks to the fact that in the optical range spatial dispersion is weak for 
crystals (condition (10.20) is satisfied) in all known cases we can use instead 
of the relatively complicated function of k (which the tensor Ei; (w,k) 
usually is) an expansion of the tensors E,; (> k) or e;,(@ ,) in series 
in k, retaining two or three terms. In the theory of optical activity 


+ 


We indicate transverse and longitudinal auantities by the indexes 1 
and |. Just as often one uses the indexes 2 and tr (in particular, 

we shall do so in Chapter I}; in the present chapter this would be incon- 
venient as there are so many indexes). 
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this fact has been known for a long time, and in that case it was in general 


sufficient to retain in such an expansion only the terms linear if k s0 that? 
ip (>k) “ €. j) + iv; p(w) ky (10,39) 


For a more general discussion we can instead of ne use the expansion 


€, (wk) = €; (w) + iy,, g() ky +a, gm (H) Ky k (10.40) 
or the analogue for the inverse tensor: 
~1 = ev} 
jj k) or j lw) + 18; 59 ky + Bs som) kek s (10.41) 


where k= (w/c)ms, and f=n+ix is the complex refractive index for waves of 


frequency w propagating in the direction s =k/k. 


Using the tensors €ij and EF; either in the general form or in the form of 
the expansions (10.40) and (10.41) is equivalent within wide limits and the 
choice of one or other of them is a question of convenience. Exceptions are 
the cases where some components of the tensors €;; w) or e5, tend to 
infinity (increases strongly). For instance, if a component of Ej 5 (w) tend 
to infinity, the expansion (10.40) for the corresponding components of Ex5 (w, k) 
loses its meaning, if in this case the coefficients Yijg™ , Os 52m » ea 
also tend to infinity. Clearly, in such a case one mist use the expansion for 
the tensor e '(w, k) which becomes especially effective when et hoe de- 
creases. Simi arly, when in some region the components of €: ij) increase 


strongly, one mist use (10.40) rather than (10.41). 


We illustrate what we have said by an elementary example, choosing the tensor 
Es; (w,k) in the form 
€;;(w,k) 7 e(w,k) S55 ? 


where e 


uw)” — ws 2 uk? 
If we expand this function e(w,k) in a ae in k?, it will in fact be an 


e(w,k) =€, - 


expansion in powers of the ratio wk*/(w’ - ws) . As in this case 


In some crystals (the crystal classes C,,,Cyy,Cs,, and Dy) the tensor 
Yj;=0, notwithstanding the absence of a centre of inversion. In such 
cases the whole rotation of the plane of polarization is determined by 
terms in the expansion of the form LY i 5emn kp kk, » which were dropped 
in (10.39). Moreover, close to the quadrupole absorption lines the coef- 
ficients Yjjg(w) cannot have a resonance character whereas the w-depen- 
dence of the coefficients /Y. can be of a resonance nature. In that 
case the role of the terms sale oed in (10.39) increases. Molchanov (1966) 
has found the non-vanishing components of the tensor Vij mn: 
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a 
e(w) =€, -— 
9 wr-w? ’ 
i 
we find that as w>w.. when e€(w) + @, also the other coefficients of the 


1°? 
expansion (10.40) will tend to infinity. At the same time the expansion 


(10.41) for the tensor e '(w,k) is, in fact, in powers of the ratio 
uk? /{(w? - we) € - a} so that as ww; the coefficients in the expansion (10.41) 


remain finite. 


We shall in what follows consider the effects of spatial dispersion in 
crystal optics using the expansions (10.39) to (10.41). We note therefore, 
apart from what we have said about the conditions for their use, that as the 
tensor €, (wk) for all real media depends not only on w but also on k, 
the presence of a region of applicability of classical crystal optics is based 
in fact on the assumption that there exists a limit as k~+0O which is reached 
in this case by the tensors e, ,(w.k) and e7,(w,k) while the limits then 
selves (that is, the tensors €; (w) and e7. (4), respectively) are indepen~ 
dent of the direction of k as k~*0. In other words, the basis of crystal 
optics is the assumption that the tensors €; (wok) and ey (wk) are 
analytieal functions of k for small k. The validity of this assumption 
follows to a large extent from the fact that in the framework of classical 
crystal optics one is able to explain a huge set of experimental data. A 
rigorous proof of the analyticity of the tensors €; (wk) and €:;(w>k) 
as functions of k for small Kk can be obtained in the framework of micro- 
scopic theories which enable us to find these tensors in explicit form for 
several crystals. There are several calculations of the tensors Ee; (wrk) 
and e€ '(w,k) for crystals (see, for instance, Agranovich and Ginzburg, 
1966). In all cases known to us, the tensors E, (wk) and er s(w +k) 
turned out to be analytical functions of k as k+0O, both outside resonance 
regions and in the neighbourhood of resonance, but taking damping into account. 
Apparently, there are no grounds to doubt the analyticity of the functions 
€;;(w,k) and e7 (wk) as k->O0. 


Finally, one more remark regarding our initial assumptions. If we neglect 
damping, eXpansions such as (10.40) and (10.41) may turn out to be insuffi- 
cient, when we retain only a few terms such as we have written down, in the 


following unusual situation. Let, for instance, €; 5 (w »k)=e(w,k) 655 with 
ok? 
clo, k) Seo) = (10.42) 
[(w-w, )/w, J - uk 
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(the index i of w; has, of course, nothing whatever to do with the tensor 
indexes i, j},...). This kind of expression sometimes approximately describes 
the behaviour of e(w,k) in the vicinity of the frequency of a quadrupole 


absorption line. 


As long as the term wk? in (10.42) is unimportant we are dealing with an 
expansion of the form (10.40). However, in the general case 
1 [(w-o,)/w,] - uk? 
[e(w,k) -e(w) ] a ee 
which corresponds to neither (10.40) nor (10.41). Ome can, however, easily 
generalize Eqn.(10.42) for any crystal in the spirit of the phenomenological 


expansion (10.40): 


€, (wk) = €; ; (w) + Ys 5g) kp + Os somo k) kp kL, 
‘ (10.43) 
OF 5 gm » K) = Es jam'”) + 1s 5 pon (Y) k, + e+ jemnp ”) kK, k ’ 


Similarly we can replace Ys 5g? in (10.40) by Yi zgle eh)» and so on. For 

a non-gyrotropic cubic crystal Eqns.(10.43) and (10.42) are equivalent where 
o(w) k? 

[(w-w;)/w,; ] - uk? a 


If we generalize Eqn.(10.42) somewhat and write it im the form 


Cigar ean 


Gen KA K 
€. .(w,k) = €. .(w) + a : (10.44) 
J J ((w-w,) /w ]tiveu, kk, 


at resonance, that is, as wu. and v=0, the tensor E; ,(w.k) becomes as 
k>0O dependent, in general, on s =k/k, that is, it turns out to be a non- 
analytical function of k. However, in actual fact we have always v#0 and 
the analytical behaviour of E, (wk) as function of k as k*+O is retained, 
even at resonance. Therefore, the necessity for an expansion such as (10.43) 
Can arise only in the vicinity of a resonance and when we neglect damping. 
When we take damping into account, however, the use of an expansion such as 
(10.43) can be justified in general only when we study the effects of spatial 


dispersion to higher order. 


The tensors occurring in Eqns.(10.39) to (10.41) satisfy a number of relations 
following from the general symmetry properties of the tensor €,,(w,k) which 


we discussed earlier. For instance, by virtue of (10.10) 


€; ;(u) - e, ; (w) ’ Vagal) =- Y sig”) ’ Os 5 amt”) = O« s om() ’ (10.45) 
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jj) = €55 =< = £.. » (10, 
€; 5 (4) €5;(4) , 85g (%) 6g) : Bs aml) Bs 5 tn) (10.45) 


Moreover, one can always choose the tensors Os 5 om and 8B in such a way 


ijm 
fo Oona sa Poiai in what follows that 

that Os sem eet and BS som Bs sme (we shall assume in what follow we 

have made such a choice). We remind ourselves also that the magnetic induc- 


tion of the external field Bax is always, unless a statement to the contrary 


t 
is made, assumed to be zero. 


When there is a centre of symmetry or in general for a non-gyrotropic medium 
it follows from (10.12) that 


Yer = 0. 4 Cia =O. (10,46) 


When there is no absorption and when k is real, the tensor Ime; (wk) = 0 
and hence the tensor €: (uw »k) =Re e; »k) is Hermitean. By virtue of 


(10.45) in this case, all the tensors 


(w) , 6 


are real. We mentioned earlier dipole and quadrupole absorption lines. In 


ijn) ‘ © om”) , and Bs 5 am') 
fact, near dipole lines it is usually sufficient to use the expansions (10.39), 
(10.40), or (10.41) while Eqns.(10.42) to (10.44) can be met with in first 
instance in the case of quadrupole lines. We must at the same time emphasize 
that the above mentioned expansions in series Kk are not multipole expansions. 
Moreover, the use of Eqns. (10.39) to (10.41) is not limited at all to the 
region of some lines. We must also bear in mind that in an arbitrary optic- 
ally anisotropic medium and for an arbitrary direction of propagation of 
light the appearance of resonance lines (or when we neglect absorption — the 
appearance of a pole in the function n* =n”) is not connected with the .reson- 
ance growth of the components of Ee, (wk) as 18 already clear from the 
formulae of classical crystal optics (see, for instance, (10.27)). 
The tensors €, ,(w>k) , € '(w,k) and, of course, the tensors 
-1 

€;;(w) €r(H) + Vise > Sign > MGgem? 29 Basen 

which occur in (10.40) and (10.41) can be significantly simplified when the 


crystal has symmetry elements. For instance, when there is a centre of sym- 
metry Y. 


.,=6.,., 5 
132% 132 
the tensor tj am has only two independent components so that in that case 


0 (see (10.46)) and in an isotropic, non-gyrotropic medium 


(see also Chapter !1) 


: 2 
e,(wsk) = €(w) 655%, (e) (6; ,+8;85)k +a, (w) s, sk? . (10.47) 
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We refer to the books by Agranovich and Ginzburg (1966) and Nye (1957) for a 
detailed discussion of the well known consequences for the tensors 


€; ,(v) Ys jaf) | “i 5km? eee 


which are connected with crystal symmetry. We shall restrict ourselves merely 


to a few examples. 


It follows from Eqn.(10.45) that the tensor Vage (and Ss 39) possesses the 


following properties: 


= Y =y =Q == ~~ 
Vix, 2 yy,2% ZZ,k : Vay 2 Vox, 2 : Yyz,2 Vey, 2? 


x,t ‘xz,2 (Q=1,2,3 = x,y, 2). 


In the general case the tensors Ys je and Sse thus have nine independent 


Components, and we can write them in the form 


Vege * *ijm8mn * Size = %ijm*me > (10258) 
where star is the completely antisymmetric third rank unit pseudotensor 
(e,,,=1, e,;,3=-1, e,,;,=9, and so on; eT) does not change under a cyclic 


permutation) and gry and fi’, are second rank pseudotensors. 


Besides the tensors Bio and fre one sometimes introduces the gyration 


vectors g’ and f’ defined by the relations 
a , bv / = 
Bn Baa Kg . - Fae Ke » ka=ks. (10.49) 
If we neglect in (10.40) and (10.41) terms quadratic in k, we can use the 
gyration vectors to write those equations in the following form: 


D. 
1 


t 
Md) 
| cid 
tu. 
rm, 
= 
x 
~~ 
es] 
Lae 
| 


-_34 uy 
€; ,(w) E. i[g aE), ; (10. 50a) 


ty 
ll 
™ 
oe | 
= 
i 
w 


k)D. = e€7!(w) D,-ilf! aD], ; (10.50b) 


Because the spatial dispersion is small it is in most cases fully sufficient 
to use Eqns.(10.50) for gyrotropic media. We shall therefore in what follows 
consider not the general expansions (10.40) and (10.41), but Eqn.(10.50) for 


gyrotropic media and also the following expressions for a non-gyrotropic medium: 


2 
€; ;(w »k) = €; ;(w) + (x) 5 5 em() ne 2,8, > (10.51a) 
= = w \? eo 
eF (uw ,k) = e7, (4) + (2) BS 5 am'”) ne 6,8, (10.51b) 


One can, of course, always bring the tensor €;; (wk) to diagonal form 
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by suitably choosing principal gees” For arbitrary s the direction of these 
axes is mot the same as that of s or as that of the axes of the tensor 

4) in those cases where the axes of the tensor €, ; are fixed (that 
is, when there is no degeneracy, which occurs in cubic a uni-axial crystals) 
the axes of the tensor E; ;(w »&) are close to the axes of ee (w) due to the 
fact that the $s-dependent terms in (10.50) and (10.51) are small. 


In crystal optics with spatial dispersion there is, of course, great interest 
in those principal axes of €; 3 (w »k) which have the same direction as $s. 
For rhombic crystals the x-, y-, z-axes are such axes. If, for instance, the 
vector s is along the x-axis, the principal values of the tensor E; (wk) 


are equal to (see here and below Table III in Agranovich and Ginxburg, 1966) 
Ey”) bg (2 a) ear ? 
f2 = “yy = E(w) + (¢ a) “yyxx ? 
€__\w) + (2 ) a 


In tetragonal crystals of the classes D, ,C,y,Dj,q, and D,, the tensor 


€, = € (We ok) 


I 
m 
=, 
€ 

x 
—w 
i 


€,; = aC 3 k ) 


e, (ok) turns out to be brought onto principal axes if the vector s is 
along the x- or y-axis, and the principal values are different. If, how- 


ever, the vector $ is along the z~axis (along the fourth order axis) we 
have w 2 wy 2 
= E€ +[—o4 = +li—n 5 
€, = €2=€, (w) (2 x} Wnzz 2 Fa= E] (w) (2 i) “2222 


Forgetting the crystals of other crystal systems we turn to cubic crystals. 
In that case 


XK2ZZ yyxx C2zyy ? 


M3 * Onyxy = Ayzyz = Aexzx > %y = Aez9x = Gexyy = yyzz » 


bs w 2 2 . ,(w ~\? 

ee (2 a] (a ‘+a nSy + asi); Sy = 2(2 i] AySySy » (10.52) 
~ 4(W ~ \2 = w ~\* 2 2 2 

€,, = 2 a] Q,S,S) 5 Evy =e€+ (2 x) (a,s,+ a8) +087) 

C2? \ )P(a,92 +a,s +s?) , €, = 2( } O48yS_ - 


+ 


If the tensor €e; jj(wsk) is non-Hermitean, we must independently consider 
the Hermitean tensors CH and ei; » €55 = ej ip tied; » and the principal 
axes (or, more prectaciy. the eigenvectors which in the general case are 
complex) of these tensors may not coincide. Unless we make a statement 
to the contrary we are in the text only considering the tensor Ei; which 
we assume to be real. 
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(for the classes 0, Tg, and 0,, we have, moreover 4,= 4,; the factor 2 ip 
the expressions for Exy » ©, , and Eye arises because of the summation in 
(10.51) of the terms proportional to 8, Sy and SS. and so on). From this it 
is clear that the x-,y-, and z-axis of the cube are the principal axes of 
the tensor, if the vector $ is directed along any of the three axes (x-,y-, 
or z-axis). The corresponding second degree surface is then for a, =a, 
degenerated into a surface (ellipsoid or hyperboloid) of rotation. If the 


vector $ is directed along one of the space diagonals of the cube 


(|s,| = Isy| |s,| = 1/73) 


e 
we hav 7 


2 
Exx = Eyy = 22 = E+ 3 (8) (a, +a,+a,) 


w -\2 &3 
es = ie 


Ul 
No 
| 


LTE = [Ee 


- 


We now turn finally to some effects of spatial dispersion in crystal optics. 
We noted already that as spatial dispersion is small, for instance, in optics, 
in first instance one is interested in such cases only in those problems where 
spatial dispersion leads to qualitatively new effects or, at any rate, does 
not just lead only to insignificant corrections to the formulae from classical 
crystal optics. In agreement with what we have said the following exposition 
has a fragmentary nature and reduces essentially to a discussion of those 
effects for the analysis of which is is necessary to take spatial dispersion 
into account. As we have already emphasized the most important effect of this 
kind is gyrotropy (matural optical activity). A phenomenological discussion 
of gyrotropy has, however, usually without using explicitly spatial disper- 
aieic been given very long ago and has been elucidated in rather great detail 
in the literature (see, for instance, the books by Landau and Lifshitz, 1960, 
Agranovich and Ginzburg, 1966, and Nye, 1957). Another important effect of 
spatial dispersion — the existence of a non-vanishing group velocity of longi- 
tudinal waves — is particularly well known in its application to plasmas and 
will be mentioned in Chapter |1. We shall therefore discuss here only two 
effects of spatial dispersion: the optical anisotropy of cubic crystals and 
the appearance of additional (new) normal waves close to resonance (in the 


anomalous dispersion region). 


Formally one can, neglecting the requirements connected with the symmetry 
of kinetic coefficients, describe a gyrotropic medium by considering a 
non-symmetric tensor é.,@). 
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Lorentz predicted the optical anisotropy of cubic crystals already in the last 
century, but it was first observed in 1960 in Cu,0 in the quadrupole transi- 
tion region at a wavelength 4=6125 4h (for references see Agranovich and 
Ginzburg, 1966, 1971, 1973). 


The appearance of optical activity in cubic crystals when spatial dispersion 
ig taken into account follows immediately from Eqn.(10.51). For cubic crystals 
Eqn. (10.51la), for instance, takes the form (10.52). Outside the resonance 
region of the function €(w) we could with the same justification use either 
of the Eqns.(10.51). If, however, we consider the resonance region of e(w), 
spatial dispersion is taken into account correctly only by using the expansion 


for the tensor e '(w,k). 


If we do not pay attention to spatial dispersion, the tensor €; reduces 
to a scalar for cubic crystals and as a result we get for the refractive index 
n*=e€(w), which corresponds to a complete independence of the optical proper- 
ties of the crystal of the direction of propagation of the light and its 
polarization. However, when spatial dispersion is taken into account the ten- 
sor €:-:(w,k) no longer reduce to a scalar (see (10.52)). Substitution of 
this tensor into Eqn.(10.27) leads to values of n* which depend both on the 
direction of propagation of the light and on its polarization and this corres- 
ponds to the optical anisotropy of the crystal. As the coefficients Os 5 om 
and Ci i km are of the order of the square of the lattice constant aw~ 107° 
to 107’ cm the anisotropy is small (for Ei; ~1,n~1, this effect is of the 
order of (wa/c)* = (2ma/A,)? ~ 10° to 107°), The dependence of n* on the 
direction of s = k/k and on the polarization for cubic crystals of different 


crystal classes is considered in detail by Agranovich and Ginzburg (1966). 


We turn now to the problem of new (additional) waves which appear when spatial 
dispersion is taken into account. The possibility of the appearance of such 
waves is at once clear from the general dispersion Eqn. (10.27). Indeed, when 
spatial dispersion is neglected this equation is a quadratic equation in the 


refractive index n2 


(that is, bi-quadratic in the index n). The dispersion 
equation therefore has, as we have already mentioned, only two solutions ny 
and ne corresponding to two normal waves (we do not now consider longitudinal 
oscillations; the solutions Ny 2 and “Ty correspond to two opposite 
propagation directions, not to different kinds of wave). However, when spatial 
dispersion is taken into account the coefficient themselves in the dispersion 
equation (10.27) depend on n_ through €53(w »k(w)) , k (w) -= n(w)s as for 


normal waves w and k are just connected though the dispersion equation. As 
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a result this equation can, in principle, have any number of roots. In an 
actual situation, however, the number of roots, at least those which are not 
too strongly damped, (that is, which correspond to not too strongly damped 
waves), usually turns out to be relatively small. What we have said is clearly 
valid in the case of weak spatial dispersion when one encounters only one or 
two new waves (roots). Moreover, even such new waves are difficult to observe 
in optics and so far this has been accomplished only indirectly — using Raman 
scattering of light (see Arganovich and Ginzburg, 1972). Nonetheless it is 
undoubtedly of interest to consider the new waves which occur when spatial 


dispersion is taken into account, 


If we bear in mind that we shall in what follows study, in particular, the 
propagation of waves in the vicinity of absorption bands, we shall use an 
expansion of the inverse dielectric permittivity tensor which in the most 


general case we can write in the following form: 
=-1 S xe} ° wn 
e; (wk) E;j(wsk) + i6; p(w sk) — Sp (10.53) 


where Ez; (wk) and 5:3 (w.k) are tensors which are even functions of k 
~—)} _ z-~1 5 = = f ae j 
(ey; (w, k) = E750, k) , Sy 5g (ws k) Si5gM, k) , while the tensor FET) is 
only different from zero in crystals without a centre of inversion), As the 
spatial dispersion is by assumption small we retain in the expansions of 
Ev; (w 5k) and Os 8 only the first terms in the series in k. We thus use 


Eqn.(10.53) in a form which is equivalent to the one already considered earlier. 


For non-longitudinal waves in the medium the induction D#¢0. It is thus 
Convenient to study the properties of these waves in a system of coordinates 
for which the z-axis is along k so that by virtue of the relation (k°*D) =0 
the equations D, = D,=0 holds. In this system of coordinates the equations 
(which are equivalent to the basic vector Eqn.(10.22)) which determine the non- 
vanishing components of the induction vector have the following form 
l -1 =-1 - W~ 
(4-e )o,- et, 22-20 ee ny ; 
(10.54) 

~=—] l ~=—j ~W~ 
- Fy (sé Yo, =-iz6,,,D_. 
We choose the x- and y-axes along the principal axes of the two-dimensional 
tensor er (w, 0) =e; ) and denote the principal values of that tensor by 


~2 ~2 a) =] 
Il/ns, and l/noo- The components bry and € as 


turn out to be small quanti- 
ties of order k* for this choice of axes. The condition that the determinant 


of the set (10.54) must vanish gives an equation which enables us to determine 
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the possible values of n*. If we drop terms of order k?,k*, and so on, 


this equation has the form 


iE. 2c i sie Ww? ~ 
(ge) (sr ey) = 6123 (w>k) “> n°. (10.55) 


If we put in Eqn.(10.55) 5,,, =0 and k=0, its solutions Op ee hae are, 


of course, the same as the solutions of the Fresnel equation with ei; = 65; (w) 
If, however, 6,5, #0 and k # 0, Eqn.(10.55) determines for a given direc- 


== 1 =-1 


tion of s even when €;1 = Eyi(w) and €& ) = E7'(w) not two but, in general, 


yy yy 
several values of the index of refraction (Eqn.(10.55) is for non-longitudinal 


waves in the given approximation the same as (10.27), as should be the case). 


The analysis of Eqn.(10.55) is particularly simple for media which are optic- 


ally isotropic when spatial dispersion is neglected. 


For an isotropic medium €,,(w,0) = Eyy(w »0) = 1/e(w). One sees easily from 
(10.55) that in that case for an isotropic medium with 6,,, #0 one can neg- 


~ 


lect the k-dependence of the quantities €,1, ey » and 6,5, so that we get 


instead of (10.55) the following equation to determine n? 


Lb) 2 I 7 we ge ~2 10 6 
nm e@)/ gt 23 ees 


2 


This equation has clearly three roots for n*, that is, we find three values 


ni ; nis ; nj . It may turn out thae all three roots of Eqn. (10.56) correspond 
to relative long wavelengths and it is then admissible to consider all three 
solutions in the framework of a macroscopic approach. In particular, in the 
vicinity of resonance (that is, when wAw;, where €(w;) +”) one can neg- 
lect the w-dependence of 6,,, and one may assume the function €(w) to be 
known in that frequency range; the solution of Eqn.(10.56) then allows us to 
find in the resonance region the functions n*(w) for all three solutions and 
thus to check the validity of the condition an/A ,« 1! (see (10.20)). A 
detailed discussion of the results can be found in 56.3 of the book by 
Agranovich and Ginzburg (1966). We shall therefore here only give a few re- 
sults for the case where we neglect the absorption of the waves. The quanti- 
ties 5,., and €(w) are then real and in the region w &w; we can put 
2 AWS 


1 


E(w) =€, ar as e,-= (10.57) 


2 E» 

i 

where §€ = (w-w, )/w, »>A=27 Nore e* /mus ; here e and m are the charge 
and mass of a free electron, Nerff/N is the oscillator strength, where N is 
the total number of electrons per unit volume and Nog¢ that part of them 


which ‘effectively’ determines the optical properties of the medium in the 
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spectral region considered. 


The behaviour of the functions n(&) obtained by solving Eqn.(10.56) for this 
case is shown in Fig.10.1. An interest~- 
ing feature of the dispersion curves 
shown there is that to the right of the 
turning point €, = (w_- w.) /w, there 
exists only a single real solution 
whereas to the left of it there are 
three real solutions. We note that 
the multiple root (that is, the turn- 
ing point) corresponds to the frequency 


W, which satisfies the equation 


= 
e(w,) = Loi (e 8125) ; (10.58) 


-5xio-> en O10-35x1I0-3 1972 € The solution of Eqn. (10.55) is even 


-1072 


simpler in the case of an isotropic 
Fig.10.!1 The refractive index 


My>9,,n, as function of non-gyrotropic medium. As in that 
E= (w-w3)/wy near the reson- case we have not only the equation 
ance frequency w, for the Ez5(w 0) = Evy (w »0)=1/e(w), but also 
case of a pyrotropic, but iso- 3 -0.E 10 
tropic and non-absorbing medium 2g ee EameKlO 295) Becomes 

I a oe 


a rs ] ~- 4 
-1 - <-l 2 1 Ww = 
€ k = k) = +Bke = E ii) 2 
xx (2? ) yy ) e (w) B ( ) 2 Bn. 
Equation (10.59) determines two values of the refractive index nit » which 
3 
correspond to the same polarization of light, and 
2 
eee 
1,2 2e(w) 8’ 2€(w)B! g' | (10.60) 


where 8! = (w*/c*)B. When B’<0O it follows from (10.60) that at a frequency 


W=W., given by the equation 


e(w,,) 7 1)g/| "2 , (10.61) 


the roots ny m C°Orresponds to a 


turning point. If, however, B’ > 0, no turning POlnt appears, We ghow in 
nn ~2 
Fig.10.2 the frequency-dependence of the roots m, and n) in the vicinity of 


and ne are equal. Hence, the frequency w 


Pes =-5s : 
the resonance using Eqn.(10.57) and the values B' = + 10°°. Taking damping 
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'>0 


Fig.10.2 n? as function of E=(w-w.)/w; close 
to the frequency w; for the case of an isotropic 
and non-absorbing, but non-gyrotropic mediun,. 

The dotted curves correspond to 8 =0. Along 
the ordinate axis we have given the values of the 


quantity 107°n’. 
into account changes the character of the w-dependence of fi 2 considerably. 
We note also that the situation regarding dispersion for an anisotropic non- 
gyrotropic medium remains qualitatively the same as for an isotropic medium, 
The only important difference consists here in that for an anisotropic medium, 
where, in general, the quantities ns and Has which satisfy Eqn.(10.55) for 
5123 70 and k= 0, are not the same, the new wave of type 1 appears close to 
the resonance of n,, and the new wave of type 2 close to the resonance of 
No2- We have elsewhere (Agranovich and Ginzburg, 1971) considered the nature 
of the dispersion curves and the polarization of the new (additional) waves 
in an anisotropic (both gyrotropic and non-gyrotropic) medium. There is no 
reason to discuss here details, as it is rather difficult to observe the new 
waves although one should nevertheless count on a solution of the correspond- 
ing experiments in the future (we forget here the Raman scattering method 
mentioned earlier which has already enabled one to observe a new wave; see 
Agranovich and Ginzburg, 1972). Taking spatial dispersion into account is in 
some caseg important in the theory of surface waves in the optical band, or, 48 


one often says, in the theory of surface excitons (see Agranovich and Ginzburg, 
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1966; Agranovich, 1968; Ginzburg and Kelle, 1973). 


At the same time we must once again emphasize that the effects of spatial dis- 
persion in optics are weak — this is caused by the fact that the coefficients 
(w/c)6 ~ 27a/k ~ 107? to 107? and B! = (w?/c*)B & 4m7a7/d? ~ 107% to 107% 
are small. It is thus clearly possible to neglect spatial dispersion in most 
problems. However, it is also very clear why at the present time when measgur- 
ing techniques have been improved and the field of phenomena and objects 
studied has been enlarged the value of taking spatial dispersion into account 


in optics (let alone in plasma physics) is so strongly increasing. 


Chapter XI 


DIELECTRIC PERMITTIVITY AND WAVE 
PROPAGATION IN A PLASMA 


Dielectric permittivity of a plasma (elementary and kinetic theory). 
Wave propagation in a uniform plasma and in a magnetized plasma. 

A typical plasma is a strongly or fully ionized gas. Often one also 
calls a weakly ionized gas and the electron gas or electron liquid in semicon- 
ductors and metals a plasma (in the latter two cases one speaks in applications 
to solids about a solid-state plasma). Undoubtedly, there is much in common 
to all kinds of plasmas. In what follows we shall, however, have in mind only 
a non-relativistic gaseous plasma for the description of which it is sufficient 
to restrict ourselves to the classical approximation and, to be precise, we can 
use the classical non-relativistic kinetic equation. It is just this kind of 
plasma which one encounters in most cases in astrophysics, the physics of the 
ionosphere, and when analyzing the problem of thermonuclear fusion using a 
rarefied plasma (the situation may turn out to be more complex when we consider 
the heating and compression of pellets of condensed solid hydrogen which are 


irradiated by lasers or intense electron beams). 


The study of plasmas and, in particular, the propagation of waves in a plasma 
have been the subject of a huge number of papers — tens of thousands of papers. 
There are so many problems and different special cases in this field that one 
Can only discuss them in a large series of books. This has already been done 
to a large extent, but we shall here only mention some monographs which con- 
tain also extensive bibliographies, namely, the books by Ginzburg (1970b), 
Zheleznyakov (1970), Kaplan and Tsytovich (1973), Ginzburg and Rukhadze (1975), 
Tsytovich (1977), Gurevich and Shvartsburg (1973), Akhiezer, Akhiezer, Polovin 
and Stepanov (1975a,b), and Smirnov 1972)" as well as review articles by Silin 
and Rukhadze (1961), Silin (1971, 1973), Gould (1974), Erokhin and Moiseev 
(1973), Gorbunov (1973), and the series edited by Leontovich (1965). We shall 


for this reason only touch upon a few problems in plasma physics in the present 


(Note by the translator). We may add to this list a few Western mono- 
graphs, for instance, thoge by Stix (1962), Spitzer (1962), Thompson 
(1964), Davidson (1972) and Ichimaru (1973). 
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book and we do this for two reasons. First of all, we can use plasmas as an 
example to make more precise and to elucidate a number of the general results 
about dispersive media (see Chapter 10). Secondly, plasmas are objects of 
exceptional importance in astrophysics and in the physics of the ionosphere. 
However, in classical courses of electromagnetic theory plasmas are usually 
quite insufficiently considered, while special courses on plasma physics are 
not followed by anything like all students. The exposition of even a few 
plasma physics problems in the present book may therefore turn out to be use~ 
ful and perhaps convenient for the readers (some results and remarks referring 
to plasma physics are already contained in previous chapters, especially in 
Chapter 7, but, as in other cases, we are not afraid of repeating ourselves). 
To get acquainted with details about the problems discussed here we refer to 
the literature cited already (for obvious reasons the discussion in the present 
chapter is very close both in nature of the exposition and in contents to the 
monographs by Ginzburg (1970b) and by Ginzburg and Rukhadze (1975)). 


We shall consider only two problems in what follows: we evaluate the dielec~ 
tric permittivity tensor €; 5 (w »k) of the plasma and we study the propagation 
of various normal waves in the plasma. In the general case — when thermal 
motion is taken into account and when there is an external magnetic field 


H, = B, present — the calculation of the tensor €:;: and a consistent study 


1] 
of normal waves is rather complicated or at least cumbersome. As the main 
point of our effort is to elucidate the physical picture and not to give many 
details we shall start from simple problems, and then move to more complicated 


ones. 


The simplest statement of the problem is the following one: we consider an 
isotropic plasma (that is, we put H,=0) and neglect thermal motion. In that 
case (and also when H, #0, but still neglecting thermal motion) it is suffi- 


client for the calculation of €;; to use the so~called ’elementary theory' 


j 
which reduces to considering the ordered motion of separate particles 


(electrons and ions) in an electric field of frequency w. 


For the sake of simplicity we shall assume the ions to have a single charge 
(in the case of hydrogen this condition is, of course, automatically satis- 
fied), we shall neglect the possibility of negative ions, and, finally, we 
shall use the condition of quasi-neutrality N=N, = Nj, where N, and Ns 
are, respectively, the electron and ion densities; we shall take the electron 
charge to be e<0. There is, clearly, no volume charge in the plasma under 


conditions of quasi~neutrality as the charge density is 9 = e(N-N;). Of 
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course, the condition of quasi~neutrality may be violated, but when we are 
dealing with large volumes which are typical for astrophysical and ionospheria 
problems the difference |N- N. | «< N. We can check this from estimates based 
on the field equation 

divE = 47p = 4ne(N-N;) (11.1) 


and bearing in mind that when there is a field present in the plasma this 
produces a current which in most cases will lead very fast to the vanishing 
of the volume charge (this does not refer to space charges close to external 
charges introduced into the plasma or to the fields close to the separate 


particles which constitue the plasma; vide infra). 


The current density is in an isotropic plasma equal to 


j=e » (: Bi) eae -~iwP 
n=1 n n At cond 


IE =) _ iw 
= (o-i hu I: z= Lahe 1)E. (11,2) 


Here j cond =2® is the conduction current density, P = (e’~1)E/4n is the 
polarization, € = €’ +ie” = €'’ + 47vio/w is the complex permittivity 

(e/ =Re€, oO is the conductivity) and we have assumed that the electric field 
— is monochromatic (E = E, get). We have written Eqn. (11.2) in such a way 
that we can illustrate the notations one encounters in the Piverscice. Quasi- 
neutrality is taken into account in (11.2) only in the summation over the 
number of particles (in eek we have, clearly, that f, is the radius vector 
i 


= the radius vector of the nth jon). 


of the nth electron and re 


If there is no external magnetic field H, and if we neglect collisions and 
use a local approach (that is, neglect spatial dispersion when we can assume 
the field E to be uniform), the equations of motion for the electrons and 


ions have the form 
ee, ue -iwt ~ (i) -iwt 
where m and M are, respectively, the electron and ion masses. 


Hence we get, for instance, 


e£ (0) 
an acre eee $ 
mw 


i One should also bear in mind that the field is often put in the form 


E =E, elt which leads to the complex conjugate quantities. Moreover, 
the conduction current j.o,q 18 more often denoted by j/ and the total 
current -iw(D-€)/47 is either not introduced or denoted by j 
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where f. is the electron radius vector when there is no field. From (11.4) 


and (11.3) one sees easily that 


! 2 
Mi ne a 
P < i cake: (2+5) NE, 


and the terms with 69) and a drop out, as, by assumption, without a 
field P =O. The contribution from the ions is only a correction of order 


m/M «107° and will be omitted. 


We thus have 


41Ne7 oe N 
fe = ~PE _ 9 
e:6) Sie se = = 1 = 3.1810 
mu w? w 
=l- 8.06107 — , (11.4) 
Vv 


where Whe = Wp = (4 tNe2/m)? is the electron plasma frequency, V=w/2N and 
where we have substituted the well known values for the electron parameters 
(e=4.8x10 '° e.s.u., m= 9.1x 10778 g) . 


It is completely natural that the conductivity o is put equal to zero under 
the assumptions which we have made: As there are no collisions between the 
electrons and ions they do not transfer their energy to other electrons, ions 
or molecules and only oscillate under the influence of the field. In the 
framework of a phenomenological theory one can take the effect of collisions 
into account by introducing a friction force MV ef rs which is equal to the 
average change in momentum of the particle per unit time. If we assume that 
in each collision with an ion or molecule the electron on average loses the 
whole momentum of its ordered motion, Vase is the number of collisions per 
unit time. In actual fact, of course, the change in momentum varies for dif- 
ferent collisions and Vere plays therefore the role of an effective collision 
number per unit time (frequency). Strictly speaking the quantity Veff is not 
yet defined and we have merely made an assumption that the average friction 
force is proportional to re However, in actual fact it is known from the 
kinetic theory of gases that, say, for collisions with molecules Veff =Ta'N,V, 
where a is the effective radius of a molecule, N, their density, and v 
some average electron thermal velocity. One can obtain better defined expres- 
sions for Voff for collisions of electrons with molecules or ions from 
kinetic considerations but we can use the quantity V oF itself also in the 
elementary theory. Thus, when collisions are taken into account, 


ee ° ~iwt 
mt + More ty = eE,e (11.5) 
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and, proceeding as before, we get 


2 
ss. vache 4aNe ee’, et re ae 
malorntN ee) 2 
! 4m Ne? l~e! Ne" Vere (11.6) 
e =1- aa eff 242 
a2 42) 4m m(w° + Voeg) 
eff 


In the most important limiting cases we have 


4 mNe? Ne*v Nv 
oe oan = eff _ a _ eff 2 2 
4aNe? Ne2 
ef = 1-———_ , o=— SO ENE (11.8) 
my? mVoff eff 
eff 


In the low frequency limit (11.8) the conductivity is, of course, the same as 
the one obtained in the elementary theory of the static conductivity 
(l/Voge = Teee » where Tage 15 the effective free flight time which 1s used 


together with Vere) ; 


We have assumed above when deriving the expression for € that the field E ore 
acting upon the electron is equal to the macroscopic (average) field E as we 
substituted just that field in the equations of motion (11.3) and (11.5). 
However, it is well known from the theory of dielectrics that the fields E fe 
and E are, in general, not equal to one another and for the simplest models 
of dielectrics (see, for instance, Tamm, 1976) E.rr = E + =P = ~(€+2)P. In 
a plasma (and generally in a good conductor) such a formula is inapplicable 
and at the same time a relatively rigorous discussion of the connection between 
Ere and E is a complicated problem (see Ginzburg, 1970b and the literature 


cited there). In a gaseous plasma we can assume with good accuracy that 


E =-=E , (11.9) 


eff 
as we have done above and as we shall do in what follows. We note, however, 
that the problem of E,,, merits, apparently, a more detailed analysis for 
applications to a dense (metallic) plasma and also when non-linear effects are 
taken into account. In connection with this remark we emphasize that we are 
here restricting ourselves always to the linear approximation — linear plasma 
electrodynamics. In strong fields (the problem when a field can be considered 


to be strong requires special attention ) the picture is appreciably more 


For instance, when there are no collisions the linear approximation is 
in an isotropic plasma, in general, adequate as long as the velocity of- 
the ordered motion of the electrons is small compared to the thermal 
velocity, that is, r~ eE ,/nw ae k_T/m . 
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complicated and has so far been the subject of many studies (see Silin and « 
Rukhadze, 1961; Leontovich, 1965; Silin, 1971, 19733 Gorbunov, 1973; Gurevich 
and Shvartsburg, 1973, Gould, 1974; Tsytovich, 1977). 


It is perhaps not superfluous to explain why one of the field equations was 
written above in the form (11.1) and not in the form divD= div eE=4np.. 
(see, for instance, (10.1)). The fact simply is that we are assuming 
in (11.1) that there are no external charges and we use the equation 
div D = divE+ 4m divP = 0. Moreover, we assume that only the electrons and 
ions which we are considering are the sources of the polarization so that 
divP = e (N-Nj). In other words, the difference between the permittivity € 
and unity 1s caused by the electrons and ions and, if we had written the equa~ 
tion in the form diveE =4ne(N-N;), as might have seemed natural at first 


sight, we would twice have taken the same effect into account. 


As the elementary formulae (11.6) to (11.8) have a very wide range of applica~ 
bility we shall give here a few expressions for the effective collision 
frequency Vee (see Ginzburg, 1970b). Am exact calculation is, in general, 
not possible for collisions of electrons with molecules and one widely uses 
experimental data. If, however, we assume the molecule to be a hard sphere 


of radius a we have 


a1 re _ 5 2 2 2 

Vere m 7 374 VN, = 8.3% 10° Ta Ny VT, w" > Vigg> (11,10) 
2 Oe 2 « y? 

ae g "a VN. P Ww) Vorf? (l1l.11) 


where v = 8kpT/™m is the average absolute magnitude of the electron 
velocity for an equilibrium velocity distribution of temperature T. The 
difference between Eqns.(11.10) and (11.11) is minor ( = 1,33, = = 1,18), 
particularly when we bear in mind that we are dealing here with the ‘limiting’ 
hard-sphere model. Nonetheless it is clear already from the example that the 
formulae from the elementary theory are approximate in nature and that the 


effective collision frequency is a function of the frequency. 


For collisions of electrons with ions (for N=N;) we have 


.  . kpT\ 5.5N 
Vice p77 aa WN tn (0.372) = ta (220-1) pwr > veg, (11612) 
Sas (k pT) e*Nn? T N . 


1.6N T 2 
2 2 ~ 2 11.13) 
Vert, i 2 ta (say 5 SEE yee ( 
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The value (11.13) is approximately three times smaller than the value (11.12) 
but such a large difference between them is somewhat illusory. The fact is 
that when w” » Vere electron~electron collisions do not play a role and Eqn. 
(11.12) retains its validity. However, when w’ « Vice electron-electron 


collisions affect Ve and we must multiply expression (11.13) by 1.73, if 


ff,i 
they are taken into account. Altogether when electron-electron collisions are 
taken into account the effective electron-ion collision frequency is in the 


high-frequency case about twice its value in the low-frequency case. 


Even though one can obtain the exact Eqns.(11.12) and (11.13) only as a result 
of a detailed calculation, one can establish their structure easily from simple 
considerations. An electron-ion collision leads to an appreciable change in 
the direction of the electron velocity if it flies past the ion with an impact 
parameter p~ e*/kpT, when its Coulomb energy e*/p ~ kpI, that is, of the 
order of the electron kinetic energy. The corresponding cross-section for 
‘close’ collisions q~1p* ~ te" /(k,T)*. The collision frequency Veff,i is, 
however, determined not solely by close, but also by ‘distant' collisions, and 
taking these into account leads to the appearance in (11.12) and (11.13) of 
the logarithmic factor, usually denoted by L. This factor is typical for 
plasma physics and its appearance is connected with the fact that the Coulomb 


field decrease slowly (as 1/r) with distance only up to some Debye screening 
radius, which equals 


k,T 4 T(°K) 4 
ry = (=) = 4.9 ( = yen ; (11.14) 


8mNe* 


To be more precise, a given ion of charge e produces in the plasma as the 
result of the attraction of the electrons and the repulsion of other ions a 
field with a potential (e/r) exp(-r/rpj) which is the same as the Coulomb 
field only when r«rp. The field practically vanishes when rr) and thus, 
when an electron collides with an ion in a plasma it is just a radius of the 
order of rp which plays the role of the maximum impact parameter p,,,- The 


Coulomb logarithm is usually written in the form 


P 3kpT s kT \3 
E = tm (*) = on {Ee ( : 7) } w$ an (220 4), (11.15) 
min 2e2 \87Ne 2 


= = o- 3 ° 1 -_ 
where we have put ees and Pains © is k,I s we shall consider the screen 
ing problem and the derivation of Eqn.(11.14) below (for a different method 


see, for instance, Ginzburg, 1970b, §4). 


Apart from the provisos already made which determine the region of 
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applicability of the formulae obtained, we must also indicate the limitations 
connected with the use of a classical theory. If there are no collisions, the 
quantal limitation when considering the interaction of radiation with free 


electrons is connected with the condition 
fiw < mc? = 0.51x 10° ev. (11,16) 


When this condition is satisfied the scattering of electromagnetic waves by 
free electrons can for all scattering angles be described classically. More- 
over, the refractive index n=VYe=Ve’ (we assume that w’ > vere) is in fact 
determined by the scattering of waves by the particles in the medium whence in 
final reckoning follows the vaidity of Eqn.(11.4). One can verify this also 
in other ways. When collisions are taken into account and the absorption is 
calculated (that is, when we take the conductivity 90 =we"/4m into account) 


we must also bear in mind the condition 
fiu « kpT = 1.38% 107'° T (°K) erg. (11,17) 


The meaning of this condition is that the photon energy must be small compared 
to the kinetic energy of the electrons (see, for instance, Ginzburg, 1970b, § 3 
for details about this condition). As we are now dealing with a non-relativis~ 
tic plasma when 

kgT « me” z (11.18) 


condition (11.17) is considerably more restrictive than condition (11.16), but 
the requirement (11.17) does not play a role, as we mentioned, when we calcu- 


late the quantity € (for w’ > Vere) 


For an unlimited applicability of the classical theory it is also necessary 
that the electron gas stays non-degenerate; this is equivalent to the require~ 
ment 

f 


T ®T, ~ R°N'/mk, . (11,19) 


The meaning of the degeneracy temperature T, is the following: at this 


temperature the energy kT, is of the order of the zero-point energy 


2 2 
fe gt. 
or? o 


connected with the localization of an electron in a volume of order r’?~ 1/N. 


In most cases which one encounters (although not by any means always) the con- 
ditions (11.16) to (11.19) are satisfied and it turns out that the restrictions 


Connected with the fact that so far we have neglected spatial dispersion are 
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more important. By its very nature spatial dispersion (see Chapter 10) is 
unimportant only when the field (say, the field of a wave with frequency w 
and wavelength A = 27/k) changes little over a distance corresponding to the 
production of a ‘response’ of the medium, for instance, the production of a 
polarization P as a result of the field E. When we take thermal motion into 
account an electron traverses in a plasma during a period t= 2m/w a distance 
E~tv~<t k,T/m. It ‘follows from what we have said that we can neglect 


spatial dispersion, provided & «i, that is, provided 


k T\4 
- 2 B 
w > Kv ~ 2 (SB) ‘ (11.20) 


For a wave propagating in the medium 


Bee exp iu(-¢) ; 
v 
ph 


and, clearly, the phase velocity of the wave equals 


Sa (11.21) 


From this and (11.20) it is clear that for a wave freely propagating ina 


plasma we can neglect spatial dispersion, provided 


Yoh >yn 7kp,T/m , (11.22) 


When we use Eqn.(11.3) the neglect of spatial dispersion is reflected in the 


fact that we write the field in the fom E = E, eee and not in the form 
E = E, exp [i(ker(t)) - iwe] . 


As neglecting spatial dispersion is thus equivalent to neglecting the thermal 
motion of the particles in the plasma, one speaks of the ‘cold' plasma approxi- 
mation. In other words when one neglects the thermal motion in a2 plasma, one 


calls the plasma a cold plasma. 


In slight anticipation we note that for waves of a transverse field the condi- 
tion (11.22) is always well satisfied in a non-relativistic plasma. On the 
other hand, for a longitudinal field this inequality can easily be violated. 
The best way to elucidate in detail and accurately under what conditions 
spatial dispersion can be neglected consists, of course, in analyzing an 
actual situation using the general expressions in which this dispersion is 
taken into account. Here we consider only the most widely used and general 
method which enables ua to take temporal and spatial dispersion into account — 


the kinetic equation method. 
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We shall describe the state of a plasma by using a distribution function 
f(t," ,v) which is defined in such a way that the average number dN in a 
volume d*r d°v = dxdydzdv,dvydv, is equal to dN@=f (t,F, v)d’r d5v, where 
r is the radius vector and v_ the velocity of a particle. By definition we 


have then (this is the normalization condition) 
+ 


JJ J ecereeyy ave men ‘ (11.23) 


where N is the particle density (for the sake of simplicity we consider here 
and henceforth electrons, that is, f =f, and N =N,3; in the case of ions or 
molecules the index e must be replaced by i or m, respectively). 


The kinetic equation which determines the function f has the form 
of e ! 
s+ (v-¥,£) re({e+t[van]}-vy ft) +s =0, (11,24) 


where e and m are the charge and mass of the particles considered, E and # 
the electric and magnetic field strengths acting upon the particles (in prac- 
tice these fields can usually be assumed to be the average macroscopic fields), 


and 
vy ¢ = of; of . of, of of. of 


: x +s! * te - WE By * Gv I * bul 
(of course, it is not necessary to use only Cartesian coordinates, but we have 
chosen them here to fix the ideas); the quantity $ in (11.24) is the so- 
called collision integral which takes into account the change in the function 
f as a result of collisions of the particles of the kind considered (for 
instance, electrons) in the volume d’r d?v_ with particles ofall other kinds 
(that is, with particles of the same kind which are in other volumes of phase 
space). We can also include in § terms which determine the change in the 


function f due to ionization, recombination, and so on. 


When there are no fields the distribution functions for electrons and ions are 


Maxwellian in the equilibrium state (the same is also true for molecules, but 
we shall not consider them here) 


3 2 
f = f = f (v) s N (2) exp (- =] 
. ae 27kgT 2k,T/ * 


2 2 


7 ee oe ee (- 
fi =f, ,.() =; \Dak exp\-7 5) (11.25) 


We have assumed here that the electron and ion temperatures are the same. This 


must, Of course, be the case for complete equilibrium. One must, however, 


see footnote on next page 
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bear in mind that the exchange of momentum (relaxation with respect to 
momentum) in a plasma proceeds appreciably faster than energy exchange (a 
consequence of the fact that the parameter m/M < 107° is small; for details 
see Ginzburg, 1970b). One sometimes therefore considers a non-isothermal 
plasma with the Maxwellian distributions (1!.25) but with different electron 


and ion temperatures equal to, respectively, T, and T; (in some cases even 
T. >. Te) « 


If we are interested in problems relating to the realm of the linear theory 
(in particular, linear electrodynamics) we may assume the electric field E to 
be small ' and, in accordance with that consider the change in the distribution 
function as a perturbation. In other words we shall look for the distribution 
function in the form 

f=fi(v) +f'(t,e,v) , |f’| «fo, , (11.26) 
where we choose the Maxwell distribution (11.25) for the function f,, when we 


try to find the tensor €,,@,k) in an equilibrium plasma; we restrict our- 


selves in what follows to that case. 


When there is no external magnetic field HM, we get then in first approximation 


of’ 
Set (ve Wee!) + E(B + Vy bay ) +S$=0. (11.27) 


The problem of the form of the collision integral 8 in general and in a plasma 


in particular has been the subject of detailed analysis (see Ginzburg and 


+ 


Not only must the particles have the same temperature T but for complete 
equilibrium the electromagnetic radiation must also be thermal (black- 
body radiation) with the same temperature T. This last requirement is 
nevertheless usually not satisfied; however, this plays often no role 
due to the weakness of the interaction between the particles and the 
radiation. However, one must, of course, check in each actual case 
whether it is possible to neglect the effect of the radiation on the 
particle distribution function. As an example of a situation where the 
particle distribution function will not be in equilibrium when the radia- 
tion is not in equilibrium we adduce a gas of relativistic electrons in 

a strong magnetic field (for instance, near a pulsar). In that case as 

a result of the large magneto-brems losses the electron distribution func- 
tion must, in general, be strongly anisotropic (see, for instance, Chapter 
4 and Tsytovich and Kaplan, 1974). 


t The equilibrium distribution function remains Maxwellian in a constant and 
uniform magnetic field notwithstanding the fact that the trajectories of 
the individual particles are different in a field and when there is no 
field (see also below). Moreover, the term with the magnetic field con- 
tains in (11.24) the factor v/e. The restriction on the magnetic field is 
therefore different from that on the electric field. 
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Rukhadze, 1975, and the literature cited there). Here we restrict ourselves 
to the simplest case where we can put in the equation for the electron distri- 
bution function $& = {v,(v) +; (v)} f' , where V, corresponds to the contribu- 
tion from the collisions between electrons and molecules, and Vs from the 


collisions with ions (see Ginzburg, 1970b, §4 for a simple interpretation of 
this expression for §). If we now consider the field E = Bg Nore iee 


fi = fi ab? ate eo ieee we get from (11.27) 


and the function 
Of 99 (v) 


-i[w-(kev)]e’+£(B-v) 2 ——— + vw) f= 0, (11,28) 


where a Vv; and where we have used the fact that 


a ee eee fe ys 
Vytoo “y “By kT v too" 
Hence we get 
fb ite (E-v) 1 Fo (E+ W)E 90 . (11,29) 


ainsi —_— SS ee 
My-(kev)tiv V Ov kal w- (kev) +iv(v) 
Further, we have, by definition, for the current density or, to be more pre- 


cise, its appropriate Fourier components 
; -. iv = = , 3 
j,(@,k) = [e,,@>k) 5 E,@,k) e | v; fk” 4 v. (11,30) 
Substituting (11.29) into (11.30) we get 
; of 
7 4ne? eae? 1 °Too 
€;,(@,k) = ore + te | mo-(k>v) tiv(v) 7 ay d°v. (11.31) 


When we take into account both electrons (charge e=e,, mass m=m,) and 


different kinds of ions (charges e,» Masses m,, a= 2,3, .+., 2%) we find 


Q 
en viv. , of. Oo 
ij ij oat My J w-(kev)tivi dv) Vo ev 


It is at once clear from (11.28) to (11.32) that neglecting spatial dispersion, 
that is, the k-dependence, is equivalent to neglecting the term (kev) as com- 
pared to wtiv(v). We thus arrive, when we neglect collisions, at condition 


(11.20), as should have been expected. 


To establish correspondence with the elementary theory we neglect in the 
denominator in (11.31) the terms -(k*v)+ivV(v) as compared to w. We then 


at once obtain the result (11.4) 


e. = €6.. » € = 1 -41Ne?/mw’, 
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since 


On the other hand, if we neglect the term (k°*v), but take the term iv(v) 
into account, we obtain the expression from the elementary theory which we 
have already given above which includes the appropriate values of the effec- 


tive collision frequency Vv, (see Ginzburg, 1970, §6 for detailed calcula- 


ff 
tions). We shall now assume that the collisions are unimportant, but take 
into account spatial dispersion. It is true that there then arises the problem 


of how to evaluate the integrals in (I1.3!1) and (11.32) near the pole 


wW= (kev) . (11.33) 


The simplest way to avoid this difficulty is to assume to begin with that the 
collision frequency Vv, though very small, is not completely zero. The pole 
in the plane of the complex variable u =(k*v)/k is then shifted to the point 
u,=(w+iv)/k which lies above the contour of integration (it is essential 
here that v>0O), that is, above the real u-axis (the integration over d’v in 
(11.31) and (11.32) reduces to an integration over u and over the velocity 
components at right angles to the vector k). As a result we can perform the 


integration, using the relation 


: ee 
pw aeag x ‘ < (11.34) 


where © indicates that the integral over the region near the singularity x =0 
is taken in the sense of the principal value integral. Using this method we 
get from (11.31) as v>0O 

E,.(, k) = 


= i; + tnet (yy Lee f wis [u~ceev)] } d?y. (11.35) 
Hence it follows that when there are no collisions there is some absorption 
(the imaginary part of es; is non-vanishing) and responsible for this absorp- 
tion are only the particles with velocities satisfying condition (11.33). 
However, condition (11.33) is nothing but the condition for Cherenkov radia- 
tion (see (6.55)). We get thus at once a clear physical cause for the absorp- 
tion even when there are no collisions (at first sight such a result may seem 
paradoxical, for instance, in view of the elementary theory expounded above). 
Indeed, under condition (11.33) a particle (say, an electron) emits Cherenkov 


waves (for those w/k =v 4 = v cos 6 >» where @ is the angle between k and v), 
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However, each emission process can be reversed and, hence, for the same 
condition on w and k the wave must cause the inverse effect — Cherenkov 
absorption connected with the transfer of the appropriate energy and momentum 
from the wave to the particle. What we have said is, of course, only a repeat 
of the interpretation of collisionless damping in an isotropic plasma which we 
discussed in Chapter 7. Collisionless damping of plasma waves is often called 
Landau damping as he was the first to elucidate it (Landau, 1946) when solving 
the kinetic equation with initial conditions. One can treat the collisionless 
absorption not only through the 'Cherenkov interpretation’ but also differently, 
and especially simply in the case when cos 8=1, when w/k = Vin = V5 in that 
case the wave and the particle move in the same direction and the phase of the 
wave 'at the particle’ does not change so that the particle is accelerated all 


the time and thus obtains energy from the wave. 


In an isotropic (and non-gyrotropic) medium we can write the expression for 


€..(w,k) in the form 
ij 


Wok) = (6 ak ae Aik; 
ae uw, eure 2 Je @,.k + 7 E, (w, k) ‘ (11.36) 


Indeed, we have in this case only two tensors O5. and kik; at our disposal 
and the arrangement of the terms is determined by the requirement that only 
the tensor E,(w, k) must ‘operate' for a longitudinal field. By definition, 
the vector € is for a longitudinal field directed along the wavevector k, 


that is, E, = EY = Ek/k. For such a field we have in the case (11.36) 


D(w ,k) = €,(w,k)E, . (11.37) 
On the other hand, for a transverse field Er = Es » which satisfies the con- 
dition (k-> EW) = 0, we have 

D(w,k) = €.,(w,k) E, ‘ (11.38) 


Both from general considerations (see Chapter 10) and from the actual expres- 


Sions for ae (vide infra) it is clear that 


Ew, 0) = E,(w, 0) = €(w) : (11.39) 


where €(w) is the permittivity of an isotropic medium in which the spatial 


dispersion is neglected (see, for instance, (11.4) or (11.6)). The general 
expressions for Ey, and Ey in a plasma, obtained by using (11.3!) and (11.32) 
are, for instance, given by Ginzburg and Rukhadze (1975). We just indicate 
here a few formulae which correspond to important limiting cases (the plasma 


is assumed to be strongly ionized). 
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Ac thigh’ frequencies when 


w > KVe ei » w> Vote 7 (11.40) 
we have 2 
W) v 2 
; EP oo ge w 
€.. S4 ~ BE fi = -iv3n exp (- 4) (11.41) 
w? v k? V2 3 2 
a) = 1 - Bel 1-4 28 43 fei Vin 2 ep (—_)] . 
w w Ww k?v 2k? v? 
Te T 
(11.42) 


The appearance here of exponential factors is caused by our use of the 
Maxwellian distribution function (11.25); from this it is already clear that 
for a non-equilibrium plasma the corresponding parts of €,, and €, can 


differ radically from expressions (11.41) and (11.42). 


As k*O these expressions (provided W>Vu¢¢) are the same as (11.6), as 


should be the case. Let now 


kVno >(W,Ve) > kv; > (w,vs) , (11.43) 


where Vv, is the electron collision frequency and V; the 1on collision fre- 
quency (one must take into account all significant collisions of a given 
particle with all others; writing kv; > (uw, V;) means that kVA; > w and 


kv > Ve, and so on). In that case 


T 2 
ens w 
= co pena Ce 
€e., = i+ivht GR Vp.’ 
w? I 
e, = 1+ ie (1 ei Yin 2) a+ —. (11.44) 
a Vita Ta k°r 
Here 4mN e? 
a - : 
“> ae ; Oo. =e, 1 (11.45) 
P a 
and, when T,=T;=T, 1€) ig the Debye radius (11.14); in the more general 
case 
—- Ey _ Ta (11.46) 
Da < 2 ~ wy . e 
4mNve pa 


When T, =T, (isothermal plasma) and N,=N, =N 


t We have used here the notation Ve = ‘te 7 VKpT/m and Vri = Vv k,T/M » where 
M is the ion mass (we assume that there is only one kind of ions). If 
Te # T; , we must write Vag * ¥kpT,/my, » 42=e,i1, and so on. We neglect 
terms of order m/M andtherefore the contributions from the ions do 
clearly not appear in (11.41) and (11.42) (we must, of course, take the 
contribution from the ions into consideration in the experession for Voe¢¢). 
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tit,t , 1-(—5). (11.47) 
E Ene TH: D 81Ne 


We consider an ‘external' charge at rest with charge density = e6(r) 
which ig introduced into the plasma. The potential $@ of the field ia deter- 


mined by the equations 


divD =4ned(r), E =E,=-Vo, D (wu, k) = e,(w,k) E(w,k), (11,48) 
whence we get in the case (11.44) 
4te I i(ker) .3 
(03.1) ee ocr) = Le | o(0.k) e d°k = 
: k*e, (0 > k) (27)? 
eX exp (- r/rp) 1 
Tra NS were €,(0,k) = 1+ re ; (11.49) 


Within well defined limits one can consider each ion and electron in the plasma 
to be external in relation to all other particles and Eqn.(11.49) reflects the 
fact that the Coulomb field of each particle in the plasma is screened by the 
other particles. We have already mentioned that this screening is important 
when one considers collisions. The problem of taking the screening of plasma 
particles by one another into account reduces thus to finding an expression 
for the collision integral § and the subsequent solution of the kinetic equa- 


tion (see Leontovich, 1965; Ginzburg and Rukhadze, 1975). 


From the example of the limiting case (11.43) or, roughly speaking, in the 
static limit as w?0O the role of spatial dispersion in a plasma becomes 
especially clear. If we had used in that case the equation €=1-w) /u* from 


the elementary theory we would simply have arrived at the result e€7>~, E,7>0, 


L 
while in reality the field penetrates into the plasma to a distance T° 
Another not less important peculiarity of a plasma as a medium with spatial 

dispersion is the occurrence of longitudinal waves. We now turn to the prob- 


lem of these and other normal waves which can propagate in an isotropic plasma. 


The general dispersion equation which determines the connection between w and 


k for waves propagating in the medium (when there are no external charges or 
currents) has the form 


2 
5 €e..(w,k)-k’?5.. + k.k.| = 0. (10.24) 
ce 64d lj 1 j 


In an isotropic medium when ee is given by Eqn.(11.36) the dispersion equa— 
tion splits up into an equation for longitudinal waves (when w # 0) 


€,(w, k) = 0 (11.50) 


and an equation for transverse waves 
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2 


2 
k? = 2 Bu) =F Eer(us k) (11.51) 


Here n(w) nt) is the complex refractive index for transverse wavea. In 
an isotropic medium due to degeneracy there corresponds to the single value of 
n,(w) two possible independent polarization states; moreover Eqn. (11.51) 
can, in principle, have several roots Ae jp): One must remember, however, 
that the connection between k and nm is simply the definition of the 
quantity n tat re 

k(w) = A n(w) = a (n+ik) , 


the meaning of which is clear from the expression for the field of a plane wave 


E=E, etkz~iwt _ E, exp fiw (Bz-e)}ee, exp {- —K2 riv(22-e)} , 


where the z-axis is chosen along the direction of propagation of the wave. 
Solving Eqn.(11.50) for k we can write that relation also in the form 
W ~ 
k (w) = ce ny (w), 


where n, (w) is the refractive index for a longitudinal wave or longitudinal 
waves, as Eqn.(1[.50) can in principle have several roots for a given 


frequency w. 


The simplest way to obtain the results (11.50) and (11.51) is not directly 
from Eqns.(10.24) or (10.27), but starting from the original wave Eqn. (10.22), 


(10.23). For the longitudinal field E.= Ek/k we then get at once (for 


w #0) the equation 
D= €,(w,k) BE, =0, (11.52) 


from which condition (11.50) follows immediately — otherwise there is no non- 


trivial solution for Ee, Similarly for the transverse field 
a) 
w,k)E = ,7E . 
psk) BE = k°E (11,53) 


which leads to condition (11.5!). 
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By virtue of (11.54) and (11.2) 443 
2 
ef a pt-x? , SM eonk, a= EG + {ie!? + (22)'} ’ 
Gg) 


G) 


c =[-te" {bere +(22) PY] : (11.55) 


where the square root inside the braces is always assumed to be positive (for 


instance, for o=0 and €’ <0 this root equals 4le’|=-€e’). 


We must for €(w) in (11.54) take for transverse waves in the plasma Eqn. 


(11.6) whence we get simple formulae in the limiting cases. 


For instance, when 


jer] >» 272, (11.56) 
we have w? } 
if e/>0, nvvel = [1-2 | 
wt Vere ; 
2 11.57) 
se COTO Wpleff 2 1 4mNe? | 
! 1d >’ 
wve 2u(w? + v2.) ve! P m 
w? v 
if e!<0 ns FTO - __P ett ___ 
: wv (-e") RR sah 
2uw(w + Ve eg VC e’) 
w? } (11.58) 
cw eer = |e il. 
Ww * Vert 
If, however, 
Jer] «28 , (11.59) 
we have 2 
ono\? vp eff 2 
neK« s|—) x 5 . (11.60) 
7 2w(w" + Vere) 


According to (11.57) the refractive index n<1; when the number of colli- 


sions is small, so that w* > es , this case is in practice realized when 


2\3 
w > W, (Anke) = 5.64 10° YN . (11.61) 


If n<i, Vph = ¢/n > ¢ and Cherenkov radiation and thus absorption by sepa- 
Tate particles is impossible. Hence it is clear that the whole of the damping 
is connected solely with collisions (we have in mind waves which propagate 
and are not damped in the medium as Vege 7 95 see condition (11.61) and the 
remark which follows). The result (11.41) does not contradice what we have 
just said, as it is obtained in the non-relativistic approximation and using 


a Maxwellian velocity distribution. In this distribution there are formally 
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also particles with velocities v>c and this leads to the appearance of an 
exponentially weak damping of transverse waves in (11.41). A relativistic 
calculation leads, of course, to a complete absence of collisionless damping 
of transverse waves in a plasma. Nonetheless, Eqn.(11.4!) was written out in 


full, as the expression for €,,_ is suicabie not only for considering normal 


t 
waves (we emphasize this important fact yet again; see Chapter 10). Moreover, 


for transverse waves the factor 
exp (~ w? /2k? va) = exp (- ¢?/2n? (@)vq) 
is so negligibly small that the corresponding damping is all the same practic- 
ally equal to zero. 
king spatial dispersion into 


For transverse waves in an isotropic plasma ta 


account therefore does not play a role and Eqns.(11.57) are adequate and they 


are widely used in radio-astronomy and the theory of propagation of radio-waves 
in the 1onosphere. 


under condition (11.56), 
In 


Even in the case of weak true absorption, chat is, 


the field in the plasma may be strongly damped — this occurs when e'<0O. 


that case, say, when V,--79 (see (11.58)) 


2 7 
neo, x = er = [PI] , B= E,exp[-2 fle]. (11.62) 


Ww) 


is the field at z=O (at the inner boundary of the plasma) and the 
the 


where E, 
region close to the boundary 1s here not considered in detail. Clearly, 


case (11.62) can easily be realized and it corresponds to a frequency wW <4, . 
In this case we are physically dealing with a complete internal reflection of 
a wave from a plasma layer (for details see Ginzburg, 1970b). In general, 
both for a plasma and for a more general kind of medium we must bear in mind 
that absorption of waves (the transfer of wave energy into heat or ordered 
motion of particles) and the damping are different things. In other words one 
Can express the same by noting that for given waves non~absorbing media may be 
either transparent (a collisional plasma for transverse waves with w > w,) or 


non-transparent (the same plasma for w<wp). 


The dispersion law for normal waves, that is, the relation between k and w 
in these waves is often expressed not in terms of the refractive index n, but 
directly. For transverse waves in a collisionless plasma 
22 
2 we -W 
Ww 
k? = = n°) -——t 
C 


or 
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It is convenient to show the function 
w(k) in a figure; such a function is 
shown for the case (11.63) in Fig. ck 
11.1. Of course, for w? > whe the 
effect of the medium (plasma) is unim- 


pottant and w=ck, as in vacuo. 


We now turn to a consideration of 
longitudinal waves, Until relative- k 
ly recently the possibility of the Fig. 11.1 Connection between w and 
k (spectrum, dispersion relation) 
for transverse waves in an iso-~ 
magnetic or, more precisely, electro~ tropic collisionless plasma 


static waves in a medium was neglected. 


propagation of longitudinal electro- 


There were apparently two reasons for this. Firstly, when one, as was usual, 
neglects spatial dispersion, the condition for the existence of longintudinal 


waves in an isotropic media has the form (see (11.5) and (11.39)) 
ew) =0. (11,64) 


This equation determines discrete frequencies w, which are independent of k 
and thus longitudinal waves somehow do not manifest themselves explicitly. 
2 of Eqn. (11.64) 


are complex with a rather large imaginary part, that is, the corresponding 


Secondly, in practically all media, bar plasmas, the roots w 


longitudinal oscillations are strongly dammed. The study of longitudinal 
waves thus turned out to be connected with the development of the physics of 
a gaseous plasma although now such waves are considered also in condensed 


media. 


As taking spatial dispersion into account is necessary in the case of longitu- 
dinal waves to establish a connection between w and k even in first 
approximation, it is expedient to start at once from the dispersion Eqn. (!I!.50) 
For the case (11.40), that is, for high-frequency longitudinal waves ‘we then 
have, using (11.42) and putting w=w’+iy, 


12 9 2,2 _,.2 2 _2 
wi = wh +3 vok = wp (1+3k TD, e) : 
fy “Dp ] 3 1 
yor 57 a exp “oydee 3 ~2 Voce > (11.65) 
k TD e TD e 


where we have assumed the damping to be weak, that is, we assumed that 


Such waves are also called high-frequency Langmuir waves. 
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Imw = y «w!/ = Rew . (11.66) 


For the sake of simplicity we shall drop the prime on w/’ and there is thus 


practically no difference made between w and w’. 


We note that the condition w* » (kv)? (see (11.40)) means that 


27Yr 2 koT 3 
2 _2 Z D,e = B 
k "Doe (he ) «1, TD e (—, =) . (11.67) 


Hence it is clear from (11.65) that, if (11.67) holds, in zeroth approximation 
wi” = we and the collisionless damping is exponentially small. This is connec— 
ted with the fact that in this case the condition for Cherenkov absorption 


(11.33) is satisfied only in the 


Zig aceadeney ‘tall' of the Maxwell velocity distri- 
woves bution, where the number of particles 
is exponentially small. Under the 
/ influence of the wave the particle 
¥4 distribution changes and this pro- 


W pi ceeds relatively easily in the 'tail' 


Low-frequency 
waves 


region of the distribution. AS a 


result the collisionless absorption 
0 Kk changes and can altogether vanish, if 


Fig. 11.2 Relation between w and the wave appropriately changes the 
k for longitudinal waves in an 
isotropic collisionless plasma. 
The curves are drawn schematically. tion vanishes if the distribution 
The dashed curves correspond to 
the region of strong damping of 
the waves and for the low-frequency which is the component of the parti- 
waves the weakly damped region 
exists only for a non-isothermal 

plasma with T,> Tj k). The effect of the wave on the 


distribution function (the absorp- 
function f, ceases to depend on u, 
cle velocity v along the wavevector 


distribution function and the related change in the absorption of the wave are, 
clearly, non-linear processes. We shall not consider here the non-linear 
theory of the propagation of longitudinal waves (see, for instance, Ginzburg, 


1970b; Tsytovich, 1977 and the literature cited there). 


In terms of the refractive index we can write Eqn.(!!.65) in the form (we put 


Verg = 9) , 1 -w?/w? 
k "74; aa (n, +ik,) Py ns = ; 5 °) 
3vz/c (11.68) 
1 . 3 
K ered bu aS exp ( - 22 3) 
3° T aVr 
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When k increases, that is, when the collisionless absorption increases and 
when condition (11.67), or even (11.66) is violated, Eqns. (11.65) and (11.68) 
become already unsuitable. One can emphasize, however, that there exiets in 
the whole of the high-frequency region (11.40) a single branch of Longitudinal 
plasma waves, the behaviour of which is given by Eqns. (11.65) for weak damping. 
This is the upper branch in Fig.1]1.2 and the dashed line there indicates the 
strong damping region. The lower branch in Fig.!1.2 corresponds to the low- 
frequency longitudinal waves which are weakly damped when there are no colli- 
sions (condition (11.66)) only in a non-isothermal plasma with T.>T, and in 
the wavelength range k? mix | (see Ginzburg and Rukhadze, 1975). In that 
case we have in the region I/rp e Qk<« /tp i in zeroth approximation WE Wai> 
where Wi = N(4 TN: e*/M) is the ion plasma (Langmuir) frequency. In the 
region of even longer wavelength, when krp, e <I! we have for the low-frequency 
waves w eV kp To /M k which corresponds to isothermal sound in a gas with 
temperature T,, but with particles of mass M. When collisions are neglected 
longitudinal waves are always strongly damped in an isothermal plasma. The 
presence of collisions and, especially, a large number of neutral particles 
(that is, when we change to a weakly ionized plasma) changes the picture in the 
region of very long wavelengths (such that the mean free path V/Vecg is small 
compared to the wavelength, that is, kv « Ver) In that case we are dealing 


already with waves related to ordinary sound which may be weakly damped. 


We now turn to a consideration of a magnetized plasma and, to be precise, a 


uniform plasma in a uniform and constant magnetic field H,. 


In the framework of the elementary theory taking the magnetic field H, into 
account reduces to adding the Lorentz force to Eqn.(!!.5), as a result of 


which we have 


mr, + mV. r= eE,e "* + = [tA H, ] . (11.69) 


Solving this equation and the analogous equation for the ions we find ro and 
p Oi) and after that the current 
shape a): er aa 
n=] 
At the same time, by definition, sa (iw/4n) (Ee; 5:5) E; and by comparing 
the two expressions we find €s5° We have elsewhere (Ginzburg, 1!970b, § 10) 
given the corresponding calculations in detail and here we shall merely quote 


the results: 
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It is important that we have chosen here a right-handed Cartesian system of 
coordinates with the z-axis along the field H,. Moreover, the gyro-frequency 
Wy for electrons (charge e<0O) is taken to be positive: 

- Je|H, eH 


ee a 7 =I 2 
Wy a mh ae 1.76 10 H, s ; Ay = 


cel ES Ul) 10" em. (11.71) 
WH Ho 
Of course, the role of the ions has been neglected in (11.70). While this can 
always be done when there is no magnetic field by neglecting terms of order 
N;/m as compared to Ne/m, in a magnetized plasma the role of ions is usually 
unimportant only provided le|H 


0 =- 
w > A= —— = 1.76x 107 FAs), (11.72) 


where Qy is the ion gyrofrequency. 


Inequality (11.72) turns sometimes out to be insufficient and the role of the 
ions may be important even at higher frequencies. For instance, when waves 

propagate across the field—when they propagate at an angle a between k and 
H, > 
w> VoqQy = NM/m 0, > 2, « 


Waves which can be considered neglecting the effect of the ions are called 


which is equal to 47, the effect of ions can be neglected only when 


high-frequency waves. Waves and, in general, fields with a frequency 


Ww « um (11.73) 


we shall call low-frequency waves and fields. 

The reason why the magnetic field H, at low frequencies (satisfying condition 
(11.73)) radically changes the 'response' of the plasma to an external field 
E~=E, ee is clear already from the equations of motion. These reduce in 


the elementary theory to (11.69) and the equation 
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st in => ey oo -2f%” au), (11.74) 
(i) 


where the term proportional to Vert takes the collisions of a given ion with 


ue {t) + MV 


all other particles into account (see also below). If, for the sake of simpli- 
city, we forget about collisions, it is clear from (11.69) and (11.74) that 
when (11.73) holds the Lorentz force provides the main terms. This force does, 
however, not contain the particle mass and in the appropriate approximation 
the induced electron and ion velocities, tr and p (4) » are the same so that 
the current j = et (t- e4)) +0, At the same time, when we neglect the con- 
tribution from the ions the current does not tend to zero as w~>O (see 
(11.70)). For a more detailed analysis of the role of the ions it is 
especially convenient to write down the expression for €... For instance, 


for a mixture of electrons and ions of mass M and if we neglect collisions we 
can write 


2 aes 
_ = Ss pe = pl 
Ex = Eyy =! cus aa (11.75) 


In the high- and low-frequency limits (11.72) and (11.73) we get from this 
approximately: 


We 
when w > Q. , €y, =€,, % | -— (11.76) 
H xx 2 _,2 ° 
ae w" - Wh 
wh <Q = ate at 
en Ww H? Pak Gyyre eg a 
H H 
2 2 470. c2 
H2 H? H? ° 
0 0 0 


where (yy =mN +MN®&NM is the mass density of the plasma considered; of 


course, the value of p, is determined by the ions and, clearly, the contribu- 
tion from the ions is the determining one. 


Very often 
47 pc° 
7 I. (11.78) 
H 
0 
Under such conditions one can write 
4m1p,,¢7 a2 Hy 
xx y 2 2. 4 A 7 aera . 


where VA is the magnetohydrodynamic (or Alfvén) velocity — the velocity of 
waves in a medium with permittivity (11.79) for the case where these waves are 
polarized in the xy~-plane, that is, the electrical field E in the wave is at 


right angles to the field H, (one can easily check this, for instance, from 
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the general expressions given above), 


The low-frequency region borders in the case of a magnetized plasma upon the 
magnetohydrodynamics region and under well-defined conditione coincides with 
it. One can arrive at the magnetohydrodynamic equations, although not 
rigorously, but in fact rather convincingly, by simply adding the equations of 
motion (11,69) and (11.74) for electrons and ions. One must solely bear in 
mind that, for inétance, in a pure electron-ion plasma the average ‘friction’ 
force on an electron due to ions equals, because of the action=reaction law 
the average ‘friction’ force on an ion due to the electrons (we are, in fact, 
dealing here with the change in the average momenta of the electrons and ions; 
collisions between electrons and between ions do not play a role in the 
approximation considered). For this reason the friction force drops out when 


we add the equations of motion and after multiplying by N we find 

N 
pel fjatgl pete) (¢- @)) (11.80) 
vo EU 0 > n 9 e 


where we must understand by v_ the velocity of the plasma ‘as a whole’ or, 
practically, the ion velocity (strictly speaking, we consider a regime where 
, (i) 
mei <Mr 


a more general magnetohydrodynamic equation which contains the gradient of the 


); making some rather obvious generalizations we get from (11.80) 


pressure p, 
— =—([j aH]-Vp. (11.81) 


It is inappropriate to dwell here in detail upon magnetohydrodynamics and we 
wished only to note its connection with the problem of the evaluation of the 
permittivity tensor in a magnetized plasma (for details see Landau and Lifshitz, 
1960; Leontovich, 1965; Ginzburg and Rukhadze, 1975; Tsytovich, 1977, and the 


literature cited there). 


The effect of a magnetic field on the properties of a plasma is, in general, 


small, if 
W > Wy = 1.76107 Hs), (11,82) 


Of course, in that case inequality (11.72) is automatically satisfied and thie 
is true also for the even stricter condition w>VoQn which determines that 
the role of the ioné is small. In the case (11.82) one can to first approxi- 
mation assume the plasma to be isotropic and the teneor (11.70) reduces to the 


tensor ae = €(w) Ss; where €(W) is given by Eqn. (11.6). 


One should, however, remember that even when condition (11.82) is satisfied 
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the role of the magnetic field may turn out to be important, especially when 
one is dealing with effects which are absent when H,=0. As an example we 
mention the rotation of the polarization plane when transverse eléctromagnetic 
waves propagate in a plasma along the magnetic field (Faraday effect; see 
Chapter 9 and below). As the angle of rotation of the polarization vector 
(that is, the electric vector of the field in the wave) in a magnetic field 
with a given direction increases with increasing distance (it is an integral 
effect), the rotation may turn out to be appreciable even in a field which is 


completely negligible from other points of view. 


The elementary theory is in applications to a magnetized plasma valid only for 
a cold plasma, that is, when we neglect the thermal motion of the particles, 
in first instance, of the electrons. This means in a collisionless plasma 
that the following inequalities must hold: 
kv kv 
T 
oa ges 


rm (11.83) 


where k, is the component of the wavevector k along the field (along the z- 
axis) and k the component of k at right angles to the field H, (we bear in 
Mind that vr = N kpT/m ). We have already in essence discussed the first con- 
dition (see (11.20) and (11.40)) as the field H, does not change the motion of 
the electrons along it. However, the projection of the electron trajectory on 
the plane perpendicular to H 1s a circle of radius rp = V,/Wy- As a result 
of thermal motion vi ~ Ve and ru ~ Ve_/wy » whence it is clear that the second 
of conditions (11.83) has the form 21v7/\, wy«K!1, where A, = 2n/k,. The appli- 
cation of the elementary theory which is equivalent to neglecting spatial 
dispersion is thus possible when two requirements are satisfied: the phase 
velocity of the waves Voh = &/k, must be much larger than the thermal velocity 
vr and the wavelength A, must be large compared to the Larmor radius 


Ty ~ Vp/wy- In the Earth's ionosphere T ~ 300 to 1000 °K, v,.~ 10’ cm/s, 


a ed 10'g 3 ta ~ |cm and in the short wavelength band io ~ 10% sg? , 

A= 2%c/w~ 20m) the ratio V_/w ~O.l cm. From this it is rather obvious 
that in the radio-wave band the role of spatial dispersion is normally small 
in the ionosphere. One can easily make similar estimates for the solar corona, 
the interstellar medium, and so on and so forth. However, it seems to us not 
to be appropriate to fix the ideas in this way as it is impossible to legis~ 
late for all possibilities while the propagation of waves in a magnetized 
plasma in the general case is characterized by rather a high degree of com- 


plexity. It is useful to bear in mind that in a study of each actual problem 
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in plasma physics one must carefully mention what approximations have been 
used and estimate their accuracy, in particular, when one takes into account 


thermal motion (and thereby also spatial dispersion). 


One can use the kinetic equation (11.24) to obtain an expression for the tensor 
€; w »k) in a magnetized plasma taking thermal motion into account or, as 
one says, for a ‘hot' plasma. In the linear approximation when one can use 
perturbation theory (see (11.26) and (11.27)) we are led at once to an 
equation which differs from (11.27) only by the addition of the term 
(e/m)[v A H,JV£’. We have here taken into account that for an isotropic 
unperturbed distribution function f,,(v) the gradient Vf, = (df,,/av) (v/v) 
and [vA Hi Ve 6 =O. From this it is clear that the Maxwellian velocity 
distribution remains the equilibrium distribution also when there is a magnetic 
field present. At first sight such a conclusion may look suspicious as in a 
Magnetic field the electron moves along a helix and when there is no field it 
moves along a straight line. There is here nevertheless no contradiction what- 
ever as the probability to find given values of the velocity v are the same 
in both cases for a system of electrons (or, in other words, the number of 


electrons with velocities in the range v, v +dv is the same in both cases). 


The expression for the tensor e; ;(o »k) in a Maxwellian (equilibrium) plasma 
can, for instance, be found in the monograph by Ginzburg and Rukhadze (1975). 
If one can neglect the thermal motion (in the simplest case inequalities 
(11.83) should be satisfied for this) the tensor é;; (wk) reduces to the 
tensor (11.70), as one should have expected. Perhaps the most specific feature 
of the kinetic theory is the existence of collisionless absorption. It occurs 


when the following conditions are satisfied (the z-axis is taken along H,): 


w= |sw tk vi]. w= jp‘Q,tk vz], 9,8 =0,+1,42,23,... (11.84) 


When s,s’ =0 we are dealing with Cherenkov absorption and when s #0 and 
s’ #0 with magneto-brems absorption for electrons and ione, respectively. 
We have already discussed this problem in Chapter 7 and we shall not discuss 
it now in detail. Apart from collisionless absorption it is particularly 
important to take thermal motion into account in a magnetized plasma as in an 
isotropic plasma, in those cases where we are dealing with waves which propa~ 


gate with a velocity comparable to the thermal velocity Ype OF Vani 


The analysis of the propagation of different waves in a magnetized plasma is 


- distinguished by a certain cumbersomeness even for a cold plasma (that is, 
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when we neglect thermal motion and thus also spatial dispersion). We shall 
only consider the propagation of waves in a cold plasma and even then very 
briefly (the books by Ginzburg (1970b), Ginzburg and Rukhadze (1975), and the 
review series edited by Leontovich (1965) consider in detail wave propagation 
both in a cold and in a hot plasma; see also the large number of other books 
and papers quoted there). However, expressions which do not need the actual 
form of the tensor €; (wk) are equally valid, of course, for cold and for 
hot plasmas. For instance, the dispersion Eqn.(10.27) which determines the 
refractive index n for normal waves in an anisotropic medium remains, of 
course, valid in the general case (it is true, assuming that we can introduce 
the tensor €;;@.k)). However, for a magnetized plasma we can go further by 
using the symmetry properties of the tensor €; ;(w »k). For example, in the 
case of a uniform field Hy, directed along the z-axis there occur simplifi- 
cations which are obvious from (11.70) and which remain true also for a hot 
plasma (we are thinking, for instance of the relation Ex = Eyy)- 


As for a cold plasma Ee; ;(w»k) =e; () the dispersion Eqn.(10.27) is a quad- 
2 


ratic equation in n°. The corresponding roots ae correspond to the 
ordinary (index 2) and the extra-ordinary (index 1) waves which can propagate 
in a cold plasma. Moreover, in a cold plasma there can occur a longitudinal 
wave or, More exactly, longitudinal oscillations (when spatial dispersion is 
neglected the group velocity Ver = dw/dk vanishes for the longitudinal wave). 
However, while in an isotropic plasma the wavevector k in the longitudinal 
wave can be directed arbitrarily, in a magnetized plasma this wavevector can 
be only in the direction of the field 4,. This all reduces therefore simply 
to the fact that when there is a magnetic field present the well known expres- 
sion 2 


a ee 
w(wt ivi ¢e) 


remains unchanged and the field does not affect the longitudinal wave (in this 
wave E=E, = Ek/k) propagating along the field. The problem of the limiting 
transition from a magnetized plasma to an isotropic one is quite instructive, 

in particular, in connection with the possibility of the existence of a plasma 
wave which can propagate only in one direction (in a magnetized plasma) or in 

any direction (isotropic plasma). A consistent study of this limiting transi- 
tion is possible only when we take spatial dispersion into account, even 
though the crux of the matter can be explained without it (see Ginzburg, 
1970b, §142). 
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We restrict ourselves here to only one remark concerning longitudinal waves, 
Normal waves in an anisotropic medium, in particular in a magnetized plasma, 
are, in general, neither longitudinal nor transverse. It should therefore not 
cause special surprise that one of the normal waves (1 or 2) can under special 
circumstances turn out to be almost longitudinal. Moreover, in the case of a 
cold plasma the wave 1 or 2 may be even strictly longitudinal and is formally 
so when a One might call (see Agranovich and Ginzburg, 1966) such 
longitudinal waves fictitious longitudinal waves as these waves are, when 
spatial dispersion is taken into account, in general, not strictly longitudinal. 
What we have said is, of course, insufficient to understand the essence of the 
matter but here we want only to explain that when in the literature longitudi- 
nal waves in a magnetized plasma are mentioned, one usually has in mind normal 
waves in the region of the poles nt 27 (see also below). There is thus no 
contradiction whatever with the above statement that ‘true’ longitudinal waves 


in a magnetized plasma propagate only along the field Hy. 


We shall give an expression for Ty,» (w) for high-frequency waves (condition 
(11.72)) in a cold plasma, that is, when we use the tensor (11.70). Substitut- 
ing (11.70) into the dispersion Eqn.(10.27) or, more simply, writing out the 
dispersion equation anew, but now for the case considered (see Ginzburg, 1970b, 


§ 11) we get 


= e (nti), , = 


2v(l+tis-—v) 


b 
2(1+ is) (l+is-v)- usin?a+ {u?sin*a + 4u(1 + is-v)? cosa}? (11.85) 
where 2 2 212 
_%p _ 4mNe? a ee . = eff (11.86) 
ilar Tie cn ie alee eae w ° ° 


and a is the angle between k and H,. 


When there are no collisions 
2v(l-v) 


2(1-v) -usin2a + {u* sin“a+4u(1 ~v)?cos2a}? 


~? = = 
My 2 ] 
22 rey 
ww, ws) 


ey Wd ect | (awk cgNa, 2272 ay eeec eae 


2(w? -w2)w* - 2 w? sin*a + {w* * sin*a + 44 w* (w* - w2)2cos a} 
*P “u “"u “Hl (11.87) 


Even Eqn.(11.87), let alone (11.85), is so cumbersome that one studies it 
either in particular cases or graphically. In the case of longitudinal propa- 


gation, a=0, we have 
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w2 


~2 — ~2 V 
=n = ] °°. — Fw - 
" + i= vu w(w-w,) 
w? (11.88) 
~? —~ ~ Vv = Pp 
a2 =A? 2 1 - ——=1 - ——— 
2 - oe ww +) 


The normal waves 1,2 (or +) are in this case transverse, and their polariza- 
tion is circular. The direction of rotation of the electric vector E in the 
+ wave is the same as the direction of rotation of an electron in the magnetic 
field H, (and is independent of the direction of propagation, that is, the 
same, if the wavevector k in the wave is directed along the field H, or in 
the direction -H,). It is thus natural that when the frequency Ww in the + 
wave approaches the electron gyro-frequency Wi» there occurs resonance (see 
(11.88), where we have put Voge ~ 93 the + or 1] wave is called the extra- 
ordinary wave). If a wave of arbitrary polarization is incident upon an ani- 
sotropic medium, in a uniform medium without spatial dispersion it splits into 
two normal waves which propagate independently of one another. In particular, 
for longitudinal (along the field H,) propagation of the waves in a cold 
plasma an incident (transverse) linearly polarized wave splits in two waves, 
+, with circular polarization, As n, # n_ the phases of the + waves along 
the ray change differently and we get a rotation of the plane of polarization 
(Faraday effect). It is clear that the difference of the phases of the - (or 


2) and + (or 1) waves which occurs after passing along a path L is equal to 
w 
Ao oe (nj -n,)L. 
One easily verifies that such a phase advance corresponds to the rotation of 
the polarization plane over an angle 


2 
wv, Wy L cosa NH, Leos a 


(n,-n,)L® ; = 0.93x 10° ——,~——. 5__ (11.89) 
Ww 


2cw 


here we have as illustration substituted the values of N, » from (11.88) for 
3 


the limiting case ere Il«l, w>> WwW, which is often met with under cosmic 
conditions. 


For ttansverse propagation (a=37) we get from (11.87) 
271 27,2 
ws (1 w/w ) : 
i 2 2 2 > 
Ww -we - 
H ® 


In the ordinary wave (2) the polarization vector (the vector E) is directed 


. (11.90) 


2 
2 


along H, and it is from this clear that ne for this wave has the same value 
as ni’ in an isotropic plasma. In the extra-ordinary wave (1) the vector E 


describes an ellipse in a plane at right angles to H,, that is, with respect 
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to k it has both longitudinal and transverse components (we remind ourselves 
once again that in the case (11.90) the vector k itself is perpendicular to 
the field H,). 


If we speak of the diagrams of the functions N, 2(W, Wy, Wy as Voge 7 in 
the general case, they are to a considerable extent characterized by the 


zeroes and poles of these functions 


wW Ww WwW FT 
2 ae ° = Pe 2 + -__P + = + H 
Oe ee ae ee eae V5 n =livu lis, 
20 (wy) Wyo 
2 = P -u low H 
gen eV seo Sacra rRIAT IEE A ae for u<l , 
’ Ww ]-ucos“a wo Wy cos @ 
2 2.2 
m a u- | OH Wom 
Vee Fee ee softer ud. (11,92) 
Ws co ucos’‘ a-l wy cos" a- Wo a5 


As, by definition view /w >O, the root v,, is, of course, fictitious when 
u=w)/w? > 1. For the same reason when u>!I, but ucos’a<1, the function 


n, , has no poles, 
’ 


As an illustration we have given in Figs.Ji.3 and 11.4 a few graphs of the 

functions n> ,(v) for different values of u and a. We have used as vari- 
b 

able the quantity v=wp/w’; this may turn out to be artificial. In fact, 


such graphs are very convenient when we are dealing with explanations for the 

2 

1,2 

other graphs, for instance, of ay 2 wiv), turn out to be also convenient; 
> | 


way n depends on the electron density N (indeed, v = 4nNe"/mw”). Some 
an example of these is given in Fig.11.5. As there is a region of small w- 
values in this graph it is necessary to remind ourselves once again that Eqn. 
(11.85) and the subsequent ones refer to the high-frequency case w >Qy.- 

When the frequency decreases the effect of the ions starts to become discerni- 
ble and yet another branch of oscillations appears. We restrict ourselves 
here by giving Fig.11.6 in which we show the functions fir 2) » taking ions 


into account. 


We discuss yet one more important limiting case 


2 2 2 2 2 
= Wp Pw , Wee wy, Ww « wicos’ta , w > Qn > (11.93) 
v >i, v2u, ucos'a>l, 
Under the conditions (11.93) we have according to (11.87) 
iz a 21,2 w* 
ny s6 ’ n3 — fs ae apes eer AL) > (11.94) 
Yu cos a w Yucosa WwW, cosa wH, cosa 
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Fig. 11.3 The functions ny ,(v) for Voge = 0 


é » 
and a@=45°. (a) u = Wy hv? =3; (b) u = 0,01 
~2 
_ 6.0 
ne 
As 
4.0 4.0 


ior I+ 0 


-2.0 


(ao) 
-4.0 


Fig. 11.4 The functions m for Vers = 0 
and 2=20°. (a) usup/w* = 1,08; (b) us 4 
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20.0 
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Fig. 11.5 The functions Tr, 2 (w/w) for 
w/w, =u/v = ! and a = 45° 


Fig. 11.6 The functions ny, 2) for a cold, 
collisionless plasma taking ions into account. 

We assume that he »> wi and the values 
of the roots and the poles of the functions 
a. ,(w) are indicated approximately. 
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or c? k? On cos o c H, k* cos a 
i) = rr, = ~ annle] e (11.95) 
Ww e 


Under the conditions considered here the wave ! does not propagate at all 

(this wave is damped, as ae < 0) and for the wave 2 the value ny >1. One 
encounters such waves, for instance, in the Earth's magnetosphere (‘atmospheric 
whistlers') and in solid state plasmas (‘helical waves' in metals which are ip 


a magnetic field). 


Apart from everything else, the neglecting of the spatial dispersion is the 
less legitimate the smaller the phase velocity of the waves considered 
a w/k. If Vph S vp» the effects of spatial dispersion are large. It is 
clear in this connection that spatial dispersion in the first instance must be 
taken into account in the region of the poles of the functions Hy 2 w) which 
are obtained for a cold plasma. For the ‘atmospheric whistlers' and the 
"helical waves’ the role of the spatial dispersion is also larger than for 
waves with a large phase velocity because of the condition ai.” 1 which 


means that Vph = c/n, , is much smaller. 


Finally, one more remark: a remiuder that in the foregoing we have considered 
only a uniform plasma. Meanwhile under actual conditions a plasma is always 
non-uniform — either there are boundaries or the plasma properties (such as 
the electron density) change from point to point. A lot of attention is there- 
fore paid to the propagation of waves in a non-uniform plasma. Of large value 
for plasma physics is also the discussion of non-equilibrium plasmas (for 
instance, a cold plasma penetrated by electron or ion beams), the study of 
various non-linear phenomena and effects, relativistic considerations, and so 
on. We have not mentioned plasma physics in a wider context and only consi- 
dered calculations of the dielectric permittivity of a plasma and wave 
propagation in it; we have thus in the present chapter only touched upon a 


very small part of that field of problems. 


Chapter XI 


THE ENERGY-MOMENTUM TENSOR IN 
MACROSCOPIC ELECTRODYNAMICS 


The energy-momentum tensor in macroscopic electrodynamics. 
Applications of the energy and momentum conservation laws to 
the radiation of electromagnetic wave (photons) in a medium. 
Forces acting on the medium. 

We have already discussed in Chapter 10 the Poynting theorem and the 
energy conservation law in macroscopic electrodynamics (as applied to a simple 
model medium). Agranovich and Ginzburg (1966) considered the energy conserva- 
tion law for the case where an arbitrary temporal and spatial dispersion was 
taken into account within wide limits and this problem has also often been 
discussed in general in the literature. It is impossible to say the same about 
the momentum conservation law in macroscopic electrodynamics. There are 
apparently two reasons for this. Firstly, one encounters the momentum of the 
electromagnetic field appreciably more seldom than the energy. Secondly, the 
problem of the momentum of the field in a medium has to a certain extent 
turned out to be confused — it is connected with the choice for the expression 
for the energy-momentum tensor of the electromagnetic field in a medium. This 
problem has been discussed for more than 60 years up to the most recent times 
(see Brevik, 1970a,b; Moller, 1972; Skobel'tsyn, 1973; Robinson, !973, 1975; 
Ginzburg, 1973c3; Walker and Lahoz, 1975; Ginzburg and Ugarov, 1976; and the 
literature cited there; we use the last named paper in what follows). It is 
therefore opportune to give a discussion of the momentum conservation law in 


macroscopic electrodynamics. 


In order to avoid complications which are not directly related to the problems 
which we wish to explain we shall consider a non-magnetic, dispersionless 
medium at rest. The field equations then have the form, well known to the 
reader, but it is convenient to write them down once more (B =H, and € is 


independent of w and k): 


4m. ,€ JE 
curlH = —jJ ss : (12.1) 
ite eats” (12.2) 
Cc dt 
diveE = 479 ; (12.3a) 
div H = 0 : (12.3b) 
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We take the scalar product of Eqn.(1!2.1) with E and that of Eqn.(12.2) with 
H. Subtracting the equations obtained from one another and using the identity 
(E* curlH) - (H scurlE) =-div[E AH], we get 


= = (€8? +H?) = -(j°E)-divS, (12.4) 


that is, we obtain Poynting's theorem which in the present case we can without 
particular complications interpret as the energy conservation law (the energy 


density is w = (€E*+H*)/Bm and the energy flux density is § = (c/4m) [EA H]).? 


We now take the vector product of Eqn.(12.1) and # and of Eqn.(12.2) and e€E 
and adding the expressions obtained we find 


a {[Ha curt HJ] + e([Eacurl E}} =- o[ja H] cz [Ean]. 


2 
4T1c dt 
We add now the expression -pE to both sides of this equation and on the left 
hand side use Eqn.(12.3a) to change it to -E(diveE)/4m. As a result we 
find 


tg {[Ha curt H) + e[E Acurl E] - -Eaiveets 7! rae = [E AH] = 


- 1 
--{oe+ [jan] + + 5 & [enn]} : (12,5) 
On the right hand side we have here the Lorentz force density 
fé = pe + [jad] 


and the volume force density 


A E- 
f° = — S[EAH] , (12.6) 


which is sometimes called the Abraham force. The minus sign on the right hand 


side of (12.5) is connected with the fact that the sum plrigd is the force on 
the medium, while Eqn.(12.5) determines the balance of the forces and momentum 
as referring to the field, where 


A _ 


F [E AH] = 5 (12.7) 


“i 
is the momentum density of the field (it is just or expression which is the 
Same for the vacuum and for a medium at rest which corresponds to the energy- 


Momentum tensor in Abraham's form; vide infra). 


For the sake of simplicity we shall to begin with assume the medium to be uni- 


form (in that case €=constant; the case of a non-uniform medium and the 


We note that when there is dispersion and absorption the interpretation 
of the separate terms in the Poyncing relation is more complicated 
(see Agranovich and Ginzburg, 1966, §3; Ginzburg, 1970b, $22; and, for 
details, Barash and Ginzburg, 1976). 
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possible dependence of € on the density of the medium are considered below). 
One can then very easily transform Eqn.(12.5) into the standard form (it is 
convenient for the transition from (12.5) to (12.8) to use the identity 
[ancurla] = 3Va7-(a-V)a) 


9 Tyg 284 Dice 
x, oe a Fal Fat tg Cae Its a 
B 
where Fug is the Maxwell stress tensor 3 
_ 1 1 2 2 
ace Ty {e Fa Eg t Hy Hg -5(e€E* +H ) bua} ° (12.9) 


The momentum conservation law (12.8) thus follows from the field equations 
without further assumptions. If we combine this law and the energy conserva- 
tion law (12.4) in a single four-dimensional relation — the energy-momentum 
conservation law — we are at the same time led to an expression for the energy- 


momentum tensor Ti, : 


. A 
0 -icg 
B 2 42 
Oyup > -cF *" | s=-[eaH]=c2q4 
tik is y »w aa S=qz[EaH}=c’a”, (12.10) 
art L, -A i 
Dx =f, : ie ; f, == (j-&) : (12.11) 
k 


(i,k=1,2,3,4; a,8=1,2,3; x,=ict). 


The tensor (12.10) is the energy-momentum tensor suggested by Abraham for a 
uniform medium at rest; for a moving medium this tensor looks somewhat more 


complicated (vide infra). 


The energy-momentum tensor used by Minkovski under the same assumptions as in 


the case (12.10) and (12.11) has the form 


C48 -icg™ 
M M_€ A 
re = > i] 4 Tra lE aH] = Eg 5 (12.12) 
1 
-—S§ Ww 
Cc 
art) . 
ik L L ss IT é L . 7 1 dia 
aX, =f, > fi =0E, + Lia], > te oa = i E) - (12.13) 


It is completely obvious that at least from a formal point of view the conser- 
vation laws (12.11) and (12.13) are identical — they differ merely in the 


different splitting up into terms of the same aum. To be precise, if we 
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transfer the Abraham force (12.6) from the right-hand to the left-hand side of 
Eqn. (12.11) and combine it with ar (A) /ax, we get at once the expression 
ari jax, and we can take for the energy-momentum tensor the Minkoveki tenser, 
Such ambiguity in the choice for an expression for the energy-momentum tensor 
is nonetheless surprising in that it is very general in nature and occurs eves 
in field theory in vacuo (see, for instance, Landau and Lifshitz, 1975, § 32). 
Moreover, the field in a medium is not a closed system — only the system con- 
sisting of the field and the medium is 'cJosed' and the medium is characterised 


by its own energy-momentum tensor orale There is @ conservation law 


dT;,/dx, =O valid for the total tensor T= Te ome). where perme 
is the energy-momentum tensor of the field (for instance, the tensor (12.10)); 
however the tensor Tj, is not uniquely defined and even less so are its parta 
peo and ae The force density is altogether a different thing; it is, 
at least in principle, a unique and measurable quantity. In this connection 
the fate of the ’controversy’ about the Abraham and Minkovski tensors will 
ultimately be solved as a result of the choice of an expression for the force. 
The Abraham force (12.6) is genetically connected with the force due to the 
Magnetic field (Lorentz force) acting upon the displacement current. It is in 
reality impossible to question this force notwithstanding that it has as yet 
not been reliably measured directly.” In that way the problem would be solved 
"in favour’ of the Abraham tensor. Skobel’tsyn (1973) has also shown in detail 
that the various expressions one meets with in the literature which contradict 
the choice of the Abraham tensor are without a foundation, and this was done 
also by Brevik (1970a,b). We restrict ourselves here to one of the arguments 
in favour of choosing Minkovski's tensor rather than Abraham's. This is that 
when one chooses the Minkovski tensor one finds for the case of a quasi- 
monochromatic wave train in any system of reference for the flux of the field 


energy in a transparent medium S=wvy where w is the energy density and 


gr’ 
: 42 8 : M 

er the group velocity. This just analogous to the relation [G8 =~ 8q Yer, 
for the Minkovski tensor (see Agranovich and Ginzburg, 1966, 53.2, and the 
literature cited there). When, on the other hand, one chooses the Abraham 
tensor such relations do not hold and this is taken somehow to be a disadvan- 


tage or difficulty. Indeed, as Skobel'tsyn (1973) proved especially and in 


The appropriate possibilities have been discussed by Brevik (1970a,b) and 
Skobel'tsym (1973). Undoubtedly, for one's ‘peace of mind’ it would be 
justified to measure the Abraham force. This has been done relatively 
Tecently (Walker and Lahoz, 1975a,b) and the validity of Eqn. (12.6) waa 
confirmed, albeit only with a relatively low accuracy. 


THE ENERGY-MOMENTUM TENSOR IN MACROSCOPIC ELECTRODYNAMICS 285 


detail, this is all again connected with the presence of the volume force #4 
when we use the Abraham tensor, In a moving medium this force does work on 


the medium and the relation S=wvy therefore can and should not be satis- 


gr 

fied, The situation is here completely analogous to the one for a medium at 
t ; ‘ ; ; 

rest when the relation S= we, 1S violated when there is absorption and, 


in general, when there are some energy sources or sinks in the medium. When 

applying this to the momentum density flux So “er ,B what we have said refers 
? 

already to the case of a transparent medium at rest, as the relation 

Sug = 78a Y%er,p can hold only when there are not volume forces. This last 

requirement is at once satisfied by the Minkovski tensor (we assume that there 


(M) 


are no charges or currents) for which aTjy° /9x,=0. 


All we have said allows us to take the Abraham tensor to be the 'correct' one, 
but it seems to us that one can label the Minkovski tensor as being ‘incorrect’ 
only in a somewhat formal approach. In reality in most situations the results 
obtained using the Abraham and Minkovski tensors are completely identical. 
This makes it possible not only to use in appropriate cases the Minkovski 
tensor but even to consider its application to be fully suitable, if in that 
way One reaches a certain simplification. One should therefore hardly label 


the Minkovski tensor Te 


to be 'erroneous'; rather it is an auxiliary con- 
cept which can be used fully. This does not imply any loss of ‘prestige’ for 
the more fundamental and, when it is convenient, 'truer’ energy-momentum tensor 


of an electromagnetic field in a mediun, rhe 


An analysis of the problem of the energy and momentum conservation laws when 
electromagnetic waves (photons) are emitted in a medium confirms and illus- 
trates just what we have said. Indeed, let us consider what the momentum of 
a wave train is equal to in a medium, using the Abraham and Minkovski tensors 


and after that turn in both cases to the conservation laws. 


We consider the propagation in the medium of a plane wave of the form 


co He, Brae gp illo J) 


(12.14) 
H= 3 


1 (H, at (k *r)-iwt ; H eo i(k: ee) 


If the wave is quasi-monochromatic, E, and H, are 'slowly' varying (as con- 
pared to the period 27/w) functions of the time t. However, for the sake 


of simplicity we neglect dispersion and we shall thus assume E, and H, to be 
A a ec 


t ; 
In such a case the volume force acting upon the medium does no work, as 
this work equals the product of the force and the velocity of the medium, 
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constants, but the wave train to have a cross-section of unit area and length 
L (for an account of dispersion see, for instance, Agranovich and Ginzburg, 
1966, § 3). Substituting (12.14) into the field Eqns.(12.1) and (12.2) with 


real ewcoretant and j =0, we find 
E, =- [ka] , H, = —[k aE] : (12,15) 


Hence we get, from the condition for the existence of a non-trivial solution, 


the dispersion equation 
netve. (12.16) 


Moreover we get for the time-averaged (that is, averaged over the high 


frequency) quantities (see (12.10) and (12.13)) 


o- ce ow 7 a4e (E,-E*) + (H,- H*)} = me (E,-&5), 
S = i [EAH] = sex {6 aH,]+ +[Eon He) } = =~ (E, *E;) : : Cleeh?) 
go. & : a™  n2g4 : 
Cc 
QA) - AL - ee aa (12.18) 
QM) . OM, ae in (12.19) 


where giA.M) and ¥ = 4 (A) = 3 (M4) =wL are, respectively, the momentum and 
energy of the wave train. The relation (12.19) is exactly the same as the 
Telation between the energy and momentum of a ‘photon in a medium’ obtained 
through quantization of the field in a medium (see Chapters 6 and 7). Indeed, 
the energy of a photon in a medium is equal to ¥ =Mw and its momentum equals 
G =(Mwn/c)(k/k), that is, G= (Hn/c)(k/k). We showed in Chapter 7 that the 
use of (12.19) enables us to use the energy and momentum conservation laws to 
find the condition for Cherenkov radiation; the same refers to the Doppler 
formula. In both cases we get, of course, in a classical calculations, when 
we have not made a definite choice for 4 (which therefore does not contain the 
quantum constant fi) only classical formulae which do not take into account 
recoil — the change in the motion of the emitting particle. To find more 


general formlae taking recoil into account we must use the conservation laws 


u If we wanted to be precise we should have added that we assume the 


medium not only to be non-absorping (€ real), but also transparent 
(condition €>0). 
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already when applying them to a separate photon in a medium. To be precise, 
when a single photon is emitted we must use the relations (see (7..1) and (7.2)) 


E,-E,=Mw , pP,-P, = (12.20) 


where Bo 


respectively in the initial state O and the final state |. Because of what 


and Po,, are the energies and momenta of the particle (radiator), 


we have said it is clear (and is, of course, confirmed by calculations) that 
when one 'obtains' quanta (photons in a medium) with energy Aw and momentum 
(iwn/c)(k/k) through standard quantization one must have recourse to the 
Minkovski energy-momentum tensor. If, however, we use the Abraham tensor, we 
find both classically (see (12.18)) and also quantally and taking only the 
momentum g4) into account a completely wrong result for the momentum of the 
"photon'’. In reality, however, the use of the Abraham tensor leads, as we 
should expect, to a correct result, but one must calculate also the action of 
the Abraham force on the medium when the radiation is emitted (the same applies 
to the absorption process). It is, indeed, necessary to do this as the force 
4 A) (see (12.6)) does not vanish when a wave train is emitted (or, for 
instance, when it enters the medium). We are here interested not in the force 


itself, but in the momentum related to the force which in the emission of a 


wave train equals 


A)_n’-1 [9 =a 
x -2o) [2 penne’ ae = 2+ {[e, ant] + [et an, fe - 


_ (n?-1)n 
— 8te 


k (n -1) Hk 


* 
(E -E,) ba mak ; (12.21) 


0 
where we have dropped the oscillating terms and hence we are dealing with a 
time~averaged quantity. 
We note that we can right from the start consider a More or less arbitrary 
wave train and calculate and afterwards compare the integral quantities 

W= | wate dt , GAM - { gaMatrde and FSA) 
The relations between these quantities remain the same as in (12.17) to 


(12.19), (12.21) for a train with sharp boundaries. 


It is clear that by virtue of (12.17) to (12.19) 


gh), pA). git L in & (12.22) 


+ 


The force acts only as long as the wave (train) enters the medium or is 
emitted by the source. During the propagation, hewevers. Gt a train of 
a given length in a uniform medium the force momentum F vanishes. 
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In the field of applications of the energy and momentum conservation law 

usually only two points are important: firstly, what ie the energy and momen 
tum which is lost (or gained in absorption) the emitting particle or 'systen'; 
secondly, what is the field energy emitted in a given direction. On the other 
hand, the problem of the distribution or redistribution of the momentum of the 


radiation is unimportant from this point of view. In the case considered the 


particle loses a momentum ~ ge), the field in the medium gains a momentum 
(A) _ g(t) _ fA) 


qi) and the medium obtains the force momentum F 
medium — 'grainy matter' — under the influence of the force 44 the particles 
F6A) =~ ined) is the momentum of the meditm 


For a 


in the medium are accelerated and 
(the sum of the momenta of the ‘'grains', the density of which we assume to be 
constant). In the general case, however, the state of the medium is deter- 

mined by the appropriate equations of motion, for instance, the equations of 
elasticity theory or the equations of hydrodynamics in which the volume force 
density equals < and can contain in principle also other terms. In that 

case it is, of course, impossible to assume that p‘A) - gimed) = q med) L, where 
g med) is the density of the momentum of the medium (it is just this fact 


: t : : 
which has been correctly emphasized by Skobel'tsyn (1973) ). It is thus, in 


e e e e e M 
general, also impossible to state that the Minkovski momentum density g 


equals qo go However, we saw in the relation between the integral quan- 


tities — the momenta and the force momentum pfA) — that the result (12.21) is 


completely independent of the properties of the medium and remains true also 


d 
if we assume (in general, incorrectly) that ag 3g." The use of the 


: A similar situation also occurs in the case Of sound quanta — phonons. 
The propagation of sound is not accompanied by a transport of mass and 
in that connection the momentum of sound waves vanishes (we neglect here 
a relativistic effect — the fact that a train of source waves with energy 
# has amass H/c? and thus possesses a momentum (H/c*)v,, where vz 
is the sound velocity). After quantization we find thus that the sound 
quanta (phonons) have an energy fw and a zero momentum (we neglect again 
the momentum (fiw/c*)v,). The statement, however, that the momentum of a 
phonon (say, when it is emitted by an electron) equals Mk = (Mw/v.) (k/k) 
means, indeed, that when a phonon is emitted the lattice as a whole 
obtains a momentum Mk (Umklapp processes are neglected here). When we 
apply the conservation laws in the case of emission, absorption, or scat- 
tering of sound, nothing is changed, however, if we assume as is usually 
done, that the phonons not only have an energy fiw, but also a momentum 
Fik = (fiuw/v,)(k/k). Incidentally, the field momentum according to Abraham 
G A) _ H/cn = (H/c*)(c/n) (see (12.18)), that is, it has the same meaning 
as the ‘true’ phonon momentum (u/c*) vo, as the velocity of the electro- 
magnetic pulse is equal to c/n (we neglect dispersion). 


THE ENERGY-MOMENTUM TENSOR IN MACROSCOPIC ELECTRODYNAMICS 289 


Minkovski tensor in this case is thereby in reality justified as it not only 
leads to the correct result, but also leads directly to the goal without con- 
sidering the action of the volume force. It ia true that taking the action of 
this force into account in the framework of the classical approach is always 
simple (vide infra) but it turned out that apparently it is rather cumbersome 
quantum—mechanically. As far as we know such a quantum-mechanical considera- 
tion has not yet been given. For those non-stationary problems for the 
solution of which there are clear advantages or even the necessity to apply 
the Abraham tensor, the corresponding quantal analysis would be justified 
(although, of course, not necessary as long as the problem is classical which 
is probably the case for any realistic situation when one considers the prob- 
lem of measuring the Abraham force). As to the use of the energy and momentum 
conservation laws dicussed above (and particularly in Chapter 7) in the emis- 
sion of 'photons in a medium’ it seems to us that the problem of the nature 
and meaning of such a discussion may be assumed to be completely clear already 
in the light of the remarks made here (it is also perhaps more convenient to 
turn to an earlier paper (Ginzburg, 1973c) where the quantization of the field 
in a medium and the problem of the energy-momentum tensor are discussed in one 


spot rather than to Chapters 6 and 7). 


We discussed above the problems of the energy-momentum tensor and the forces 
in a Medium for the simplest case. [In particular, we assumed the medium to be 
at rest, uniform, and unmagnetized; we also neglected the possibility that 


the dielectric permittivity € might depend on the density of the medium op. 


Let us now drop all these assumptions and write the field equations in the 


form 
_ 4m , . 1 30 
curl H = pe eevee (12.23) 
_ 1 3B 
curl E =- ee 2 (12.24) 
div D = 47p, , (12.25) 
divB = 0. (12. 26) 


We have here denoted the charge density by p to save the notation op for 


e bf 
the density of the medium. If in the frame of reference in which the medium 
is at rest D=e&E, B=uUH (as before we neglect dispersion), we get for a 


Slowly moving medium (see Tamm, 1976, § 111) 


D=cE+(e-2)/ "0B E-2- (:-2)[ en] (12.27) 
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oboe (ea[E at] -ee(-a)[teo]. on 


where we have assumed that the velocity of the medium u with respect to the 
'laboratory' frame of reference is small, that is, we have neglected terms of 
order u*/c’*. However, even when we use More general relations between D,B, 
H and €E che initial Eqns.(12.23) to (12.26) also remain valid. 


Taking the scalar product of (12.23) and (12.24) with E and H, respectively, 


and then proceeding as usual (see (12.4)) we get the relation 


a: (32. E) + (<8. ) b= (j-£) -aivs, S = [EAH] . (12.28) 


Taking the vector product of (12.23) and (12.24) with B and OD, respectively, 
and proceeding then as we did to get Eqn. (12.5) we find 


& {[0n curt €] + + [Ba curl H] - so Ia 
gl 


-— a [DAB], (12.29) 


=o, £ + o[jAB] 


Equations (12.28) and (12.29) are generalizations of (12.4) and (12.5) and 
represent the energy and momentum conservation laws following from the field 
Eqns. (12.23) to (12.26). To be more precise, we are dealing with conservation 
laws which are related to the energy and momentum conservation laws. However, 
the clarification of this relation requires an additional analysis and addi- 
tional assumptions. Indeed, this was already made clear above — when there 
are a number of terms present in a conservation law it is impossible without 
further assumptions to interpret this one or that one from them. At the same 
time when we make the problem more precise the use of the conservation laws 
enables us, of course, to obtain useful results. As an exaMple we shall use 
Eqn. (12.28) to find an expression for the force density f, which acts upon 


the medium considered. To do this we evaluate the derivative 


M 
2 D-E)+(B-H = Oe (12.30) 
t aT t 


where wi! = [(D- E)+(B -H)]/81 can so far only be considered to be a particu- 


lar notation, 


We use Eqns.(12.27) to evaluate the derivatives 96/dt and OH/ot. In that 
case we must also somehow make precise the values de€/dt and op/dt. We shall 
assume that in each element of the medium € can change only because the den- 


Sity pO changes. In that case 
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d€ _ de dé dp de, 
—_— = — +> oe , ee — 
t L (u Ve) 30 dt 30 pdivu > (12.31) 
where we have used also the continuity equation 


oe + divou = 0. 


By virtue of (12.27) and (12.31) and the analogous expression for dyu/dt we 
find easily 


a 180 _ (,_1)[u,38]_ o{(yev)— 4 (2) a 

Be ve ae ~ (Iau) Lemar] O{(u-Pe)~ ze (Gee) avy eer 
aH 1 3B 1\fu aD] _ {(u-v + (Ho) aivul 
erage * (tmap)[ende lB U(Uer a a Ty aa 


Here, as everywhere else, we assumed the velocity U to be constant or, to be 
more precise, we neglected all derivatives of U with respect to the time or 
coordinates, but took into account the divergence divu which arises when we 
use the continuity equation.. By virtue of (12.32) and again using the rela- 


tion (12.27) and neglecting terms of order u*/c* we find 


aw 1 f/ad, 2B. Ce eee 
Se + as (G3e" £)* (GE M} + ae ove 


1 (de 24: am ye eepuet: a0) 2a: 
ae (280) divu+d-(u-vy) +a (34 H? divu. (12.33) 


Combining (12.33) and (12.28) we tinally find 

— a= = (j°E) + (f,°u)+ div {s- gel ( £6) 8° + (340) x ]} : (12.34) 

fs se ve- 2 up + az V{( 20) et} av {( 3 ) w} . (12.35) 

It is natural to interpret this relation as the energy conservation law where 
w! is the energy density of the field and f, the force acting upon the 
medium (the work done by it is (f° 4))3 the addition to the energy flux of 
a term proportional to U cannot cause surprise, but the problem of the accu- 
racy of the corresponding expression needs further analysis. We shall not be 
interested in this problem as the aim of the derivation was to obtain 
an expression for the force f, which acts upon a medium at rest when u=0. 
However, it is not possible to put u=0 at once, as in that case the work 
done by the force (fu) also vanishes. Equation (12.35) is, of course, the 
same as the one normally obtained (see Landau and Lifshitz, 1960; Tamm, 1976), 
but as the result of considering displacements of elements of the medium in 


the field. Such a derivation is in general equivalent to the one given but it 


refers immediately only to the static case. 
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One should not think, although thie might look so at first sight, that the 
given derivation determines the density of the force acting upon the medium 
ungqiuely. Indeed, let us take for a moving medium as energy density and momepe 


tum density the following expressions: 


wet {(D: E)+(B» H)| a Gecesurak {[D4 p]-[EaH]}), (12,36) 
gf -S- 1 {fe au - eae - (DAB]) - (u- [esH])}} » (12,37) 


It is just this kind of expression which is obtained (see Pauli, 1958; 
Skobel'tsyn, 1973) for a moving medium through relativistic transformations 
if we take for the energy-momentum tensor in the medium at rest the Abraham 


expression (12.10). 


It is clear that 


ae (f,°u) ae (t,°u) + (f4-u) , (12,38) 
u{(u+ [DaB)) - (w+ [ean})} 
pha (gt gh) = 2 (pap) - [End] + ———p-— 


c° {1 - (u*/e?)} 
(12.39) 

If we are, therefore, speaking only about the satisfying of the conservation 
law (12,28), we can equally well take che volume force density to be equal to 
f, as to fi +f4, The same holds also in respect of the choice of an expres- 
sion for the momentum density on Che basis of the conservation law (12.29); 
both the Minkovski expression g” .. [DAB] /4uc and the Abraham expression 
(12.37) are compatible with (12.29). The only difference consists in that in 
the Abraham version apart from other forces there acts on the medium aleéo a 
force with density fA | which is noc present in the Minkovski version, so to 
say, due to a corresponding change in the field momentum density in the medium 
The problem about whether the force i. which for an isotropic and unmagne- 
tized medium and when u*/c? «1! has the form (12.6), is real must be answered 
experimentally or on the basis of a microscopic theory. We have already 
mentioned that there is no reason to doubt the presence of the force f° from 
eicher point of view. 

In conclusion we must note that also in the general case the relation 
G" = foatr = GA+-A (see (12.22) is retained, that is, the total momentum 
transferred to the medium by a radiator in it can be evaluated using the 
Minkovski expression for the momentum density g™ (for details see Ginzburg 
and Ugarov, 1976, 1977). As in the earlier considered particular case of an 
isotropic and unmagnetized medium at reet thie conclusion does, clearly, not 


; A 
contradict at all the acknowledgement of the reality of the Abraham force f . 


Chapter XIII 


FLUCTUATIONS AND VAN DER WAALS FORCES 


Fluctuations in an electric circuit. Thermal radiation in a mediun., 
Molecular (van der Waals) forces between macroscopic bodies. 


Interaction between electrons and the field in an empty resonator. 


When we expounded the electrodynamics of continuous media in Chapter 10 
we emphasized that the fields considered are statistically averaged fields. 
Automatically we excluded thereby fluctuation effects. At the same time it is 
well known that various fluctuations and, in particular, electromagnetic fluc- 
tuations and effects connected with it play a very large role in physics and 
astrophysics. It is sufficient to remind ourselves of fluctuations in electric 
circuits, of fluctuations of the electromagnetic field in resonators (both 
empty ones, and ones filled with a medium), and of molecular (van der Waals) 
forces between condensed bodies (the calculation of these forces is closely 
connected with the problem of electromagnetic fluctuations). The scattering 
of electromagnetic waves (radio-waves, light, X-rays) in a medium is also a 
fluctuation effect — one may say that one is dealing with the scattering by 
the fluctuations of the dielectric permittivity tensor €,, (wk). It is thus 
perfectly natural in the concept of this book to elucidate in the present and 
the following chapter a few problems connected with fluctuations and with the 
scattering of waves. It is, however, necessary to emphasize that we shall not 
concentrate on the general problems from the theory of electromagnetic 
fluctuations (see Landau and Lifshitz, 1960, 1969; Abrikosov, Gor'kov and 
Dzyaloshinskii, 1965; Sitenko, 1967, 1977; Rytov, 1966; Fain, 1972) but only on 


a few special cases, which are very interesting from a physical point of view. 


The first of these problems is that of 
fluctuations in a linear electric cir- 
cult with lumped capacitance C, self- 
induction L, and resistance R (Fig. 


13.1). We assume the size of the 


circuit & to be very small as com- 


pared to the wavelength A = 2tc/w 


Fig. 13.1 Electric LCR-circuit 
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corresponding to the frequency range w considered. Under such conditions the 
quasi-stationary approximation (see, for instance, Landau and Lifshitz, 1960; 

Tamm, 1976) is valid for the fields and currents in the circuit; in the frame-~ 
work of this approximation the current is the same in all parte of the circuit 


and equal to +a =a 
ut) = | a,e mr dis, 


If the quantities C,L, and R are independent of the frequency, the current 


will be given by the equation 


Gi e q _ e Jd - 
Lq erq+datisrset| sar e(t) , (13.1) 


where q=fJdt is the charge on the capacitor and e(t) the caus 
force (e.m.f.) imposed on (or, rather, included in) the circuit. If at least 
one of the quantities L,C, or R is frequency-dependent (a direct analogue 
to temporal dispersion in a medium) Eqn. (13.1) holds only for the Fourier 


componen ts; 


l 
ax ss cleh py ie. | 
{ iwL(w) + R(w) sot ii ~ 
+ 00 
at ilt iwt 
ee | J(t)e dt , (13.2) 
ee 
1 iwt 
a = nh &(t) e dt. 


If we introduce the impedance (complex resistivity) of the circuit 


Z (uw) =R-i(ut-25) : (13.3) 


we have from (13.2) 
& 


w = 2) J, - (13.4) 


If there is no external e.m.f. the statistical average of the current J is, 
of course, zero. At the same time it is clear that in the circuit as an 
effect or, rather, as the result of thermal motions there appear and disappear 
all the time fluctuating currents. As usual in such cases such currents can 


be characterized by a correlation function 
o(t’ =t) = o(t) = J(t) I(t +7) (13.5) 


where we have assumed uniformity in time (hence the dependence on tt! =t 

only; the circuit would be non-uniform in time, if ite parameters were time- 
dependent) and the bar indicates a statistical and, if needs be, a quantum- 
mechanical average (for details see Landau and Lifshitz, 1960, 1969; for the 


sake of simplicity we write equations such as (13.5) only down in their 
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classical case). For random (fluctuating) currents J which do not tend to 
zero as |t| +=, one must exercize care in using Fourier components, but for 
the square integrable quantities used in what follows it is unnecessary to 
take such precautions (Landau and Lifshitz, 1969; Rytov, 1966). Therefore, 
substituting the expression 

3(t) = | ie id 


into (13.5) we get des 


ee ee 
o(T) = ] Jy Fyre EOE NE ROPE ca opaui 


— © 


However, the right-hand side of this formula depends on tT only if there is an 


appropriate 6-function present and, hence, we can write 


+ co +a 
-iWT l LWT 
o(t) = | (3°) e dw , (3°), or | o(t) e dt, (13.6) 


where the quantity (3°) is defined as follows: 


_ 2 (w +w’) 
Jy Ju (J ie 


For the mean square of the current we have 


+o es) 
y? = o(0) = | (J*) dw = 2 | (3°), dw ; (13.7) 
-— @ 0 


By measuring the strength of the fluctuating current J(t) in the circuit we 
can find $(t) and, hence, the spectral density of the mean square fluctuations 
(37) For a circuit in thermodynamic equilibrium (at temperature T) the 
quantity (3°) follows from theory — obtaining the appropriate expression is 
now our aim. Instead of (J*) we can with equal success look for the spec- 


tral density of the mean square ‘random’ e.m.f. 
(7), = [Z@)|* (37), . (13.8) 


Indeed, in a thermodynamic context fluctuating currents in a circuit do not 
differ at all from currents flowing under the influence of an ‘external' 
e.m.f.. Therefore, if we use the relation (13.4), where according to (13.3) 


zZ(-w) =z (w), we are led to (13,8). 


The value of (27), in thermodynamic equilibrium can at once be obtained by 
using the general so-called f luctuation-dissipation theorem which connects the 
fluctuations (for instance, the quantities 7 and (37) ) with the dissipa- 
tive properties of the system (in the case of a circuit — with its resistance 


R). We shall not add here to the derivations given in the textbooks (Landau 
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and Lifshitz, 1960, 1969; Rytov, 1966). However, an elementary discussion is 
sufficient; this is given below and it leads not only at once to its goal but 
also elucidates the essential features of the whole physical contents of the 
fluctuation-dissipation theorem. Furthermore, departing from the circuit we 


obtain in fact appreciably more general results. 


Let us therefore turn to obtaining an expression for (e*) in an equilibrium 


circuit. We start from the statement that for any circuit 
(67), = RW) £@,T) , (13.9) 


where f(w,t) is a universal function of the frequency w and the temperature 
T, that is, a function which is 
independent of the circuit para- 


meters L,C, and R. 


To prove relation (13.9) we consi-~ 
der two circuits in series —a 
network forming a closed circuit 
which is schematically shown in 


Fig. 13.2 (see, for instance, 


Network | Network 2 Gorelik, 1951; Ginzburg, 1952a); 
the idea of the proof goes in fact 
Rigs tone aaa Coe ee back to Nyquist (1928) who consi- 
of two networks in series with 
impedances Z, and Z, dered a two-wire line). As a 


result of fluctuations in the whole of the circuit there flows a current J(t) 
and the fluctuating e.m.f. in each of the networks is equal to, respectively, 
€,=Z,J and €,=2Z,J, where Z,,, are the impedances of the networks. In 
thermodynamic equilibrium the average power P,, transferred from network | 


to network 2 must equal the power P,, transferred from network 2 to network 


[, that is, ; : 
Ro(E 7). dw ~Ri(@5) dw 
Pi> = } paaaaerAe. See _ 21 = | ie ae ‘ (13.10) 
|z|? |z|? 


Here Z(w)=Z,+Z, is the impedance of the circuit considered which consists 
of two networks in series; one easily finds the expressions used for the 
power using the well known relation P=RJ*. Equation (13.10) must hold for 


any networks, in particular, when for fixed R, and R,, but varying self- 


2 > 


inductions L, , and Capacitances C the impedance Z of the whole circuit 
> 


1,2 
is changed. This is, however, possible only when the integrands are equal, 


F 2 = 
that is, when R,(er)y = R (es), - Thus 
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is a quantity which may depend on w and T, but not on the circuit parameters 
(see Gorelik, 195! for more details). To find the function f(w,T) we now 
choose any Circuit and, of course, the simplest one is a weakly damped LC- 


circuit with R70. 


Beforehand we write down an expression for the average electric and 


magnetic energies U and K in a circuit with arbitrary L,C, and R: 


= q l I 2 
Use-—t=> —(J dw = 
2C 2C | =z | 
-~ @ 
1 @ (@*), dw CRE(w, T) dw 
ae | es ae | ee (13.11) 
C w? 1Z(w) |? R? C* w? + (LC w* - 1)? 
f w?C?LR£(w, 1) d 
= Ww Ww, u) 
K--i | (3?) aw = | ee ee (13.12) 
; sa » R2 Cc? w* +(LCw* - 1)? 


If R+0, the resulting circuit is completely analogous to an undamped harmonic 
oscillator described by the equation mx+kx=0 with eigenfrequency w. = Vk/m= 
1/VLC (see (13.1)).. However, it is well known that for an oscillator its aver- 


age energy at a temperature T is given by (it is unnecessary to elucidate this) 


2 
q 


W =U += 2=2K = pox? + pkx? = D+ Gis = 
Aw, ‘ Aw. 
< > Hw, + ———_——- = _ 5 fin, coth OKT” (13.13) 
exp [fw/k,T]-! B 


Of course, the internal energy of the resistance R itself has here not been 


taken into consideration. 


We note further that for small R the integrals (13.11) and (13.12) have a 
steep maximum at W=W; = \/VLC and we can therefore put (strictly speaking 
this is valid as R70; a=CR/VIC) 


@ ap 

7 adn 2 an? dn ‘ 

U = £(w,T) | = K=£(w,T) | ——————— =5rtfo,T). 
0 atn? + (n*-1)? 0 on? + (n2- 1)? 


(13.14) 


The integrals occurring here are evaluated exactly (most simply using the resi- 
due theorem), but to obtain the result it is sufficient to take into account 


that as a+0, both integrals reduce to fra dn/[a*+4(n-1)?] wan. Comparing 
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(13.13) and (13.14) and bearing in mind that the frequency Ww. is arbitrary, 
we find for f(w, T) 


Aw Aw ; 
Ss —_—_ 3, 
f (w,T) 5 coth 2 kat (13.15) 
Finally, we get from (13.9) Nyquist's formula 
Aw fw R (3 Aw ) 
e?) = % wo . R/2 5, +——_—___— ], 
( i 27 R(w) coth 2kpT = \? : exp (fiw /kp,T ) a | 
en) | Aw 
& J R(w) w coth Dip dw . (13.16) 
In the classical case when fiw « kpT we have 
2) i 8 
(€ ie =—kT , Rw<« kpT . (13.17) 


The derivation given here is completely rigorous or, at any rate, not less 
conclusive that the derivation based upon the general fluctuation-dissipation 
theorem. Moreover, one can consider it as a derivation of the theorem itself 
which for the case of a random variable x has the form (see, for instance, 


Landau and Lifshitz, 1960; Abrikosov, Gor'kov, and Dzyaloshinskii, 1965) 
(x7) = —— coth —— (13, 18a) 
B 


where a” is the imaginary part of the quantity a which determines the res- 
ponse of the system to an external perturbation and to the same extent to a 


random (fluctuating) perturbation Q. To be precise 


X= a(w) Q, 
and 


XX ra aw) awQ Qi, = (x?) 6(w+w’) = |al? (Q*),, S(w+ w’) 


Comparing this expression with (13.18a) we find 


2 a’ Aw 
g?) = aL: Leer 13, 18b) 
( Js 2n|a|? cot 2k_T ( 


However, clearly Eqn. (!3.18b) 1s equivalent to (13.16), if a= iw/Z(w) and, 
hence, a” = Ima=wrR/|Z|*. One can see easily and directly (see, for 
instance, Landau and Lifshitz, 1960, § 89) that for an electric circuit a has 
just this meaning. It is clear from what has been said that, the other way 
round, we can start from Nyquist's Eqn.(13.16) and at the same time making the 


Meaning of the parameter a and the quantities x and Q more precise obtain 
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Eqn. (13.18) for a rather wide class of random physical quantities. 


We now make a few remarks referring to the properties of an LCR circuit. In 
the classical limit Mw < kpT the function f(w,T) = kpt/m , and it is clear 
from (13.11), (13.12), and (13.14) that we can for any values of L,C, and R 
write 

U=K= zk,T . (13.19) 


Of course, we should have expected such a result, as in the present case it is 
equivalent to the statistical theorem about the equipartition of energy over 
degrees of freedom. It is true that we have assumed above that L, C, and R 
are independent of w but in the opposite case it is, in general. difficult to 
speak of a circuit with a single degree of freedom and, in any case, the clas- 


sical equipartition law does not have to be satisfied. 


It is important that in the quantum-mechanical case equipartition does, in 
general, not hold, not even when L, C, and R are constant. Of course, as 
R*0O, Eqns.(13.13) hold and, in particular, U=K. In general, as a first 


approximation Eqns.(13.13) are valid provided 


R,_1 
R « (13.20) 
L vic ’ 


which guarantees that the damping is soak" If, however, inequality (13.20) 
does not hold, we have U#K, and we can use (13.11), (13.12), and (13.15) to 
obtain general expressions for UY oand K. We see that U and K depend on two 


parameters, namely oa = CR/VLC and 8B = A/kpT vLC. 


Condition (13.20) is equivalent to a<«J1 and then B= hw. /kpT, where w, = 1/¥LC 
is the frequency of the circuit. Let, for example, the circuit be strongly 


damped (for details see Ginzburg, 1952a), that is, 


R | 
a (13.21 
L vc’ ) 
or, what comes to the same, a> 1. In that case 
= fi : 
U = >kpl, when Re “«kpT, that is, when BX a; 
k,T (13,22) 
- 7 'B A 
U = 6 R/Rc kt » when Rc >k,T 


is kd ° e ° = 
The eigenfrequency of the LCR-circuit follows from Eqn.(13.1) with 


E(t) =0 and equals 
a 1 (/x\?? 
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K « skgT » when ng <kKpl » that is, when 6 < ~ ; 
kT (13.23) 


"Ea kel , when AR > kpT. 
The condition for ‘classicism’ is thus completely different for the electric 
energy U from the corresponding condition for the magnetic energy K, and so 
on. It is also interesting that a circuit far from classical behaviour for 
small R (the condition flu; = n/VLC > kgI being satisfied) for sufficiently 
increasing R and unvarying L and C becomes classical as far as U is con- 
cerned (that is, U> bkpT) whereas K+0. We only need remind ourselves that 
the requirement of quasi-stationarity of the circuit, which we started fron, 
imposes well known limitations on the quantities L, C, and R (in particular, 
it is impossible simply to let R*+®@ as in that case the circuit turns out to 
be open and formally ( e? ) cP es although (3°) > 0). We do not know, however, 
whether such limitations affect the analysis of the corresponding actual prob- 
lems at ail or seriously interfere with the transition to the limiting cases 
M/RC « kpT and AR/L > kpT (see (13.23)). 


The cause of the above-noted situation — the different behaviour of U and 

K — is completely obvious. A classical system may retain its characteristic 
features even for strong damping ~ it ‘remains itself'. For instance, the 
oscillations of a pendulum (oscillator) are very strongly damped when the 
viscosity of the medium surrounding it increases, but it remains all the same 
a pendulum. If, on the other hand, we have a quantum harmonic oscillator 
with frequency w; , this system has, when there is no damping, energy levels 
which lie at a distance fiw; from one another. When the damping increases 
(as the result, say, of collisions or of interaction with radiation) the 
levels spread out and finally overlap. It is also perfectly obvious that 
when the overlap of the levels is large the system possesses a clearly pro- 
nounced continuous spectrum and has little in common with the quantum harmonic 
oscillator, Also, in various quantum systems, depending on the nature of 
their energy spectrum, the average total energy and the average kinetic or 


potential energy are, in general, completely different. 


The harmonic oscillator plays in physics an exceptionally large role by no 
means solely because such a system is often met with (pendulum, molecular 
oscillations, and so on). It is even more important that an extra-ordinarily 
wide class of problems, connected with the discussion of small (linear) pertur~ 


bations and waves in media with ’distributed constants’, that is, in tne 
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electrodynamics of continuous media, in acoustics, and so on, reduces to some 
extent to the oscillator problem. This is also true of the electromagnetic 
field in vacuo — the Hamiltonian method expounded in Chapters 1 and 6 for 
electrodynamics in vacuo or in a medium is a clear illustration of this. 
Besides, the expansion into waves, by no means only plane waves, goes beyond 
the limits of the Hamiltonian method and has, as we have said, an extremely 
wide range of applications. It is in this connection at once clear that the 
study of electrical fluctuations in an electric circuit which was made above 
can be generalized not only to discrete systems (mechanical oscillator, dis- 
crete chains, and so on) but also to continuous media. While referring to 
Landau and Lifshitz (1960) or Rytov (1966) for details we shall give here 
merely a few expressions which relate to the fluctuations of an electromag 


netic field in a medium. 


We can indicate the presence of fluctuations by writing the relation between 


D and E in the framework of linear electrodynamics in the form 
=|eé ! 1) die! + e). 13. 
D, Ww, 6) J &,@.0 ) Ew, e/) ae! + Kw, 6) (13.24) 


We have here already made the transition to the Fourier components with res-— 
pect to w, and otherwise this relation differs from (10.3) only through the 
addition of a fluctuating electric induction K(w,¢) which takes into account 
the appearance of fluctuations in D even when there is no average field E. 
When there are no external sources the basic field equations for E and B 
take the form 

iw 


iw [> 
curl, B(w, r) rm Jew rereE (wearer 2 K.(w, "), 


(13.25) 


curl E(w,re) - 2 (w,er) 


The relation (13.24) clearly takes into account the possibility of spatial 
dispersion and we can therefore without losing generality assume that B =H 
(see Chapter 10). When we neglect spatial dispersion we can (and sometimes 
must) introduce the magnetic permeability and in that case we must when con- 
sidering fluctuations introduce also a fluctuating magnetic induction L(w) 
(see Landau and Lifshitz, 1960, § 90). 


According to the fluctuation-dissipation theorem we have in equilibrium 


K.@ 6) Kw, er’) 


(K, (r) K, (rt)) = 


2k,T 


if coth fw {e* (w se) -€.. f yh » (13.26) 
. ji 1j 
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where the bar indicates statistical averaging. When we neglect spatial disper. 


sion and put B=H _ we have es (wr ,ert) =€; -) 6(r-r/) and 


s = a k = = Aw = 
(Kr) Ks Cr Yo infe®, ) ce; o)} oer e')coth 2kpT 


- 2He,’ (wo) 6(r -r') coth a ; (13.27) 


Solving Eqn.(13.25) in order to find the fields B and E_ produced by the 
fluctuating term K, and then obtaining the quadratic expressions, we can use 
the fluctuation-dissipation relations (13.26) and (13.27) to express the result 
in terms of e/ and after that in terms of other suitable quantities. For 
instance, in a transparent medium €” +0, but the presence of a 6-function 
in (13.27) guarantees the correct limiting transition, say, to the equation 
(see Landau and Lifshitz, !960, § 91) 


fiw? sin (nf w/c) Nw 
e s = ——a qu ad 
(E(r)- Er )5 ao = coth 2k,T ; 
3 
2 _ fiw Fiw 
where ¥ = |r-r’| and the refractive index n= Ve=ve’, as €” =0, 


Hence it is also straightforward to obtain equations for the equilibrium den- 
sity of electromagnetic energy in a transparent, dispersive medium (in such 


cases one usually speaks of thermal radiation). Indeed, this density equals 


< 
iN 


1 2, d@wn*) . 1 2, | 
ay? (87), GBS + 2 (WH), = 


W dw W 
3 d 2 
- tw (Gn, n°) coth iM = 
4c? dw 2k ,T 
2.2 
d 
- (fw + —e___} er ee (13.29) 


exp (Mw/kpT) - 1 
we have used here Eqn. (13.28) and the fact that (H*) a e(E*) for trans- 
verse normal waves in an isotropic medium (and these are the only ones 


considered now). 


We refer to the literature (for instance, Vainshtein, 1957; Landau and 
Lifshitz, 1960; Agranovich and Ginzburg, 1966; Ginzburg, 1970b) for a 
discussion of general expressions of the kind 


In the text we have, however, used quantities such that 
+ 0 oo 


Ee = f (£7) dw 2 (B?) aw . 
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On the other hand, we can derive Eqn. (13.29) much more simply and directly by 
assuming that each ‘field oscillator’ (of index a) hae an average energy 


1 Mw : Aw, 
= —7 ee —— 13.30 
Wo (Fu, + sm hu,/E.t)= ) 5 Fw, coth kat ( ) 


while the number of such oscillators in an interval dw equals (a factor 2 
derives from the two polarization directions) 


2 dk dk ak, Bak dk tn? dwn) 


~— 73.9 dw 


- ma a = dw P (13.31) 
(21) 3 (277) Tc 


as 
dk _ d(wn/c) 


W 
dw dw ° * c n(w) . 


The expressions obtained for the transverse field in a transparent uniform 
medium (in general, without spatial dispersion as we consider only two waves) 
can easily be generalized to the case of an arbitrary transparent medium in 
which normal waves with refractive index Ng (w »s), &=1,2,3,... can propa- 
gate. To be precise, in that case 


w' ne w(w) (wn ) 


(21)? dw 


where w(w) is the function (13.20) with wqg*=w which in the classical limit 


ww, s) dud’ = dw d?72 , (13.32) 


equals kpT and § =k/k is a unit vector corresponding to an element of solid 
angle d22. We have already met an application of Eqn.(13.32) in Chapter 6 
(see also the literature cited there). There is no doubt whatever that we can 
also obtain this formula by starting from the fluctuation-dissipation theorem 
(13.26) by consistently applying it to an arbitrary medium and taking the 
limit as ae > 0. For a transparent medium this method is relatively cumber- 
some and clearly not suitable for the problem. Undoubtedly the usefulness of 
Eqn. (13.26) and the whole fluctuation approach with random inductions and so 
on (see, for instance, (13.25)) is connected with the possibility to study in 
that way absorbing media and the transition to the transparent case serves 


usually only as a control. 


The energy of the electromagnetic field in an absorbing deaeam” fa in general, 


at The concept of the energy of the electromagnetic field in an absorbing 
medium needs, in general, be made more precise as it, at the least, is 
ambiguous (see Agranovich and Ginzburg, 1966; Ginzburg 1970b; Barash and 
Ginzburg, 1976). However, the field energy in an absorbing medium can, 
first of all, be introduced by giving a precise model of the medium and, 
secondly, and this is here particularly important, in thermodynamic equili- 
brium there is no dissipation in the medium and the internal energy of the 
electromagnetic field has a completely well defined meaning (see also below), 
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only a small part of the total (or of the free) energy of the thermal motion 
in the medium. We have here, of course, in view the electromagnetic field ia 
the long wavelength region or in the region of typical distances which are 
much larger than the atomic size a. If we consider the whole field, in final 
reckoning a normal substance has only electromagnetic energy (apart from the 
nuclear energy which remains unchanged unless the isotopic constitution of the 
substance changes). This energy is, however, first of all mainly electrostatic 
(Coulomb) energy and, secondly, so to speak ‘concentrated’ at sizes of the 
order of atomic sizes (a~ 10~® to 107’ cm) and, thirdly, should be calcu- 
lated quantum-mechanically. The relatively long-wavelength field with A»a 
carries, as indicated, in general a small amount of energy. The problem of 
the role played by this energy is perhaps not altogether clear and needs a 
further analysis at least for ‘non-standard’ media (for instance, chemical 
compounds with layer or filamentary structures). There are now, however, two 
statements of the problem known when one must take the electromagnetic fluctua- 
tions in a continuous absorbing medium into account. This is, firstly, the 
problem of the forces between macroscopic bodies acting at distances  ® a 
(such forces are usually called molecular or van der Waals forces). The 
second problem is related to the previous one — the question of thermal radia- 
tion by macroscopic bodies. It is true that if the wavelength of the emitted 
waves A «2%, where & is a characteristic dimension of the body such as the 
radius of the heated sphere or cylinder, one can usually apply the geometric 
optics approximation as well as the classical theory of temperature radiation 
(Kirchhoff's law and so on; see, for instance, Landau and Lifshitz, 1969, § 60), 
but, if A Zk (which may happen for antennae, for heated bodies in waveguides 
or resonators, and so on) we need more complete electrodynamic calculations. 
We shall not dwell here upon the corresponding class of problems (see Rytov, 


1966), but briefly touch upon the problem of the molecular forces. 


If we state the problem relatively simply, the question is how to find the 
force between two half-spaces 1 and 2 which are filled with media with permit- 
tivities €,(w) and €,(w). The distance (gap) between the media is & and 
the gap itself may be filled with a medium (a gas or liquid, say) of permit- 
tivity €,(w). We called this scatement of the problem a relatively simple 
one bearing in mind the natural possibility of a number of generalizations — 
changing to an anisotropic medium, media with spatial dispersion, a set of 
plates (layers), surfaces which are not planes, and so on. As far as the possi- 


bility of a complete quantitative analysis is concerned, even the problem posed 
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Fig. 13.3 Two half-spaces | and 2 (with permit~ 

tivities €,(w) and €,(w)), separated by a gap 

3 filled with a medium of permittivity e, (w) 
here is already complicated or, more precisely, cumbersome. To make this 
clear we give an expression for the force F acting on unit area of each of 
the plates (and formally the half-spaces) | and 2 which are separated by the 
gap 3 (Fig. 13.3) 


k,T a 
F(T) =z EF p> { } dp 
me” m=0 1 


( y= 


s +p)(s,+p) 2 pw -1 
pie Se ie a eee exp ( Le L ve;) ~ | 


(s, 
(s, -p)(s,-p) : (13.33) 
(s, 


+ 


s, +pe,/e,)(s, +pe,/e,) 2pu me 
exp ( £ ve,)-1] } 
(s,-pe,/e,)(s,- pe,/e,) C 


Ss 
€ € 2nmk_T 
Ss -{{o-1+ a Ss -,/ en 2 W = B 
, é, Pf > 8, e, Pt 4. OES 


where the prime on the summation sign indicates that the term with m=O must 
be multiplied by 4; moreover, all complex permittivities €, ,€,, and €, are 
taken for the imaginary frequency iw, (a positive value of F corresponds to 
attraction and a negative value to repulsion between the bodies). In the 
limiting case of a small distance between the bodies |! and 2 (this means 
that for the wavelengths which are important in the problem A. ~2mc/wve, » Lk; 
Moreover, we have assumed that k,l 2/fic «<1 by virtue of which we have put 
T=0) Eqn. (13.33) reduces to 
oe ae pr ee ae a vail” ae. 
l6m7 2? 4 ° (e, -€,)(e, ~ €) (13.34) 


Oy oa Ey g (iS) 
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The general expression (13.33) can also be somewhat simplified in anothe; 
limiting case — for wide gaps where &£»%),. We reetrict ourselves here to ag 
even more special case of two well conducting media (in che Limit — perfect 


conductors) separated by an empty wide gap. In that case 


2 
F = rr - ‘ (13.35) 


In the most important case of a vacuum gap (that is, when €,= 1!) Eqn. (13.33), 
although apparently not simplified, was obtained by Lifshitz (1956), one could 
say straightforwardly by calculating the fluctuating fields E,, and H,, in the 
gap and subsequently calculating the stress tensor,* using the theorem (13.27). 
The calculations were then so cumbersome they were not even reproduced in the 
relevant Landau and Lifshitz volume (1960; see § 92) where, as a rule, all 
important calculations are given. Dzyaloshinskii, Lifshitz, and Pitaevskii 

(1961; see also Abrikosov, Gorkov, and Dzyaloshinskii, 1965, Chapter 6) obtained 
a generalization of the result to the case of a gap filled with a medium (that 
is Eqn. (13.33) ) using quantum field theoretical methods (or, one sometimes calls 
them when they are applied to statistical physics, the methods of the quantum 

many~body theory). The efficiency and fruitfulness of these methods have been 


proved. However, they do not at all prevent a tendency to obtain thie or that 


result by simpler means. Leaving alone the methodological side of the problen, 


one can in general say that more transparent and simpler, and therefore less 
cumbersome methods turn out to be preferable when one must go over to more 


complex problems; they give a means of checking, and so on. In our opinion 


this is just che situation in the case of calculating the forces between 
macroscopic bodies. 


Indeed, as was noted by van Kampen, Nijboer, and Schram (1968) the result 
(13.34) (Ninham, Parsegian, and Weiss (1970) and Gerlach (1971) showed later 
that the same is true also for Eqn.(13.33)) can be obtained relatively more 


simply than was done by Dzyaloshinskii, Lifshitz, and Pitaevskii (1961) as 


follows.’ We assume that all media | ,2, 3 are transparent. The internal 


energy W and the free energy 3% of the system can then be written in the 
form 


gn i SS 
u The force F is equal to the 9,, component of the stress tensor, if 
we take the z-axis at right angles to the gap. 


t In fact van Kampen, Nijboer and Schram (1968), Ninham, Parsegian, and 
Weiss (1970), and Gerlach (1971) proceed just as stated in the text, 
but oddly enough there is no mention that they consider directly only 
transparent media. 
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FLUC 
= og " Aw 
Gsueg-tet-) vw, = -Nw. coth = 

oT aNa Bs ge 2k,T ” 


(13.36) 


fiw 
oe ) {kp? tn (1 - exo (- 9) + rug ‘ 


where W, are the eigenfrequencies; when evaluating the force F =- 93/32 
only the frequencies Wy which depend on & are important. Such frequencies 
which correspond to "surface' oscillations in the gap can be found easily. 
Substituting them into (13.36) leads to (13.33) or, in particular, to (13.34). 


To illustrate this we derive the last femula. 


The wave equation in all three uniform regions |, 2, and 3 (see Fig.13.3) has 


the form ‘ 
VE+<5-E=-0. 
rv) 


We look for its solution in the form 
E = E,(z) exp [i(k x+ ky) ‘ 


We then get for E,(z) the equation 


d°E, (z) 2 2 2 ew? 2 2 2 
dz? gee? Pa x y 


The solution E,(z) which is of interest to us is a '‘surface' type of solu- 
tion, that is, one which is localized near the gap; it clearly has the form 
Aexp (-K,z) in region 1, Bexp (-K,2) +C exp (K,z) in region 3, and D exp (K, z) 
in region 2. At the boundaries (for z=0 and z=) these solutions must be 
joined using the electromagnetic boundary conditions that is, the requirement 


that the quantities €E,7(z), E,,(z), and E,y(z) be continuous. 


Since we wish, as we have said, to limit ourselves to the static case we must 
put K*=k? (formally this is obtained by letting c+) and we must not consi- 


der the magnetic field (that is the reason why we have not written down the 


We note that this method, when applied to two perfect conductors, 
separated by an eMpty gap, had been used already rather a long time 
ago (Casimir, 1948; Boyer, 1970) and led at once to Eqn. (13.35). In 
this case the role of the zero-point oscillations of the field was 
particular translucent — the force is 


@ 
= 


F =~ 


Qs 
pw 


oe! 
ane 7) ) > hw (2) 


where wW,(%) are the frequencies of the eigenoscillations of the electro- 
magnetic field in the gap (one assumes that T= 0) 
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corresponding equation). Finally, from the condition divE=0 which ie valid 
in each of the three regions it follows that the component Fay” ie propor- 
tional to dE,,(z)/dz (we have for the sake of convenience chosen the X-axis 
along k which does not limit the generality). The quantities €E,, and 
dE,2/dz must thus be continuous at the !-3 and 3-2 boundaries. As a result 
we obtain four homogeneous equations for the amplitudes A,B,C, and D. The 
condition for the existence of a non-trivial solution of this system of equa- 


tions has the form (e, +€,)(€,+€,) 2kL 


(wa) = Te,-€,)le,-6,)° ~'7%> (13,37) 


where €,,€,, and €, are functions of w. 


1 2 


The dispersion Eqn.(13.37) connects k = (kz + x2)? with w = Wy» that is, 


determines the eigenfrequencies of the waves in the gap. 


When T=0O we have according to (13.36) 


] ] 
5 Nw = | 2m dk { } , 
es (27)? 9 


(13.38) 
{ p= fro [tau] aw , 


where we have used a well known thecrcem from the theory of analytical func- 
tions — where we express as a contour integral the sume of values of some 
function (in this case }fiw) at all zeroes w=w, of another function (in 
this case 8(w)). Moreover, it is important that we must not take into account 
the poles of the function Sw), as the corresponding values w., are indepen- 
dent of 2 (see Barash and Ginzburg, 1975 for details about the applicability 
of the calculations). We have also used the fact that the roots Wa of Eqn. 
(13.37) depend on k as a parameter and that the number of such roots in an 
interval dk is equal to 21k dk/(27)?; as in (13.36) there occurs the sum 
over all roots we must integrate over k. The force Fe-oOW/d2 is deter- 
mined by the value of the derivative 


d 98/dw 2k 08 / dw 
nr ner ar 
as by virtue of (13.37) 38/92 = 2k( -1). Finally we can write 


_ web/aw 9 (2) I 
i dw \D/ oD 
and uee that relation when integrating over w in (13.38). Introducing the 


variables x=2k2 and € =-iw and taking as integration contour the imagin~ 


ary W-axie we get at once Eqn.(13.34),. We note that we can find the values 
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of the functions €(i€) for the imaginary frequency w = if ae we know the 
value of e’ =Ime for the real frequency W; we are thinking here of the 
formula (see Landau and Lifshitz, 1960, § 62) 


2 xe (x) 


dx . 
Me x? +6? 


e(i€) = 1 + 
We have mentioned that Ninham, Parsegian, and Weiss (1970) and Gerlach (1971) 
obtained also the general result (13.33) in a similar way, but taking retarda- 
tion into account (that is, by finding the frequencies Wy(k) in the gap 
exactly — for K* =k? -ew?/c? rather than for K? = k*; vide supra). Of course, 
at the end of the calculation the permittivities were assumed to be arbitrary, 
corresponding to real media. Apart from a general maxim that ‘victors should 
not be judged’ one can justify the derivation of Eqns.(13.33) and (13.34) for 
absorbing media on the basis of the general Eqn.(13.36) for transparent media 
by the following arguments. Firstly, the permittivities €,,€,, and €, occur 
in (13.33) as functions. Secondly, the function e€(w) is always real on the 
imaginary axis (see Landau and Lifshitz, 1960, §62). The result obtained for 
transparent media (e,, €, , and €, are real positive quantities for the real 
frequency w), must therefore clearly be the same as the appreciably more 
general one which is applicable to absorbing media. However, this would 
hardly confirm such a conclusion unless it had been obtained earlier without 
additional assumptions. Both for this reason and also bearing in mind other 
related or similar problems one must somehow consistently generalize the expan- 
sion in eigenoscillations with frequencies W, which we used here to absorbing 
media. This can, indeed, be done (Barash and Ginzburg, 1972, 1975; Barash, 


1975a,b). 


The possibility of the above-mentioned generalization is by itself already 
obvious from the example of the electric circuit considered above — its inter- 
nal energy was found also for R #0; it is equal to (see (13.11), (13.12), 
(13.15), and (13.30)) 


CBw (w , T) dw ‘ I | c2 LRw(w,T) w*? dw 
1 


W=U+K = i | 
T R* Cc? w* + (LCw? - 1)? R? C? w? + (LCw? ~ 1)? ; 


ww, T) = > Mw coth re : (13.39) 
B 


To generalize this result we must transform it to the general form of 


an expansion in eigenfrequencies, though not those of the circuit considered 


but those of an auxiliary circuit. The fact is that we are interested in 
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induced oscillations in the circuit under the influence of some e.nm.f. 
a (in the present case we are dealing with the fluctuating e.m.f.). It 


is clear from (13.1) that we then have 
-1 
ey Le R 
1 ee GO Oe as (13, 40) 
~Lw* -iwR+l/c 4% »® 
However, the frequencies w, (w) are the eigenfrequencies for the circuit (and 
this is the auxiliary circuit) 
qd 


oo a) e 
PS Ga Gs (13.41) 


which differs from (13.1) by the replacement of R by (uw/w,)R (to avoid confu- 
sion we explain once more that the solutions exp [- iw, (w) t |] in which the 
frequency w, as in (13.40), is considered to be a parameter, satisfy Eqn. 
(13.41)). In terms of the frequencies Ww, (w) we can write Eqn.(13.39) in the 


iia | w(w,T) 
_ Wd ws (w) - wi 


i w(w,T) dW; (w) 
wdw + on Se er dw. (13.42) 


ws (w) -w 
One can easily check directly that Eqns.(13.39) and (13.42) are identically 
the same. 


Of course, in the case of a circuit nothing whatever is changed, but in the 
case of generalizations (for instance, oscillations in a gap) it is necessary 
to perform some calculations starting from Eqn.(13.42) and using, mainly, the 
frequencies wi (wo) which are the analogues of the frequency w,(w). The last 
method is well known (see Vainshtein, 1957, §§ 100 to 102 and Barash and 
Ginzburg, 1975), Let the whole system be immersed in some auxiliary resonator 
with perfectly conducting walls and consider the frequency w to be a para- 
meter, while the eigenfrequencies of the resonator Wy (a) are determined from 
the homogeneous field equations 

iw, (w) 


——— ier r DEY (us r’) deer, 


curl Ay wy »r)#e- - 


iw (w) (13.43) 


curl Ey uy af )} = Fs 


Haw) (yr) » 


where € ie the linear operator occurring in (13.24) and where we have omitted 
the tensor indexes i,j to simplify the notation. It is clear from (13.43) 
that the auxiliary resonator is the same as the actual one (that is, the 


system considered) when w,, = w and when there are no external and fluctuating 


Qa 
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sources. The eigenfunctions E w, (w) (w,r) and WH,  () (w,r) of the auxiliary 
resonator have a number of oe as (such as set noucnalicy) which enable ue 
to find particularly simply the induced solutions which depend on K(w,r) for 
the actual problem which is described by Eqns.(13.25). The average internal 


energy of the ve is in this case simply of the form 


( _ ww, T) a ( ) dw? (w) 

Be ww, T wlWw,T 8} 

SE ere ee 
O 


which immediately generalizes Eqn.(13.42). This last fact makes it already 
clear that as €”~+Q (or R70) Eqn.(13.44) goes over into (13.36) for W 
(the same is, of course, also true for &). Moreover, Eqn.(13.44) is valid 
also for absorbing media and it is clear from(13.43) that it can be used also 
when we take into account anisotropy and spatial dispersion. When applying 

it to the gap problem (see Fig.13.3) for an isotropic medium without spatial 
dispersion one can check (Barash and Ginzburg, 1972, 1975; Barash, 1975a,b; 
Barash, 1978) chat from Eqn.(13.44) or, to be more precise, from the analogous 
expression for the free energy &% Eqn.(13.33) follows a When solving yet more 
complicated problems, for instance, when the media | and 2 are anisotropic 
(Barash, 1978) the advantage of the method described here of an expansion in 
eigenfrequencies becomes even more striking. One may think that just such an 
approach would dominate when one solves 
a whole number of related problems 
about molecular forces for various 
media under different geometrical 


conditions or when calculating the 


free energy in an absorbing mediun, ——f-——$ —-<—. 
L 
and so on. eS, (cre 


In conclusion we shall discuss yet 
another electrodynamic fluctuation 
problem — that of the effect of 

fluctuating voltages in a resonator 


on electrons passing through it Fig. 13.4 The problem of the 


(Ginzburg and Fain, 1957a,b). flight of electrons through 
an empty resonator 


u As T>Q the free energy becomes the same as the internal energy. In 


the problem of the van der Waale forces, however, one is usually 
interested only in the case as T*0 (see Lifshitz, 1956; Landau and 
Lifshitz, 1960; Abrikosov, Gor'kov, and Dzyaloshinskii, 1965). This is 
the reason why we did not write down the expression for §%. 
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Let a non-relativistic electron with initial energy K, =4mv; enter the 
resonator at time t=O and leave it at time T with energy K =}mvi. The 
field in the resonator is assumed to be uniform and in the direction of the 
electron velocity — along the x-axis (such a case corresponds to a resonator 
of a well defined shape, for instance, such as shown schematically in Fig. 
13.4). If 

E= E, coswe + (E,+E,)sinut, 


we have 


mx=eE , vy = x(t) =v, +£ {E, sinur+ (E, + E,)(1- cos wt) | ‘ (13.45) 


We shall further assume that E, and E, are random variables so that 

E, =E, =O and g? = B22 y? /QX, where & is the thickness of the resonator (the 
aati ccavetved by the electrons in the resonator) and v? ie the mean Square 
of the fluctuating voltage at the 'plates' of the resonator. Up to terms of 


order e* we then have (K, =} nv?) 


K_-K, = e av? in? swt+E (1 - cos wt)? — E sin? =wrt 
(Sale = n’ > os —— BE, sin® ut, 
eg (13.46) 
(OK)? = KP- (K)?= (ROK)? (RR)? = et int tur 
~ T 2 Q2 2 : 


The term of order e° which we have dropped here is unimportant, if the elec- 


tron velocity changes little, that is, if v, =V, Kvy 3 in the same approxima- 


tion the time taking to fly through the resonator is 1t=8/v, and 
——> sinswt 
(AK_)* = e? v2 (sinter)! : (13.47) 
x bw T 


We have here assumed that the time dependence of V is unimportant. If that 


would not be the case we have instead of (13.47) 


co 


TAC VE Boe ; sins wTt\? a | ; 
(AK_)* = 2e | (v*) Gory dw , V2 =2 (v7) dw. (13,48) 


Of course, in the classical case it is possible that (V’ yes Q, but in che 


thermodynamic equilibrium state there is always electromagnetic radiation in 
the resonator and 


R(w) kT/T 
(v2) = ea eta SATS «RE : (13.49) 
where we have used the classical Nyquist Eqn.(13.17) for (e*) while L(w) > 


C(w), and R(w) are the self-induction, capacitance, and resistance of the 
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circuit which is equivalent to the given resonator when one calculates the. 
voltage V. We here assume the circuit to be of the kind shown in Fig, 
13.) (connected in series) so that Z = R-i(wL-1/uC), J," €,,/Z(w). and 

vo = J fi wC = € fi wCZ, When we use the quantal Nyquist Eqn. (13.16) we get 


a © (2/ fw +N Rw/ -1 
(AK_)? = e2 | (2/1) {3 Mw +Mw/[exp (Mw/ kpt) - 1)} (“ater dw, (13.50) 
; R* C2 w* +(LCw? - 1)? dwt 


or, for a weakly damped (high-Q) resonator with eigenfrequency w= 1/YLc 


—— 2 Fw. sinsw-T\2 
(AK_)? = —< Ei + —-t-- | (—S="i*) ; 13.51) 
‘ Cwiy LP i exp (Aw ,/k,T) - | du sT 


As the motion of the electrons was assumed earlier to be classical, che result 
given here is valid only within certain limitations. If we recall, however, 
that the electron wavelength A = 271f/uv < 10°°cm for K =}mv’ > 10eV, it 

is clear that the classical approach is practically always adequate for resona~ 
tors through which electron beams pass. At the same time in a whole number of 
papers (see Ginzburg and Fain, !1957a,b for references) the whole problem con- 
sidered above was solved, and with the same result, using quantum mechanics 
both for the radiation and for the motion of the electrons. It is clear from 
what we have said that tnis is, in general, superfluous (see, Ginzburg and 


Fain, 1957a,b, for some additional provisos). 


Chapter XIV 


SCATTERING OF WAVES IN A MEDIUM 


Scattering of electromagnetic waves (light) in a medium. 
Linewidth in the emission spectrum and in the spectrum 
of scattered light.Combinational (Raman) scattering of 
light involving formation of polaritons (real excitons). 
Scattering by free electrons and in a plasma. 
Transition scattering. 


A medium is called homogeneous if its statistically averaged properties 
are independent of the coordinates (this definition has everywhere been tacitly 
assumed in the foregoing). These were the conditions under which we introduced, 
for instance, the tensor Ee, (wok) which connects the average induction with 
the average field (by averages we understand here statistically averaged 
values). In a homogeneous medium the average fields (waves) propagate without 
any scattering; this is clear from the solutions of the field equations — it 
also followed directly, in particular, in Chapters 10 and 1] when we found the 
normal waves. However, when we take fluctuations into account the medium is, 
of course, no longer homogeneous and the waves are scattered. In principle 
the scattering by che thermal fluctuations of the permittivity does not differ 
from the scattering by inhomogeneities in ae produced by external sources. 
As in the presence of spatial dispersion the introduction itself of the censor 
€, (w.k) assumes the homogeneity of the medium, one needs a special analysis 
for the discussion of scattering when spatial dispersion is taken into account. 
When we discuss in what follows scattering with the formation of polaritons we 
shall consider that problem, but otherwise we shall assume that in the medium 
under consideration there iS no spatial dispersion. The general theory of 
scattering of electromagnetic waves in an isotropic medium, neglecting spatial 
dispersion and mainly for the case when the frequency of the scattered radia- 
tion is changed little compared with the frequency of the incident radiation 
has been given by Landau and Lifshitz (1960, Chapter 14; see also Fabelinskii, 
1968). As usual, we shall therefore restrict ourselves to only briefly remind 
the reader of some general results and after that turn to some additional 


remarks. 
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In most cases the scattered field E’,H’ is weak compared with the fielg 
E,»H, in the incident (to be scattered) wave (an exception is, for instance, 
the region of critical opalescence, apart from scattering by various turbid 
media such as emulsions). Under such conditions — and we shall restrict our- 
selves to those — we can apply perturbation theory. In fact, we can write the 
relation between the total induction D(w,r) =D,+D’ and the field E(w,r)= 


E, +E! in the form 


(0) (0) (0) .7 
D=€E .9€..°E 6€..E, . = €.. +e... E, fs ee 
ij j tj Jj 1j 0,3 1j 0,3 1j Jj ij 0,j 
(0) a 
+ 


where re (w, rere (u) +8e; 5 (u »f), and the fluctuating part of the permit- 


tivity 6€;; is assumed to be small of the same order as the field Ba in an 


J 
isotropic medium 20 ak and assuming the medium to be transparent the 
(0) 


tensors es and sane “oe, can also be assumed to be real (of course, even 
in an isotropic medium one can not, in general, reduce the tensor ae to a 
scalar). Under all those siwplifying assumptions it is convenient to exprese 


E’ in terms of D’ and to write 


5. es (14.2) 


aaa Cg 


mio 


ee uae 
E’ = =D 


We now turn to the wave equation for the field E, that is, to the equation 
(see (10.21)) 


AY 
curl curlE-~-+D=0. 
c 


Substituting the relation (14.2) into this equation and using the fact chat by 


assumption 
a2 
curl curl E, Te =O , 


we get 
2 
v*p’ + —_ e(w) D’ =-curl curl C ; (14.3) 
c 


as div D=div D, = divD’ <0. 


‘The solution of Eqn.(14.3) for an incident wave E,=E,, exp [i(k.-r)] and 

observation in the direction k, at large distance R, from the scattering 

volume (but in a region with the same value of e(w)) leads to the result 
exp(ik,R, ) 


Ets ks afk, 46)]| , (14.4) 
0 
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G. = [ (Se, Bay, ela ars 
: a (14.4) 
w 
q = k,-k, > k, =k = a Ye (w) ry 


where kK, and ke are the wavevectors of the incident and scattered waves, 


respectively. 


Here we have, strictly speaking, assumed the scattering to proceed without 
change in frequency and we therefore did not distinguish the frequency of the 


incident light w, from the frequency w of the scattered light; for the 


S 
same reason ka=k,. In fact, however, nothing is changed if w, # w, as long 
as we can neglect the frequency dependence of € and SE, . in the frequency 

range Aw ~ (We - Wy). In other words, we can assume that the field E’ is the 
total field of the scattered light provided Aw«w,. The evaluation of le’|2, 
where the bar indicates time-averaging, allows us therefore to find the total 
intensity (for all frequencies) of the scattered radiation. We have according 
to (14.4) for the intensity of the scattered light I = S R? = cve le"? R? : 


87 
relative to the intensity of the incident light I, = |e! and per unit 


FE’ 


Scottered wave 


Incident 
wove 


Fig. 14.1 Scattering in a medium. The field in the 
scattered wave is linearly polarized as shown in the 
figure only when the fluctuations oe = © ois 


u We speak here of light only for the sake of simplicity; essentially 


we are clearly considering the scattering of electromagnetic waves 
in all wavebands, provided only that (4 *a,where aw~ 107? to 107° cm 
is the atomic size. 
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a 


2 
1 | (2) |c| 7 
—— Se |]! a I (14.5@ 
I 1672 \¢ lE,!? . ) 


where is the angle between G and kK, (the wavevector of the scattered 


light) and where we have used the fact that ki =k (w*/c7)e, 


solid angle, 


In a number of cases, for instance, for a gas of spherically symmetric mole- 
cules and also for a number of liquids we can assume that the fluctuations 
S604 are scalar, that is, put are = d¢€ Sia Under such conditions (see 
(14.4) and (14.5a) and also Fig.!4.1) 


_* wy" 2 sin’y , G= SEE 


14,5b 
Se, = | 6e(r) eila-r) dir ( ) 


where [Se ql’ = ((6€)* aq , but the latter notation which is analogous to the 


one used in Chapter 13 is less convenient. 


We remind ourselves that we have assumed the incident field to be of the form 
E, = Eo, exp(i(ke-r)]; when E,,=const, this corresponds to a linearly pola- 
rized wave. One sees easily that for natural (unpolarized) light of intensity 
Ig 


toh L ) [eeQ|* (1 +c0s%8) , at (14.6) 


where 0 is the scattering angle, that is, the angle between k, and k,. Under 
(2 


conditions when [seq is independent of q (vide infra) the intensity I 
can immediately be integrated over the angles (the element of solid angle 

d7Q = sin@d@dd) and as a result we get for the so-called extinction coeffi- 
Client 


(14.7) 


The scattering volume of the medium V occurs here because, by definition h 
1s the ratio of the intensity of the light scattered in all directions to the 
intensity of the incident light where the scattering volume is taken to be 
unity; in other words, as a result of the scattering the intensity of the 
incident light changes as dl=-hIdz. Of course, the extinction coefficient 
h is for polarized light equal to the same expression (14.7) — this result, 
besides the general considerations, is obtained from (14.5b) by integrating 


over the angles. 
By definition _ 
[seg]? = Jf delr,) Se*(r,) expfi(qe {r,- r,t) Jat riaie,. 
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When averaging we must take into account that when we consider all frequencies 
of the scattered light at once the fluctuations Se(r, ) and ée(r, ) are usually 
correlated only over distances hears ~a~107? to 107% em. For light 
with A>a we can thus in the expression for |ée,|° put exp [(i(q{r,-r,})]=). 
ln a uniform medium the average de(r,) 5e€(r,) can depend only on the differ- 
ence r= rf,-Ff,- Therefore, changing to the variables A(r,+r,) and ¢ =5=0s 


we can easily show that under the conditions discussed 


(J&ed?r)? 


(ge? =vf(Se)24°r = Vv? 


* (de)? 14.8 
. a v* ( €), ; ( ) 
where V is the volume of the scattering region of the medium; of course, 
one should have expected that [seal*, and thug also the intensity I (see 
(14.5b)) is proportional to the volume V (it is convenient to introduce the 


quantity (6€)2, as it is proportional to 1/V). 


The role played by the temperature fluctuations is small to first approxima- 


tion (for details see Fabelinskii, 1968) and therefore 


ae)? 3 _ Kat? fp 
2 (2€\) (5.2 50)? = DB =<] 14.9 
(Se)° s (=), (Sp), » (50) a” Napyr (14.9) 


whence we get from (14.5), (14.7), and (14.8) the formla due to Einstein (1910): 


I V w\* ( ge) ee w" ( ©)" 
ed <<) 8 kT ,he — ket. 14.10) 
Ty 6m? (2) ° 3p/¢ 1 “Bn Y ére® \P dp/_ oT “B 


3 
where 8, = Ll (=*) is the isothermal compressibility. 
T Pp \Op/T 


For uncondensed gases €-1i=constxop , (3) 5° e-l we 2(n-1) = 47aN and 
B,. RS 1/k TN (N is the particle density in the gas and a the molecular polari- 
zability), and we thus get from (14.10) the Rayleigh formula 
2w*(n-1)? — 8rwta? N 


he= 
30c'N 3c" 


(14.31) 


The result (14.11) is equivalent to the one obtained by assuming that each 
molecule scatters completely independently of the others. Indeed, in the 
field of the wave an isotropic molecule acquires a dipole moment 


-iwt 
p=aE, -oE,,e 


and, hence, per unit time it scatters an energy (see, for instance, (1.85) and 


(3.1)) 
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As in this case l= (c/87)(E,, |?» we get at once (14.11) for h= f1479/t, , 
In gases or, strictly speaking, in sufficiently rarefied (ideal) gases the 
scattering by density fluctuations turns out to be equivalent to the indepen- 
dent (incoherent) scattering by separate particles (molecules) by virtue of 
the fact that under such conditions the position of the particles is uncorre- 
ated and [én]? =N. 


We have here for the sake of convenience only briefly repeated (and, as stated, 
following mainly Landau and Lifshitz, 1960) the method for calculating the 
intensity of the scattered light. To elucidate the spectral composition or, 
as one often says, the line width in the spectrum of the scattered light we 
must clarify the time-dependence of the fluctuations be; (r, t). We prefer 
here, however, to start with the problem of the line width both for the emis- 
sion and for the scattering of light in rarefied gases, that is, assuming the 
particles to emit and scatter independently of one another. In this way, going 
later over to scattering in a condensed medium, we illuminate a number of 
points which are usually insufficiently emphasized in the literature (we use 


for what follows an earlier paper (Ginzburg, 1972d)). 


We start by defining the line width for the emission of light using the widely 
employed example of a classical damped oscillator. The appropirate equation 
of motion has the form 


x+Yx + w?x = 0 . (14.12) 


We shall take x, to be the initial displacement of the oscillator at time 


t=Q, that is, we use the solution 
x(t) = x, eat ede (a, t+ ¢) , w? = ws -iy? sot 0s sia 
x(t) =0, t<0, om 


where ~ is an arbitrary phase. Expanding the oscillation (14.13) in a 


Fourier integral 


+0 +@ 
7 -iwt _ 1 iwt 
x(t) = | x, ¢ dw , x = aa | x(t) e dt , 
we get ; 
x ~1¢ 19 
w 4m \-dy-i(y,-w) dyti(u, +) 


The intensity (power) of the dipole radiation is well known to be proportional 
to (ex)’?, where e is the particle charge. Clearly, therefore, the spectral 
density of the intensity I(w) is proportional to w"|x |? . We shall also 


assume the phase to be arbitrary and we average over the phase, bearing in 
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mind that one observes the radiation from a collection of oscillators with 


arbitrary phases. We have then 


ss 4 2 4/2 
T(w) = Aw"[x, |* = Aw" (x?) 


2 4 
1677 (w.-w)* + hy? (wp tw)? +y? 
Ax) w" (wi +w’) 
i pene ee iar ince eee (14.15) 
8 0? [(w? -w2)? + 2 w?] 
where A is a proportionality coefficient and the averaging is indicated by a 


bar on top. If, as is usually the case, except in the radio-band, 


y «w,, (14.16) 
we can write to a good approximation 
Ax) Ws y1,/2n ors 
I(w) = =———____—__ , I, = | I(w) dw. (14.17) 
16m? [(w w,)? +477} (w-w,)? + dy? 0 


One normally uses Eqn.(14.17) for I(w); its meaning is completely clear. In 
the case of the more general Eqn.(14.15) it is clear (vide infra) that xo 

cannot in a simple way be expressed in terms of x2 = J (x7) dw and the 
assumption that x, is constant for all oscillators is thus totally arbitrary 
and unreasonable (vide infra). Both for this reason and also with the aim of 
a further exposition we consider now a more realistic problem, namely the same 


oscillator affected by a random force f(t): 
+ 0 


f(t) - | f e tHE ay, (14,18) 


— © 


aa e 2 
x+ yx + WX 


Hence 
fy 

x = a Pe Gar sae e (14.19) 

e -w tw, -iyw 
The role of the 'force' f can, for instance, be played by collisions which 
maintain the mean square amplitude of the oscillations of the oscillator at 
some unchanging average level. If we assume that f(t) = ) a O(t-t, ) » we 
have 

1 , 
La J a exp (iwt,) 


and in the case of random (uncorrelated) collisions we get the average value 


(fe?) et) a2. 
What ee 
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Further, in that case 
+ +0 


_ P 1(f£7) 
x? | (x?) dw = (£7) | Bose S| 
ve? a YJ, (w?-w?)? ty? YW 


The average c and, thus, the average values of the potential energy } mu? x? 
and of the kinetic energy 4mx”? turn thus out to be constants for a given 
(£*) = const (in thermal equilibrium these average values equal $k, T). The 
use of Eqn.(14.19) rather than (14.14) is thus not only simpler and more con- 
venient, but also more meaningful. Taking what we have said into account we 
get at once from (14.19) 

I(w) = Aw" (x? clea (14 

= Aw’ (x Vs - (w? - wer ty? w? - a 

Of course, when condition (14.16) holds, Eqn.(14.21) changes into (14.17). In 
the general case, however, the spectral density (14.21) of the intensity is 
obtained, as we have already mentioned, under more meaningful and natural 
assumptions that Eqn.(14.15). As to the broadening of the emission and absorp- 
tion lines under real conditions, rather than the simplest model discussed 
here, there are many possibilities and variants in that respect (see Chen and 
Takeo, 1957; Sobel'man, 1972). 


We shali now consider the same harmonic oscillator but as a scatterer rather 
than as a4 spontaneous light emitter. We assume that the incident light is 
monochromatic, that is, that the field of the incident wave has the form 
+0 
-iwt ~1WQF 
E(t) = | Eye dw =E,e > EB, = E, S(w-ue) ; (14, 22) 
— 


where the frequency w, lies far from resonance. 


e 
What will be the spectral composition of the scattered light when the damping 
of the scattering oscillator is taken into account or under conditions when 
the spontaneous emission of the oscillator undergoes collision broadening (in 
the latter case one obtains under the simplest assumptions Eqn. (14.17) with 
y=2/t, where T is the mean time between collisions; see Born, 1933; Chen 
and Takeo, 1957; Sobel’man, 1972)? 


A number of authors gave in their time the following answer to this problen: 
the width of the scattering line will be the same as in the case of an emis- 
Sion line; the author got often a similar answer, for instance, in examinations. 


All the same, one sees easily that under the assumptions made the scattered 
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light will be monochromatic, that is, there will practically be no width at 
ali, Indeed, the equation of motion of the oscillator in the fleld (14.22) 


which is assumed to be along che x-axis has the form 


>i : -“1Wot 
x+yx tw2x=f(t)+—E e ae (14,23) 


Hence 
(e/m) E, S(w-w,) +f 
x, = ee oe —— (14.24) 
-w' tw +iyw 
and far from resonance, that is, when Ju,-w| >y, and also under the assump- 
tion that collisions occur not too often, the term proportional to 6(w-we) 


will dominate absolutely, as the random force f has a wide spectrum. 


What we have said is, of course, clear also without any spectral expansion: 
when scattering the light the oscillator performs forced oscillations with the 
frequency equal to the frequency of the inducing force (scattered wave). 
Collisions, however, lead, as long as we can neglect their duration AT, to a 
change in the amplitude and the phase of the eigenoscillations of the oscilla- 
tor which have a frequency 4, = (we - y2)3 , which is assumed to be appre- 
ciably different from the frequency We. of the incident wave. During a time 
At, when it is a different system which is scattering, the scattering is 
changed and this may lead, in particular, to a depolarization of the scattered 
light (McTague and Birnbaum, 1971). Broadening appears, of course, also when 
one approaches the resonance (although this is in principle completely obvious, 
one needs separately consider also scattering not of a monochromatic wave, but 


of alternating pulses). 


Far from resonance and when we neglect the duration of the collisions as com- 
pared to the mean free flight time the broadening of the scattered line is 
connected only with the motion of the scatterer. First of all, the normal 
Doppler broadening occurs (Born, 1933; Chen and Takeo, 1957; Sobel'’man, 1972): 
2 rind 
-22/b2 8k Tw sin 46 


B 

I(Q) = const x e »N=u,-w, b* = ; ; (14.25) 
Mc 

where 0 is the scattering angle and T the temperature of the scattering gas, 

consisting of particles (a system of oscillators) with mass M; clearly Q is 


the difference of the frequencies of the incident and the scattered waves. 


Moreover, there exists a broadening which is generically connected with the 
Doppler broadening, while the corresponding intensity Is proportional to the 


square of the pressure. We have earlier (Ginzburg, 1941) considered this 
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effect for a rarefied gas when the mean free path 2 > A,/2 sink0@,A,= 21C/w,. 
In the wings of the line (where 2b) the intensity I(2) =const x p*/Q*, where 
p is the pressure. This broadening is caused by the fact that in collisions 
the velocity component of the atom (oscillator) in the direction of observa- 
tion is changed. The Doppler shift of the frequency is thus also changed, that 
is, the derivative of the phase suffers a discontinuity; in other words, the 
scattered wave consists of sections with different frequencies, although with 
a contimous phase. Of course, the Fourier expansion of such a wave has an 


additional wing, the intensity of which increases with increasing pressure.’ 


The pressure range for which &~},/2sin$@ is an intermediate one and is 
difficult to analyze. If, however, L«<« A /2 sin3® (compressed gas) one can 
use, as in the discussion of scattering in condensed media, a phenomenological 
approach; to be precise, the Rayleigh scattering is described as scattering 
by sound and entropy waves (vide infra). In that case the problem of the 
broadening of the scattering line has been considered already a long time 
ago (Leontovich, 1931; Ginzburg, 1944b, 1945; Landau and Lifshitz, 1960; 
PFabelinskii, 1968). We shall return a little later to the scattering in a 
condensed medium but now we turn to a consideration of the broadening of com— 


binational (Raman) scattering lines in gases. 


The normally used classical model which serves for the description of combina- 
tional scattering of light by a molecule is an oscillator (with generalized 
coordinate x, say, which is proportional to the distance between two mclel 
in a diatomic molecule) modulating the electron polarizability a(x) of the 
molecule; the dipole moment of the molecule induced by the incident field is 
then equal to (for details see Born, 1933; Sushchinskii, 1969; Gorelik and 
Sushchinskii, 1969) 


» a(x) = a(0) + ($2), x. (14.26) 


ln some approximation we can describe the change in the coordinate x by Eqn. 
(14.18). From (14.19) and (14.26) we have then 


p(t) =a(x) E = a(x) E, ever 


If the gas consists of different kinds of atoms (with different masses) 

we must include in the expreseion for the intensity also a term propor- 
tional to NM“. Moreover, an additional broadening arises when there 

are collisions which transfer atoms (molecules) to states with different 
polarizabilities. We note, finally, that in the case of degenerate 
levels of the scattering molecule one should add to the Rayleigh (coherent) 
scattering, the scattering connected with transitions of the molecule to 
other sublevels of the level considered. In fact, we are dealing here 
with combinational (Raman) scattering which is accompanied by line 
broadening (vide infra). 
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da Fo 
= a(0) E, 6(w-w (2 —_ + Q= W.-W 14.27) 
Py 0 5( e) dx 0-22 + 02-172 Pw. Po» e » ( 
where we have now denoted for the sake of uniformity the oscillator frequency 


0 
The first term in the expression for P corresponding to Rayleigh scattering 
is Now not of interest to us. We can thus write the spectral density of the 


combinational scattering in the form 


| (¥Q2/n)I, on 
1(9) = Aw* [po]? = ee | (9) 42, (14.28) 
e '°Q) (Q2 - 92)? + y20? 0 
0 — ao 


where we have put W=W, which 1s valid provided 2<«we; we have also assumed 


ae ae 
that lf | = (f do constant. 


The frequency region {<0 corresponds to the red satellite and the region 
Q>O to the violet satellite. 1f %, >y we have for each of the satellites 


y1,/4n 
I (22) oe oe ; Q. >Y , 2 = wi -w P (14.29) 
(Q-2))%+ahy 


where 1, is the total intensity of both satellites. 


In the case of emission or absorption lines the condition wy, > y is always 
satisfied in optics (see (14.16)) and the general Eqn.(14.21) is therefore in 
the optical band not really useful and Eqn.(14.17) is always adequate for this 
kind of broadening. In the case of scattering, however, the range of applic- 
ability of Eqn.(14.28) is appreciably wider at the frequency {, may be small, 
as occurs for some oscillations (modes), for instance, when one approaches a 
second-order phase transition point. 

We obtained above for the width of the emisssion line not only Eqn.(14.21), 
but also Eqn.(14.15). If, as is sometimes done, we proceed in similar fashion 
in the application to combinational scattering lines, that is, if we do not 


introduce the random force f(t), but write in (14.26) 


x = xe 2 ¥" cos (2, t + >) ; hd = Ma=hy’, (14.30) 


See Ginzburg, 1963. It is necessary to note that when in that paper 
we consider scattering near second-order phase transition points or 
their analogues (see also some of the references cited there) an 
appreciable latitude was allowed in applications to solids because 

we neglected the role of shear deformations (Levanyuk, 1974; Ginzburg 
and Levanyuk, 1974). 
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the Fourier expansion for 


p(t) 


i) 
le 
R 
Nee” 
Qo 
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p 
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=e 
Ee 
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leads to a formula like (14.15): 


Ar wt(02 ~ 97) 


1 (82) (14,31) 


(2? - 5)? +? Q2 
It is just this kind of expression which is sometimes indicated in the litera- 
ture, and it is then assumed to be more exact than Eqn.(!14.28). However, we 
have seen above that the situation is in fact the opposite and one should use 


Eqn. (14.28) rather than (14.31) in the framework of the model chosen here, 


As the result (14.28) obtained for the width of the combinational scattering 
lines is, as we said, analogous to Eqn.(14.21) for the emission line width, 
one might get the impression that essential differences between them are 
restricted to the case of Rayleigh scattering. However, we have seen that 
such a conclusion would be too hasty and in fact refers only to the simplest 
cases, in particular to the oscillator model discussed here which to some 
extent describes the scattering in gases. When we turn, however, to any kind 
of scattering in a condensed medium there are, in general, considerable differ- 
ences in the expressions for the absorption (emission) and scattering Line 
widths. 


When light is scattered in sufficiently rarefied gases there is a characteris~ 
tic independence (incoherence) of the scattering by different volumes or, one 
may assume, by different molecules (scattering oscillators). In dense gases 
and in condensed media one cannot take the scattering in different points to 
be independent, particularly not when analyzing the spectral composition of 
the scattered light. In those cases an adequate approach, the use of which 
goes back to the earlier mentioned paper by Einstein (1910), is the idea of 
the scattering by the spatial Fourier components of the fluctuations of the 
dielectric permittivity,’ or, in fact, the related consideration of different 
plane waves which propagate in the medium. It was just in that way that above 
we performed right from the start the calculation of the intensity of the scat- 
tered light (see (14.4) to (14.7)). However, now we shall no longer assume the 
frequency of the scattered light to be the same as that of the incident light. 

One can especially distinguish the interesting problem of the narrowing 

of the lines of combinational scattering of light in gases when one goes 


over to large pressures when one can still consider scattering by sepa- 
rate molecules (Alekseev and Sobel'man, 1969). 


SCATTERING OF WAVES IN A MEDIUM 327 


For the sake of convenience we repeat the notation we use. The wavevectors 
of the incident and the scattered light are denoted by k, and k, and the 


corresponding frequencies by w, and w, (before we often omitted the index s) 


s 
Assuming that the medium is transparent for the frequencies W, and w, we can 


s >We, and w, to be real. The scattering wave, say, 


of the Fourier component of the fluctuating change in the dielectric permit— 


take all quantities k, ,k 


tivity de (we consider Rayleigh scattering, neglecting anisotropy; for details 
see Ginzburg, 1944b, 1945; Landau and Lifshitz, 1960; Fabelinskii, 1968) is 


then characterized by a frequency { and a wavevector q which are equal to 


22u,-W, T=k-k, . (14,32) 


If the change in frequency 2 is small, we have kg Sky = 27n/), = wen(w,)/c 


and 
2wn(w ) 
2n 4m _. _ e e . 
q ae i sin 30 ye ey = sin 46 r) (14.33) 


where n(w) is the refractive index at frequency we %w, and 0 is the scat- 


tering angle. 


Under the conditions discussed here the intensity I of the scattered light 


in the volume V per unit angle is given by Eqn.(14.5b). 


The spectral composition of the scattered light is determined by the kinetics 


of the fluctuations SE, and, to be precise, 


= 2 = 2 
1(Q) = Ase, ol? = A ((se)2), : 
+ 0 (14.34) 
2 lh “iQt 
SEq o ee | 6€,(t) e dt . 


The meaning of the quantity (SEG) o is clear from what was said in Chapter 


13, that is, ae 


Teegl? = | (eg ),22- 


— 06 


and the bar indicates a statistical average. 


As we mentioned, to a rather good approximation 
J€ 
6 = {—j 6 
<q GF), Pa? 


where p is the density; the density fluctuations 6p in turn can be expanded 


in terms of the pressure fluctuations Sp and the entropy fluctuations 6S 
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———_ 3 2—— 9 2 ——— 
(60)? = (52) (6p)? + (22) Gs)? - 
op/s S/p 


Adiabatic (isentropic) density fluctuations, proportional to 6p, change with 
time according to the laws of hydrodynamics, while the kinetics of isobaric 
fluctuations, proportional to 68, are determined by the equations of heat 
conduction. We shall not discuss in detail how to get all the appropriate 
formulae (see Fabelinskii, 1968, and the literature cited there) but we shall 


all the same make a few remarks in this connection. 


If we assume both viscosity coefficients mn and [ as well as the heat conduc- 
tion coefficient K to be equal to zero, sound propagates in a liquid without 
absorption and the entropy fluctuations do not dissipate. Under such condi- 
tions one observes in the spectrum of the scattered light a triplet of 
unbroadened lines — in the centre a line with an unshifted frequency We, = We 
(here 2 = We- We = 0) and the Mandel'shtam-Brillouin doublet 2 =+, with 
Q, =uq= (2unw,/c) sin36, where u is the sound velocity for the frequency 
Q,- In quantum language the appearance of the satellites 2 =+, is des- 
cribed as light scattering accompanied by the emission of a phonon of energy 
AQ, and momentum fiq = (AQ,/u)q/q (red satellite) or the absorption of such 
a phonon (violet satellite). Of course, when applying classical theory we 


always assume that fil, << kT. 


If we do not neglect viscosity and heat conductivity, the sound is damped and 
the entropy fluctuations are dissipated, as a result of which all lines of the 
triplet are broadened. The kinetics of the isobaric fluctuations is then 
determined by the heat conduction equation 

oT K 

eV f(t 4) ‘ x Tee : (14.35) 

P 

where f.. are the random 'forces' caused by the thermal motions in the liquid; 


the fluctuations of the temperature T are for given pressure proportional to 
the fluctuations in the entropy S$ and in final reckoning lead to fluctuations 


in the density p and the permittivity e€ (vide supra). 


We thus get from (14.34) and (14.25) 


—— (y/27) | 
= 2 = 0,1sob 
a AC ar ine. * 
‘a ies (14.36) 


2 
y= 2xa?~ 4(-S) x(1-cose) , 


vhere, as before, we have assumed that the frequency-—dependence of the quantity 


Ta teob ° J riseb (2) da, 
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(£5 qa is unimportant, 


In the case of the Mandel'shtam-Brillouin components, which correspond to scat- 
tering by adiabatic fluctuations we shall not take into account any subtleties 
connected with the dispersion of the sound (see Landau and Lifshitz, 1959, 


Chapter 8) and we shall therefore use the following equation for the pressure: 


2 op 
OP _ typ erg ee E(t 


2 
at (14.37) 
1 fu K (Sp )} 
ratfinere £ (2 ) ‘ 
Hence 2 
— (y/m) 515 ag 
d 2 62\2 44202” 
° (2? - 0%)? +y*O 
2UWen 
, = uq = — — sin} 0, y=TIq? : (14.38) 
+ @ 
I, ad = 71% - | Tg (®) dQ, 


where tg is the total intensity of a single satellite; for narrow lines 


(when Y< 2.) we have for each of the satellites 


MB + 00 
(y/2n) 1 7 
MB 0 MB _ MB 
I (QQ) = (Q-2,)? +472 y oly -= | I) dQ , 
0 — a 


(14.39) 
nw, 2 
2(——*) (1-cos@). 
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As to the intensities I. and I ,» their sum is in the simplest case 
0,1s0b 0,ad 
i . ‘ i Lo i + : = 
given by Eqn.(14.10) and their ratio is given by Ty aa’ (15 aa L, isob) Cy/Cp 
that is, De ieop ota = cp/ey- | (see Landau and Lifshitz, 1960; Fabelinskii, 


1968). 


The formulae obtained above are, apart from the notation, the same as well 
known expressions (see Landau and Lifshitz, 1960, for instance, where the 
quantity #y in (15.36) and (14.39) is denoted by y; Leontovich, 1931; 
Ginzburg, 1941; Fabelinskii, 1968). We gave the derivation of the equations 
Nonetheless in order to emphasize the fact which normally remains hidden that 
one uses forced solutions and not the solutions of the homogeneous equations 
of motion (we are here dealing with Eqns.(14.35) and (14.37)). Moreover, if 
we were interested in the propagation of sound in the liquid, we would have 


used in the approximation considered the equation 
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92 3 
oP _ wtp - ry veo, (14,40) 
at? at 


the solution of which takes for a monochromatic plane wave with real q the 


= i(qer)-iNge 
i(qer)-iNgt “byt Teh 
: = p,ert4 ) qt . pee’ ‘ q 
(14.41) 


0 
q 


fi4.e = 2 = 2_ 2\$ 2 ee 
Qc diy» y=Tae. Q = (Q-ty ys aura . 


If, however, we assume that the frequency oP is real, what corresponds to 
another possible statement of the problem, the wavevector q will be complex 


as there follows from Eqn.(14.40) only a general relation (dispersion relation) 


a? - u? q?- i TQ 4? =O. (14.42) 
In the case of light scattering, however, both quantities 2 and q in (14.32) 
are real because k, , ko , We, and wy are real. Such 'sound' waves can 


propagate in a medium only because they are forced solutions of Eqn. (14.37) 
and forced solutions do, of course, not have to obey the dispersion equation. 
When absorption of sound is taken into account it is, strictly speaking, incor- 
rect to speak of light scattering involving the absorption or emission of a 
phonon — it is not a sound wave which can freely propagate in the given medium 
which is absorbed or emitted, but some forced sound perturbation with frequency 
Q and wavevector q given by (14,32). What we have said does, in general, not 
impede the use of scattering line widths measurements to determine the super- 
sonic absorption coefficient, Indeed, determining the quantity y from(14.36) 
or (14.37) we thereby find the coefficients [ or y also for sound propaga- 
tion (see (14,41)). The situation is so simple, however, only because we are 
dealing here with the neglect of the sound dispersion, that is, the dependence 
of the frequency-dependence of the viscosity and heat conduction coefficients. 
When the absorption is strong and, in general, in most cases it is impossible 
to proceed in that way and the determination of the supersonic velocity and 
damping (that is, a study of the dispersion equation F(Q, +4) =0 for sound 
propagation) through the light scattering method may turn out to be difficult. 
A similar situation arises also in other cases, for instance, for combinational 
scattering of light in crystals (and, in general, in a condensed medium) when 
various excitations, such as excitons, polaritons, or magnons, are formed. 
This class of problems has latterly been the topic of a large number of 
studies. Here we dwell only on the combinational scattering line width involv- 


ing the formation of polaritons (real excitons) as the corresponding discussion 


SCATTERING OF WAVES IN A MEDIUM 33] 


(Agranovich and Ginzburg, 1972) is rather closely connected with the preceding 


part of the chapter. 


It is usual to call excitons which propagate in crystals and which are conei- 
dered taking retardation into account polaritons or, more rarely, real 
excitons; " in fact this means that we are dealing with ‘normal’ electromagnetic 
waves of photons in a medium (for details see Agranovich and Ginzburg, 1966, 
1971; Agranovich, 1968). The scattering of light involving the formation of 
polaritons (and, to be precise, one polariton) while neglecting the damping of 
the polaritons is combinational (Raman) scattering in which a ‘normal' electro- 
Magnetic wave — a polariton of frequency { and wavevector q, satisfying 
condition (14.32) — is emitted (or absorbed). In other words, the process 
discussed is completely analogous to the scattering involving the formation of 
the Mandel'shtam-Brillouin satellites in liquids (or solids), but with the 


polaritons (real excitons) replacing the phonons. 


For the sake of simplicity we restrict ourselves to an optically isotropic 
eit and we shali neglect spatial dispersion. The optical properties of 
the medium are then characterized by the dielectric permittivity E(w) =€/(w) + 
ie”(w). As above, in the case of Rayleigh scattering, we shall assume the 
medium to be transparent for incident and scattered waves with frequencies w, 
and w,. This means that E(w.) and E(w.) are real quantities, that is, that 
we may put e”(w.) =e” (w.) = 0. As far as the scattering wave of frequency 
is concerned, it is, in general, not possible to neglect its 


R= W.-W, 


absorption. 
If the wave with frequency { propagates freely in the given medium its disper- 
sion relation has the form 


2,2 
<<} = (n+ ix)? = €(9) = e/(a) +ie(@ . (14.43) 


t The introduction of the term ‘real exciton' is connected with the fact that 


one can also consider other excitons, such as Coulomb and mechanical exci- 
tons (see Agranovich and Ginzburg, 1966, 1971; Agronovich, 1968). We 
emphasize also that the terminology in this field is not established and 
one should bear this in mind when getting acquainted with the literature, 


T the ‘three-photon' process discussed here (we are dealing with the 
"interaction’ of three waves or three photons in a medium with frequen- 
cies W.,W,, and 2) 1s possible only in a medium without a syumetry 
centre, but amongst such media there are also non-gyrotropic crystals of 
the class Tyg =43m (such as ZnS and 2nSe) which are optically isotropic 
when one neglects higher-order spatial dispersion effects (this means that 


e.; (w,k) = €(w)d; 5). 
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This equation is, of course, the usual expression connecting © and q for the 
propagation of transverse electromagnetic waves in an isotropic medium. By 
virtue of (14.43) the normal (free) waves propagating in the medium in an 


arbitrary direction (z-direction) are the following 


E = E, exp {-2 Kz-i(Qt- a nz)} : | 

n= fie’ +[(de!)? + de")? 43} * , (14.44) 
4 

ca f-de+(Ge?+ Get }. 


As a result of the presence of absorption (that is, when €(2) #0) the norma}, 
waves (polaritons) are absorbed and, for instance, if the frequency 2 is real, 
the wavevector gq in the normal waves is complex. However, when light is scat- 
tered with the formation of polaritons, those have real Q and q by virtue of 
(14.32). This apparent Sonteadietien, is removed when we remember that scat- 
tering is a forced recess | and that the dispersion Eqn. (14.43) does not 
apply to the polaritons formed in the scattering involving the formation of 
polaritons when we neglect absorption. When absorption is taken into account, 
however, it is not a free polariton, but some polariton-like wave which is 
formed. This does not hinder, of course, the use of combinational scattering 
of light to study polaritons. The situation is in this respect analogous to 
that discussed earlier for the case of Rayleigh scattering in liquids. To be 
precise, we get for the scattering involving the formation of polaritons a 
formula for the line width 1(2,q) in which occur the same parameters which 
determine also the propagation of the normal electromagnetic waves — the 


polaritons. For further details and the formula itself for the scattering 


ee ee 


The fact that one found here some difficulties is clear from a number of 
Papers cited by Agranovich and Ginzburg (1972). For instance, in one of 
them an attempt was made to connect 2 and q in the maximum of the com- 
binational scattering line through the relation c*q*/Q* =n? ; in another 
paper the relation c*q7/f? 2é€/(Q) is discussed. In both cases this was 
done in order to have a real quantity on the right-hand side of the dis- 
persion relation. Such an approach does not lead to agreement with 
observations and is mainly incorrect in essence as 2 and q referring 
to a polariton which is formed in a scattering process are not at ail 
related through a dispersion relation. 


We have here in mind any scattering process, including spontaneous ones 
and net only the so-called induced scattering arising when waves of a 
large intensity are scattered (Bloembergen, 1967; Fabelinskii, 1968; 
Sushchinskii, 1969; Gorelik and Sushchinskii, 1969; Starunoy and 
Fabelinskii, 1970). 
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line width we refer to the paper by Agranovich and Ginzburg (1972). We note 
here merely the fact that in the paper referred to no random ’forces' f(r, c) 
are introduced, the consideration of which is particularly convenient for the 
classical approach to the scattering problem. Moreover, in the equation for 
the polariton field in that paper there occurs explicitly a‘force'’ which takes 
into account the effect on the medium of the electric fields of the incident 
and the scattered waves. Such an approach which is equivalent to considering 
the energy of the interaction of the incident and the scattered waves with the 
sound or exciton wave which is formed (absorbed) as a result of the scattering 
is natural in those cases when it is necessary or expedient to evaluate the 


intensity in the framework of quantum theory. 


The examples given above may be thought to demonstrate the specific points of 
the scattering line width problem as compared to the discussion of the width 
of an absorption line of light or sound which is determined by the homogeneous 
equations for the propagation of the appropriate waves. For example, the 
polariton absorption line is formed when in the crystal a free wave of 
frequency 2 is absorbed (of course, one must vary the frequency 2 for the 
occurrence of a line). This all] reduces therefore to determining the absorp- 


tion index K(Q2) which occurs if the dispersion relation (14.43). 


The problem of the line width of scattered light (particularly, when we have 
in mind also induced Rayleigh and combinational scattering (Bloembergen, 1967; 
Starunov and Fabelinskii, 1970), let alone che scattering of electromagnetic 
waves in a plasma and by relativistic particles; vide infra) has many facets 
and is an important one. In the past it has remained somewhat in the shadow 
because of the purely experimental difficulties — the absence of suitable 
sources of monochromatic light which in particular prevented a wide range of 
studies of scattering line widths. Now, however, with the use of lasers such 
obstacles have disappeared and this has already led to an impressive range of 
various studies of light scattering in all possible media, In particular, the 
spectral composition (width) of scattering lines has been studied most often 
and, probably, such a tendency will be maintained and strengthened. It is 


therefore useful to have the above remarks in mind. 


We now discuss the case which is particularly important from the point of view 
of astrophysical and ionospheric applications — the scattering of elec tromag- 


netic waves in a plasma. 


We start by reminding ourselves how a separate free electron scatters (see, 
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for instance, Heitler, 1947, §5; Landau and Lifshitz, 1975,§78). We shalt 


2 «mc? = 5,1 105 ey) pares 


the scattering to be classical (Rw « mc”), The case of relativistic elec- 


assume the electron to be non-relativistic (K=4mv 


trons and arbitrary frequencies of the radiation is discussed in Chapter 16, 


In the electric field of the wave 


E = Ecos [(k-r)-we)] , (14,45) 


and we find, when we use the equation of motion 


mr = e€ (14, 46) 
and neglect in (14.45) the phase (k°*r) as compared to wt, that the electron 
acquires a velocity cE, 

vir=- sp Sinwe + ¥,- (14.47) 


In order that not only the velocity v, without a field, but also the induced 
velocity be non-relativistic, the condition 


eE, 


oa « | (14, 48) 


must be satisfied, and we shall here assume that to be the case. 


Just because we have assumed that v ~ m [v2 + (eE,/mw)?] <c we can use Eqn. 
(14.46) where we have neglected the Lorentz force ~[v A Hj. To be precise, 
this is so, if also H, ~ E,- For a plane wave in vacuo, of course, H = E,» 


but in a medium with refractive index n we have H, =nE, and when n>» ] the 


0 
relative role of the magnetic field increases. The same may happen in wave~ 
guides where for well-defined oscillations (modes), or in some points, one can 
also possibly observe the inequality H > E,. At any rate, we neglect here 
the effect of the Lorentz force. We note that the condition for classical 
behaviour Nw <«<mc* automatically guarantees also the possibility to neglect 
the radiative friction force as we did in (14.46). Finally, when v<«c (to 
be more precise, when v <c/n) the phase kr ~ wnvt/c «wt which justifies 


replacing the field (14.45) by E = E, cos wt. 


Taking what we have said into account we start from (14.46) and can restrict 


Ourselves to the dipole approximation, where 


+ 


The condition fiw «mc* is equivalent to the inequality Mw<«c/(fi/mc) « 
c/re, where ro =e’ /me* = 2.82 10-'3 em is che classical electron radius. 
Under these conditions the radiative friction force is very weak (see 
Chapter 2). 
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eE, ‘a es e* e2 
coswt , p=er SE eG cos wt , (14.49) 


2 
u) 
Hence, using Eqn. (6.28) we get the time-average of the intensity of the radia- 
tion scattered into the solid angle d*Q: 
Pe 2.) pe 8 eet oie a do (14,50) 
a2) =o an sin ove > do. ‘ 
as the intensity of the incident radiation is 


= on pF . cn 
I, ae 817 0 


(as in (14.5) the angle between E, and the wavevector k of the scattered 
wave is denoted by w in contrast to Eqn.(6.28) where we used the notation 6). 
Clearly, the total cross-section for scattering is 

fra?a 


I, 


o=|do- Sar? (14.51) 


2\2 

(the cross-section On = gure = on (= =) = 6.65 1077° cm* is called the 
c 

Thomson cross-section). For unpolarized light do =3r._ (1+cos*6) but, of 


course, as before o=o0,, (here @ is the scattering angle). 


T 


It is clear from the calculation given here that the refractive index of the 
medium n in which the scattering by a free electton takes place drops out of 
the expressions for do (we note that it is more convenient in vacuo to 
start at once from the expression for Pp in (14.49) and to use the well 
known formulae for the instantaneous intensity I = (p?/4mc’) sin’p and 


f1d?Q = (2/3c*) (p)?). 


It is clear from (14.7) and (14.51) that the extinction coefficient for a gas 


of independently scattering electrons of density N equals 


h = O,N. (14.52) 


Assuming the gas to be ideal and evaluating the fluctuations dé for a gas of 
free electrons we get the same result from Eqn. (14.10) if we bear in mind that 


in that case 
2 
417™Ne? J€ J€ 4n@ 1 
e=|l1-—_—_—_— = N — =- and §8_ = 
mw? » P ap oN mu)” T k,T N 


The effect of the ions is here, clearly, completely negligible, not only in 


the expression for € but also in that for the compressibility b. . In other 
words we assume that the ions do not contribute to the scattering either 


directly, or indirectly. 
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When can one proceed in thie way? Of course, firat of all the contribution 
from the ions to Cj must be small. In an isotropic plasma it is small whea 
w > kvp ie i and W > Voge (see (11.40)); in a rarefied, isotropic placma 
only the inequality w > kVp > Vp ® V kgT/o is important. For traneverse 
waves this condition is always satisfied, but it is not at all aufficient for 
taking the fluctuations that are important in the problem to be independent. 
Indeed, fluctuations are only independent in volumes at distances from one 
another r >2, where 2 is the correlation radius, In an uncharged (neutral) 
gas the mean free path plays the role of f& and in a rarefied plasma it is the 


Debye radius rp) (see (11.14)). 


On the other hand, the phases of the scattered waves differ less that T only 
for scattering volumes which are smaller than the wavelength A = A,/n. For 
larger volumes or larger distances between the scattering volumes the phase of 
the scattered waves is the whole time 'disturbed' due to the thermal motion, 
that is, the time-dependence of the fluctuations. For the scattered light 
which is not resolved into a spectrum (or even for a sufficiently wide spec- 
tral band) scattering by volumes at distances r > is incOherent. Hence it 
is clear that for A> or, to be more precise, when (see (14.33); 9 is the 


scattering angle) 


27 r 
—_—=-— «KL (14.53) 
q 2sinkeé : 
the correlation of the fluctuations at distances of the order of & does not 
play a role in the sense that the phase of the scattered waves is thus 


*disturbed' at appreciably smaller distances, at which the gas behaves as 


being nearly ideal." 


We have noted and used this fact already earlier in applications to a gas of 
Meutral particles, For a plasma, however, the scattering by single electrons 
only, neglecting the role of the ions completely, is therefore allowed only, 
provided (see (11.14)) 
k,T \3 T(°K j 
A ~—%__ er, -(—4_] = .9(=2} cm . (14.54) 


2sin38 aw sin3@ 8 TWNe2 N(cm *) 


t 


This statement is obvious in the case of a neutral gas — at distances 
less than the mean free path & Che particles do not interact at all. 
In a gaseous plasma which we are considering the interaction between 
particles is also weak by virtue of the condition e*nNI « kyT which 
also guarantees that the inequality rp) > N” is satisfied, where 
N73 is the average distance between the particles. 
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If we are not concerned with scattering over vanishingly emall angles, 
inequality (14.45) is in optics (\ ~ 10°*7cm = 10 m) normally always satisfied 
(we have in mind densities N in regions whence the radiation can in general 
escape under astronomical conditions). For these or other reasons one can 
use Eqn.(14.52) when inequality (14.54) is satisfied. In the other limiting 
case 


r 
—_— » r 
2sin36 > 


(14.55) 
volumes with dimensions much larger than the correlation radius scatter inco- 
herently and it is no longer possible to consider the plasma to be an ideal 
gas of electrons. In general, one must proceed here in accordance with the 
general theory expounded above — that is, evaluate 6€., or, to find the 
spectrum, determine the quantity SEq (see (14.5b) and (14.34)). Ome can 
find such calculations in the books by Sitenko (1967, !1977; see also 

Zhe leznyakov, 1970; Kaplan and Tsytovich, 1973; Tsytovich and Kaplan, 1974; 
Tsytovicn, 1977). Something can, however, be said also on a more elementary 


level. 


Just as the density fluctuations in a liquid can be split into adiabatic and 
isobaric ones, the fluctuations d6e€ in an isotropic plasma can be split into 
6€, in which only the density of the plasma is changed, but not its charge, 
and 6€, connected with changes in the charge. In other words, the 6€, 
fluctuations are similar to the fluctuations caused by sound waves and in 
them the electrons and ions are ‘attached’ to one another and no charge arises. 
On the other hand, one can expand the de, fluctuations in terms of the high- 
frequency plasma waves — in them the ions are fixed and the electrons oscil- 


lace with frequencies close to = (41Ne*/m). Up to terms of order 


Woe = Wp 
m/M che two kinds of fluctuations are statistically independent and thus 


(6e)? = (Se,)? + (de_)” . (14.56) 
In the range (14.55) under consideration, buc provided the mean free path is 
large compared to \ one may Chink that the neutral de€, fluctuations will be 
close to the fluctuations in the corresponding neutral gas with a density of 
all particles equal to 2N. It is juste the total density which is here impor- 
tant as it determines the pressure which is independent of Che particle mass 


+ 


In the case of a gas of neutral particles we must replace here Ip by 
the mean free path £~v./Vog¢ ~ I/t a” N,» where 7 a? ~ 10°)° cm’? 
is the cross-section of the molecules (atoms) and N, their density, 
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in thermal equilibrium (p = 2NkpT). In that case the compressibility is tty 
B.. = 4 NkpT, but as before p xe =>-4ne7/mw*. From thie and from what we awe 
said earlier one sees easily that the intensity of the waves scattered by the 
be, fluctuations differs from the intensity of the waves scattered by free 


electrons merely by a factor 4, that is 
h, =} 07N . (14,57) 


A more rigorous theory (Sitenko, 1967, 1977) confirms this conclusion (Ginzburg 
and Zheleznyakov, 1959a, 1965; Ginzburg, Zheleznyakov, and Eidman, 1962). It 
ie rather interesting and also important that longitudinal waves with wave- 
lengths A rp are scattered by the 6€, fluctuations exacly like transverse 
waves. Indeed, when waves are scattered by a yolume small compared to the 
wavelength A, the orientation of the vector E, relative to k is unimportant. 
In the longitudinal wave with field E=€),sinwt the intensity of the ecat~ 
tered transverse waves (we are thus dealing with the transformation of 
longitudinal waves into transverse ones as a result of scattering (Ginzburg 
and Zhelexnyakov, 1959a, 1965; Ginzburg, Zheleznyakov, and Eidman, 1962)) is 
thus given by Eqn. (14.50) with an extra factor 4N (we consider scattering 


per unit volume) 


2\2 
_{ @ cn(w) 2. 2 
on (£7) Bn NE, sin'y , 


[x a7 = = a) (w) E? (14.58) 
6 \—z) cu() E . ‘ 


We did not introduce here the extinction coefficient as we were not concerned 
about the energy flux in che longitudinal wave (this point is unimportant in 
this case as one is usually interested just in the way the intensity I, 


depends on Et). 


In the short-wavelength (high-frequency) case when condition (14.54) is satis~ 
fied the shape of the spectrum of the scattered light is the Doppler shape 
(see (14.25), but with M replaced by m), In that case the characteristic 
width of the spectrum is Aw ~ we V (kpT/mc’). When long-wavelength waves are 
scattered (condition (14.55)) we have for the scattering by the Se, fluctua- 
tions which is the analogue of the Rayleigh scattering in liquids or gases 
Aw ~ wu, V (kgT/Mc*). Indeed, the S€, fluctuations dissipate with speeds of 
the order of the ion velocity VTi ~V icp T/ and, as always, Aw ~ (v/c)we ; 


where v is the characteristic velocity of the motion. 


As we pointed out, the 6€, fluctuations are connected with plasma waves and 
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have a characteristic frequency Wy The scattering by these fluctuations igs 
similar to combinational scattering and leads to the appearance of satellites 
with frequencies differing from the frequency of the scattered light by Q~ Ww. 
In quantum language we are dealing here with the creation and absorption by 
the incident wave of a single plasmon of energy Fw ~ Ru. The width of the 
satellites is determined by the damping of the corresponding plasma waves — 
waves with frequency Q=wWe-we, (in (14.25) we wrote Q=we-w, that is, we 
dropped the index s). The intensity of the satellite depends on the magni- 
tude of the charge fluctuations. When A> Tp the plasma waves are weakly 
damped (and the satellites are chus narrow), but the mean square of the charge 
fluctuations which is proportional to the quantity (de,)* decreases steeply — 
it contains an additional factor (rp/A)? as compared to the corresponding 
expression for i «ry- Such a result is physically rather clear — at dis- 
tances larger than r, the electrons are still ‘attached’ to the ions and with 
increasing A the thermal motion Find it ‘more difficult" to separate the elec- 
trons From the ions and to produce charge fluctuations or, put differently, to 
produce plasma waves with an appreciable amplitude. ! For long wavelengths 

d > Ty the intensity of combinational scattering involving the creation or 
absorption of plasma waves (plasmons) turns Chus out to be small while the 
excinccion coefficient For transverse waves is given by Eqn.(14.57). Such a 
situation is in reality realized For che scattering of radio-waves in the 
ionosphere (we are speaking here about the incoherent scattering method For 


radio-location in the ionosphere). 


On che whole the problem of scattering of electromagnetic waves in a plasma is, 
of course, far from exhausted by the remarks we have made here. Particular 
attention also merits taking into account the effect of a magnetic Field, the 
case of a non-isothermal plasma, the transformation of transverse waves into 
longitudinal ones, of longitudinal waves into transverse ones, and so on. 
However, we shall not enlarge here on chis theme (see Sxtenko, 1967, 1977; 
Zheleznyakov, 1970; Kaplan and Tsytovich, 1973; Tsyctovich. 1977; and the litera- 
ture cited in those books. 


t We indicate here the result; the detailed derivation of it can be found 
in Sitenko"s book (1967, §§4 and 5): for an isothermal electron-ion 
plasma che mean square charge fluctuations are equal to 
212 ee ee 

lr, l? ——— = atin = == 

k?+8nNe*/kpT krypt! 


Clearly, |p, |*=2Ne* when A«r) and lo, |° =81*Ne*rh /A? when A Tp. 
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In concluding this chapter we shall consider yet one more unusual kind of 
scattering which can be called transition scattering (Ginzburg and Taytovich, 
1974b, 1978). When various perturbations and waves propagate in a medium there 
occur in a number of cases also what one may call dielectric permittivity 


waves. In the simplest case this means that the permittivity changea as 


€ = €,+ €, cos [(k,°r)- wot->,] 2 (14.59) 


In an isotropic plasma, when €=! - 41Ne?/mw* and when a longitudinal (plasma) 
wave propagates in which the field E = E, cos [(k,° r) -w,t] changes with fre- 


quency WwW," Wi. = \(40N, e?/m), we have thus to a First approximation 


2 
Wee ek FE 


e(w) = 1 - 4 + —— sin[(k,°r)-w,t]. (14.60) 
w mW 0 0 


In fact, by virtue of the equation divE = 47 e(N-N,) and the condition for 
the wave being longitudinal, (k,°E,) = k,E,, we get at once (14.60). The 
plasma wave clearly changes here the original electron density Ng and this 


leads to a change in the density 


k 
6N = N-N, =~ Go sin [(koer) -w,t] 


and thereby to é€ =- 47 e* SN/mw’. 


In the example given here of (14.60) we are dealing with one of the well 
known non-linear effects in a plasma (Ginsburg, 1970b; Tsytovich, 1977) and 
the permittivity wave is also connected with an electric field wave. This is, 
however, not at all necessary. For instance, in a longitudinal acoustic 
(sound) wave in a liquid or a neutral gas the electric field is practically 
and even strictly equal to zero, but by virtue of the change in the density 


the permittivity € changes and may have the form (14.59). 


What happens if permittivity waves are incident on a charge e? If that 
charge moves with a constant velocity Vv we are dealing with one form of tran- 
Bition radiation (see Chapter 7). Indeed, the charge moves in this case in a 
non-uniform medium with permittivity (14.59) and, hence, it must radiate. One 
may thus say that there occurs a transformation of the permittivity wave into 
electromagnetic waves and this transformation is realized through transition 
radiation, Nonetheless we prefer the term ‘transition scattering' as it 
arises algo in the case of a fixed charge. To be precise, the situation is 
the following. For a moving charge (when v #¢ 0) radiation occura both when 
We=0,k, #0 and when Wo #0, k,=0 (see Chapter 7). However, for a fixed 


charge (v=0) the emission of transverse waves or, in other words, the 
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transformation (scattering) of permittivity waves into transverse oneg occure 
only when w, #0, k, # 0. The mechanism of this transition scattering (the 
term ‘transition’ is caused by its relation, already noted, with the transi- 
tion radiation) cOnsists in the fact that the permittivity wave modulates the 
permittivity € of the medium near the charge causing thereby the occurrence 
of a variable polarization and, hence, the emission of electromagnetic waves. 
The scattering charge can in that case remain completely fixed because in the 
present case it is surrounded by a field — clearly the longitudinal (Coulomb) 


field € which causes the additional polarization 6P = iE. 


Without discussing the calculations (see Ginzburg and Tsytovich, 1974b, 1978) 
we give the result for the time-averaged integral intensity (power) of the 
transition scattering in one particular case. Let the permittivity wave 
(14.59) be incident upon a fixed (pinned) charge e and let the emitted 
(scattered) transverse waves have an appreciable shorter wavelength than the 
permittivity wave. This means that the magnitude of the wavevector in the 
transverse waves k = 2T/X = (w,/c)V E(w, ) is small compared to k, ; this 


should be the case if the velocity of the permittivity waves 


v= w,/k, sale 4 = w, /k = c/ve,, 


the phase velocity of the transverse electromagnetic waves (the frequency of 
these waves is, of course, equal to the frequency w, of the permittivity 


wave). 


Under such conditions 
e* wt e* ve, (w,) 

dW 2 071 0 

a. [rata - — Ss : (14.61) 

of 3c? k* €7 (0) 
The appearance here of the quantity E , (0) = €, (w=0) is connected with the 
fact that the scattering charge is fixed and that the static polarization of 
the medium produced by it depends just on the value €, (0). For comparison we 
remind ourselves that a free charge e of mass M in a medium with refrac- 
tive index n= VE (W,) scatters an electromagnetic wave of frequency w, 


and amplitude E, in such a way that the corresponding power equals (see, for 


instance, (14.58)) 


e'Ve (w,) 
a = J rata =— 2 ES r (14.62) 
3m? <3 


Of course, as M*+™, the seattering (14.62) vanishes completely, while the 


transition 6cattering is independent of the mass of the particle. 
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Transition scattering i6 very important for the scattering of longitudinal: 
(plasma) waves by electrons and ions in a plasma (Tsytovich, 1977; Ginzburg 
and Tsytovich, 1978). However, in that case we must take simultaneously igi 
account also the normal scattering as the mass of the electrons and ions igs 
finite, while there is an electric field in a longitudinal wave. Moreover, 
one must take spatial dispersion and the motion of the charges into consideze~ 
tion, As a result it turns out, for instance, that the total power when a 
plasma wave is scattered by an electron which is non-moving (when there are up 
waves) in the plasma is 3 the power for Thomson scattering in vacuo, that ig 
a= 4 Oy. On the other hand, for the scattering of plasma waves by ions the 


transition scattering is the main scattering mechanism. 


Chapter XV 


COSMIC RAY ASTROPHYSICS 


Introductory remarks. Model for the propagation of cosmic rays. 
General characteristics of the problems involved. 

Ionization energy losses. 

Beam instability and plasma effects in cosmic rays. 

Transfer equation in the diffusion approximation. 
Simplifications of the transfer equations in the case of the 
proton~nuclear and electron components. Some estimates. 


Over the last 30 to 35 years the appearance of astronomy (and in 
particular of astrophysics) has changed appreciably. Of course, this period 
is, generally speaking, not a short one compared to present ‘norms’ charac- 
terizing the development of science. The history of astronomy stretches, 
however, over thousands of years and the profound change during the last three 
decades or so is particularly striking. The important fact is that only in 
this last period astronomy became or, one should rather say, gradually turned 
into all-wavelength astronomy whereas earlier (practically up to 1945) almost 
all astronomical information reached us in the optical, and most often even in 
a yet narrower, the visible, band of electromagnetic waves. However, at present 
radio-astronony (mainly in the centimetre, decimetre, and meter wavelength 
bands) in its general level has overtaken and to some extent outdistanced 
optical astronomy. X-ray astronomy, born only in 1962 (we have in mind extra- 
solar X-ray astronomy; X-ray emission from the Sun was observed already in 
1948) is now in the stage of rapid flowering and growth. Far-infra-red and 
gamma-astronomy has also started to develop. Indeed, in this way the whole 
spectrum of electromagnetic waves either turned out to be mastered, or started 
to be studied. In the plane characteristic for the present stage in the 
development of astronomy we must add to this cosmic ray astrophysics (in this 
case high-energy charged particles — the cosmic rays — carry the information) 
and also the idea of neutrino astronomy and the astronomy of gravitational 


waves. 


This is not the place to characterize in detail the processes, originating in 
astronomy or to dwell upon the many achievements (see, for instance, Kraus, 


1966; Hayakawa, 1969; Pacholczyk, 1970; Ginzburg, 1970a; Wolfendale, 1970; 
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and also Ginzburg and Syrovatskii, 1964, 1969; Ginzburg, Sazonov, and 
Syrovatskiil, 1968; Weekes, 1969; Zheleznyakov, 1970; Kaplan and Teytovich, 
1973; Ozernoi, Prolutskii, and Rozental', 1978). We wish only to elucidate 
the reason why the mechanisms of X-ray and gamma-emigsion, the analysis of the 
propagation and of the ‘transformation of the chemical composition of the 
cosmic rays when they wander through interstellar space, neutrino physics, and 
many other problems came into astronomy’s field of view. Of course, in the 
teaching of theoretical physics (and not only to future astronomers, but algo to 
an appreciably wider circle of specialists) one should find some reflection of 
the whole gamit of topics which are important for astronomy and cosmic studies. 
In the present book Chapters 5 and 9 had an ‘astronomical bias‘ apart from 
separate remarks in other chapters. The present and the next two chapters are 
devoted to a number of processes which occur in the Universe (but, of course, 
not only in the Universe) and we shall restrict ourselves only to that part of 
the problems which refers to so-called high-energy astrophysics. This term 
is itself not yet well established but one meets it’rather often and it 
refers here to cosmic ray astrophysics X-ray astronomy, gamma-astronony, 
and neutrino astronomy (in that case we have in mind processes involving 
cosmic Neutrinos with relatively high energies — larger than, say, 0.1 to 
1 MeV). However, we shall not consider neutrino astronomy (see Weekes, 1969; 
Wolfendale, 1970; Ozernoi, Prilutskii, and Rozental', 1978) and we restrict 
ourselves to a few problems connected with cosmic ray astrophysics (present 
chapter), with X-ray astronomy (Chapter 16), and with gamma astronomy (Chapter 
17). We must, however, bear in mind that these problems are interrelated and 
in the majority of cases it is here not easy to, and one should not, draw any 


sharp boundaries. 


Only charged particles (protons, nuclei, electrons, and positrons) of cosmic 

oYigins and only those with sufficiently high energies, are called cosmic rays. 
A clear agreement about the terminology does not exist, but usually only parti- 
cles with kinetic energies E,> 100MeV are called cosmic rays and softer, but 


still fast particles are called sub-cosmic rays. 


The main quantity characterizing the cosmic rays is their intensity J (some- 


times this quantity is also called the flux in a given direction)'. By 


According to a well-established tradition cosmic ray astrophysics is 
called also the problem of the origin of cosmic rays. 


Tt See footnote on next page 
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definition J is the number of particles per unit solid angle passing per unit 
time through unit area perpendicular to the line of sight. The unit of J is 
the quantity. 

humber of particles — jo* Rumber of particles 


em?. s. sterad m?.s.sterad 


The flux of particles of the if? kind with intensity J; equals 


= 2 
Fo ft, cos@ a’a, 


where @ is the angle between the normal to the area and the direction of the 
particle velocity and d?Q is an element of solid angle. For isotropic radia- 


tion the particle flux F; from a hemi-sphere of directions equals 
T 


F, = 20 | J, cos @ sinO d@ = 1J;. (15.1) 
0 
The density N; of particles with velocities v; is in the case of isotropic 


radiation equal to 


4t 
N; ve J; . (15.2) 


One is usually dealing not with mono-energetic particles but with a distribu- 
tion of particles over energies (that is, as one says, with an energy spectrum) 
The main quantity is then the spectral (differential) intensity J;(E) such 
that J; (E) dE is the intensity of particles with their total energy E lying 
in the interval E, E+dE. The intensity of particles with energies larger 


than E (the integral intensity) equals 


J; E) = i J; (E) dE. (15.3) 
E 


In the case of an isotropic distribution of particles with mass M, we have 


J, (E) Mic? 
N, (> E) = At | - dE , E = —————. (15.4) 
¥(1 -v?/c?) 
The kinetic energy density of isotropic cosmic rays is equal to 
_ { 4 
Ww, = | E,W, (E) dE = |= EJ; (E) dE . (15.5) 


t 


Intensity (especially in the case of electromagnetic radiation) is also 
the term for the energy flux per unit solid angle. Such an ‘energy’ 
intensity is equal to I1=E,J, where EF, is the kinetic energy of the 
particles or the photon energy hv=Mw (we have here in mind mono- 
energetic particles or photons). We note that following a widely spread 
notation, we denote here and henceforth the particle energy by E and 
not by @ as we did in earlier chapters. 


346 THEORETICAL PHYSICS AND ASTROPHYSIcg 


One can also introduce the energy intensity 


I. * | E. J; (E) dE , (15.6) 
but it is rarely used. 


For ultra-relativistic particles we have 


_ Cc eee 5 
lL? | EN; (E) dE =. (15.7) 


Of course, the use of the total energy E=E +Mc’ is convenient only in the 
relativistic region, but it is just that one which is studied for the cosmic 
rays at the Earth. For soft cosmic and sub-cosmic rays one used more often 


the kinetic energy E Moreover, it is convenient to use for nuclei not only 


k° 


the total energy E or the kinetic emergy E but also the total energy per 


> 
nucleon € = E/A or the kinetic energy per eae E, =EL/A, where A is 

the atomic weight or, to be precise, the mass number of the nucleus. Finally, 
Eqns. (15.2) and (15.4) have been written down assuming the particle distribu- 
tion to be isotropic because the cosmic rays at the earth, if we eliminate the 


effect of the Earth's magnetic field, are to a high degree isotropic. 


The degree of anisotropy of the cosmic rays is defined as follows: 


J. out ene 
= max mln 
6 = Le ee. (15.8) 


max “min 

where Jets and Jnin re respectively, the maximum and minimum cosmic ray 
intensities as far as direction is concerned (we have assumed here that J(@) 
has only one maximum, say, in the direction 6=0; in other words, we assume 

a dependence such as J(6) =J,+J,cos6@, so that 6=J,/J,)-+ The degree of 
anisotropy of the cosmic rays has not yet been established reliably; for all 
cosmic rays with energies larger than 100 cev | the value 6<10 ". The aniso- 
tropy can thus be shown up only as the result of special studies, while in all 
other cases we can with justice assume the cosmic rays to be completely iso- 
tropic (we remind ourselves once more that we have assumed that the effect of 
the Earth's magnetic field has been eliminated). The problem of the study of 
the primary cosmic rays, that is, cosmic rays outside the atmosphere or taking 
its effect into account, is thus in fact the determination of the functions 


J;(E) for all components of the cosmic rays — for the protons and nuclei (the 


: This means that J,=J,(E>100GeV) and J,=J,(E>100GeV); for larger 


E and especially for E>1!0!® to 10’’ ev the degree of anisotropy may 
be larger than indicated. 
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proton-nuc lear component) and for the electron-positron component. However, 
the fraction of positrons in the electron-positron component is very small for 
E>1GeV (a few per cent) and they have as yet not been reliably distinguished 
from the electrons. This is also not done in the overwhelming majority of 
cases and one measures the intensity J,(E) of the whole electron-positron 
component which is simply called the electron component. In the case of the 
proton-nuclear component the separation of the nuclei into charges, let alone 
separation of isotopes, is far from always done; one often, therefore, consi- 
ders the total cosmic ray intensity J, , (E) or in practice their total 
proton-nuclear component as the fraction of electrons (that is, the ratio 

J (E)/I, (ED) is of the order of one per cent, and, moréover, electroms are 


relatively easily separated. 


We do not plan to give here a detailed introduction to cosmic rays (see 
Ginzburg and Syrovatskii, 1964a, 1966b, 1973; Hayakawa, 1969; Weekes, 1969; 
Ginzburg, 1970a; Hobart, 1973; Ginzburg and Ptuskin, 1976a,b; Ozernol, 
Prilutskii, and Rozental', 1978), and we restrict ourselves to only a few 
remarks including an indication of some characteristic values of such quanti- 
ties as J and w. At the Earth (outside the influence of the Earth's magnetic 


field) we can as a guideline take for all cosmic rays the following yalues:” 


i article = 
J =yJ~0.2 co 0.3 ——_, 
cer. cm’.s.sterad 

4nmJ -~10 particles 

Newr. sceee en? , 

~ 10712 £8 oe pe (15.9) 

eT 1) 
c.r. em? cm? 
eee pe, 
4t cmn?.s.sterad 


From Table 15.1 ome can reach some idea about the chemical composition of the 
relativistic cosmic rays (€ = E/A>2.5GeV/nucleon), where we have split the 


nuclei into the traditionally used groups (for instance, the L-group contains 


We must bear in mind that the energy spectrum of the cosmic rays at the 
Earth has a maximum corresponding to an energy E, ~ 250MeV for protons, 
co 
The cited values f J(E) dE and similar integrals therefore 
Ey * 100 MeV 

converge. However, their magnitude changes with the solar activity cycle 
because the contribution from slower particles changes and it is thus to 
some extent sensitive to the lower integration limit. 
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the Li, Be, and B nuclei). One should bear in mind that the errors in the 
values in this table are not less than tens of per cents ~— the data change ry 
when new material is accumulated and when more refined experimental methodg 

are used. The last allow us in a number of cases to obtain information not 
only about groups of nuclei, but also about separate nuclei. Moreover, 
recently relatively very rare nuclei with Z 283 (that is, heavier than lead) 
have been observed, the quantity of which in cosmic rays is 8 orders of magni- 


tude less than of all nuclei of group H. 


Abundance relative 

Intensity H group nuclei 

J(>€ = 2.5 GeV/Nucleon) 
particles/m*.s.sterad. 


Atomic 


Number in cosmic | average in 


rays the Universe 


3000 to 7000 


250 to 1000 
10-5 
2.5 to 10 
| 
0.05 
~107* 


The most important feature characterizing the composition of the cosmic rays 
which is clear from Table 15.1 consists in the presence of a rather consider- 
able flux of L nuclei, notwithstanding their negligible amount on average in 
nature. This peculiarity confirmed also separately for Li, Be, and B nuclei, 
and also for other rare nuclei (for instance the *He nucleus), indicates the 
appreciable role played by the transformation of the chemical composition of 
the cosmic rays when they propagate in interstellar space and, possibly, also 
in the sources (that is, in the regions where the cosmic rays originate or, in 


other words, are accelerated). 


The energy dependence (energy spectrum) of the cosmic rays is commonly written 
in the form 
J,0>€) - | J,(€) d€ = Ker! » J,(€) = (y-1)K ev ; (15.10) 
A A 
€ 
where, as already stated, € = E/A is the energy per nucleon and the index A 
indicates that we are dealing with nuclei (or group of nuclei) of average 


atomic number A; moreover, we have introduced similar quantities J(>E) and 


J(E) for all cosmic rays. 
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In practice the spectrum is not a power-law, that is, the index y is energy 
dependent. However, and this is rather important, in a very wide range of 
energies the approximation of the spectrum in the form (15.10) turns out to be 
a good one. For instance, in the energy range 2 10° ev < Ex 3x 10!5% ev 
according to a number of data y=2.7+0.2. Apparently we can now assume the 
value y=2.7 or y= 2.6 to be the best. To give some ideas we give, as an 


example, the following cosmic ray spectrum in the range 10'° ev<E<10!% ev: 


7 = E(ev) \“{Y")) 
J(>E) = (5.3 + 1.1) 10 v0 (Ete) 


a (Hewy's REE NET ESS S260 E005... 05211) 
10° em*,s,.sterad 


In the low-energy region EF, < 10° to 10!° ev the index y changes and the 
spectrum depends strongly on the level of solar activity. We shall not dis- 
cuss that region. We note only that the very important problem (in the frame- 
work of theories about the origin of the cosmic rays) of the shape of the 
spectrum in the low-energy region and, in particular, of the presence of a 
maximum in the energy spectrum far from the Sun (beyond the limits of the 
solar system) has not yet been elucidated. Apparently, down to energies 
€, ~ 100MeV/nucleon there is not yet a maximum in the spectrum of the galactic 
cosmic rays. At an energy F ~ 10'S ev there is a more or less steep bend or, 
at any rate, a change in the spectrum and for E >10'* ev Eqn.(15.11) does not 


hold, and the following spectrum is closer to reality 


J(>E) = (2,040.6) 107?" Eeny parcreles 


a ; (15.12) 


cm*.s,.sterad 
Y = 3.240.2 ; 


according to other data the factor (2.0+0.8) in (15.12) must be replaced by 
(3.746+0.20) and y = 3.1640.1. When E~10'* ev the spectra (15.11) and 
(15.12) agree ('join') within the limits of the attainable accuracy, as should 
be the case. Possibly, the spectrum for E A 108 ev flattens again, but this 
assumption has not yet been proved. We show in Fig.!5.! the integral cosmic 
ray spectrum (for E> 10!° ev; we remind ourselves that y is the index of 


the differential spectrum; see (15.10)). 


The maximum energy of observed cosmic rays is of the order of 107° to 107! ev. 
In that region the cosmic ray spectrum must, in general, ‘steepen' suddenly 

as a result of the considerable losses which cosmic rays undergo at such large 
energies when they interact with the radiation which is present in the inter- 


stellar and intergalactic space. However, so far such a ‘steepening' has not 
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been observed and the problem of the 
spectrum and thus of the origin of the 
cosmic rays with very high energies ig 


still open. 


The values of Y given here refer to 
all cosmic rays, but until recently it 
was assumed that the chemical composi- 
tion of the cosmic rays, at least up 
to energies of 100 to 1000GeV was 
energy-independent. And it was also 
assumed in this way that in that region 


the index y # 2.7 referred also to 


J(>E) Particles/cm* sterad § 


all groups of nuclei. In 19/2 there 


appeared indications that the chemical 


10 02 9! 192° 
) composition already in the energy 
E, ev range up to 100 GeV/nucleon depended, 
Fig. 15.1 The integral cosmic ray albeit weakly, on the energy — we are 


spectrum at the Earth. y is the 
power index for the differential 
spectrum; for a power-law integral fraction of secondary nuclei (such as 


spectrum J(>E) = comste. ET (y-1) 


referring here to the decrease in the 


Li, Be, and B) which are formed as the 
result of fragmentation of heavier nuclei when the energy increases. It is 
also possible that for nuclei of the H group (mainly iron nuclei) the index y 
is somewhat smaller than for those of the M group (C,N, 0, and F nuclei). The 
corresponding data are discussed by Ptuskin (1974) and Juliusson (1974). In 
the region of still higher energies E>10'* eV (or, to be more precise, 
€ > 10!)? ev/nucleon) the changes in the chemical composition may turn out to 


be more substantial, but there are as yet no reliable data about this. 


The electron component of the cosmic rays has been studied in less detail than 
the proton-nuclear component. The spectrum in the energy range up to 1 GeV is 
particularly sensitive to processes on the Sun and in the solar system and it 
ls itself rather complex here. For E = E, > 1 Gev the power-law approxima~ 
tion fits already better and, for instance, in the range 5<E<50GeV the spec” 
trum is a power-law spectrum with index y = 2.7 + 0.1 (to be true, according 
to other data y = 3.0 + 0.2). At lower energies the index y decreases and 
in the energy region E,>50 to 100GeV the data so far contradict each other, 
although it is possible that y & 3 up to energies cd 500 to 1000 GeV (there 


is practically no information about the electrons at even higher energies). 
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To give some ideas we give the following differential electron specturm: 


~o .-(2.7 40.1) electrons 
=}, 2 of — 15.23 
ao ee om? .s.sterad.GeV ( 
5<E<300 Gev , 
where the electron energy ig measured in GeV; hence 
= 157 
J, (>E) w 107? (EEW) , 5x10? <E<2x 10! ey (15.24) 
10 


(we have written Eqn.(15.14) in a form which facilitates its comparison with 
the spectrum (15.11); it is clear from what we have said that the difference 


in the indexes y in (15.11) and (15.14) cannot yet be taken as being signi- 


fiecant)., 


Central radio-region 


6x 10°°cm gas disc 


Fig. 15.2 Sketch of the radio-structure of the Galaxy 


We emphasize once again that all magnitudes given here are only approximate in 
character and that one can find in the literature values of the intensity 

which differ by factors 2 to 3 but this is totally unimportant for our discus- 
sion. Another point is the problem how, in principle, to extrapolate all data 


to the limits of the solar system and into the important regions of the Galaxy. 


The radius of curvature of particles with energies E*Mc* which move ina 
uniform magnetic field H equals (see (4.24); we assume that the particle 
moves at right angles to the field) 


E (eV) 


rT  300H (Oe) ‘ (15.15) 


In the solar system, in general, H < 3% 107°Oe and, moreover, the field is 
non-uniform. Cosmic rays with energies E>10!*ey and, in practice also for 
E>10'® ey ean clearly not be contained in the solar system. Bearing in mind, 


however, that the shape of the cosmic ray spectrum at the Earth changes little 
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up to energies E ~ t0'5 ev, we have all reasons to aseume that this apectrum 
(for E>10*® co 10%! ey) is characteristic at least for that region of the 
Galaxy which adjoins the solar system. However, the conditions in the neigh= 
bourhood of the Sun is, apparently, very typical for huge parts of the Galaxy, 
In this connection radio-astronomy data about the non-thermal radio-emission 
with a continuous spectrum which comes undoubtedly from synchrotron radiation 
are particularly important for us. In that way we obtain direct information 
about the electron component of the cosmic rays in the Galaxy and also far 
beyond its limite (normal and radio-galaxies, quasars). They are just the 
radio-data which created, one might say, cOsmic ray astrophysics ae there is 
no doubt now about the fact that cosmic rays occur practically everywhere in 
the Universe and sometimes play a large energetic and dynamic role — this 
refers primarily to rarefied regions of the galaxies (the halo in normal 
galaxies, radio-emitting regions, clouds, and outbursts in radio-galaxies), In 
Tespect of our own Galaxy, radio-astronomical observations indicate the exis- 
tence of a radio-dise, a central radio-region and, possibly, a radio-halo 
(Fig.15.2). Moreover, on the 'radio-map' of the Galaxy one can see the shells 
Of supernovae and various ‘inhomogeneities’ — some changes or other in inten- 
sity (in particular, connected with the spiral structure). [It is in this way 
completely clear that at least the electron component of the cosmic rays fills 
huge regions of the Galaxy and that, indeed, the circumsolar region is not 


distinguished at all. 


The ‘'Archilles heel’ of cosmic ray astrophysics right from its birth has been 
and to some extent remains so far a certain lack of definiteness (or, if one 

wants, lack of uniqueness) connected with using information about the electron 
components of the cosmic rays. As we saw in Chapter 5 the corresponding tran- 


Sition is realized through making some assumptions about the coefficients Ko 
and K,: 
W. Ww 

Cairks 
H > Ke = » (15.16) 
We 


where Wa = H?/8n is the Magnetic field energy density, w the energy den- 


c.f. 
sity of all cosmic rays, and we the energy density of the electron component 
(in Chapter 5 we considered instead of the energy densities the total energy, 


but this is in general equivalent, if we are dealing with averages). 


For the cosmic rays at the Earth we have 


K, ~ 100 » Kyp~w ls (15.17) 


where we used the measured values w ~107!? erg/cem? and we ~ 107) erg/an’, 


c.r. 
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and also the fact that on average in the Galaxy H~2 to 5x 107° oe. 


By virtue of the arguments already given, such as the discussions of the 
equipartition of energy under quasi-stationary conditions (whence would follow 
Ky ~ 1), it is very reasonable to take the estimates (15.17) for the Galaxy as 
a whole (or, on average in the galactic space). One proceeds similarly with 
respect tO extra~galactic sources and one reaches the above mentioned conclu- 
Sion about the large role of cosmic rays in the Universe. Nonetheless we 
emphasized in Chapter 5 the importance of producing methods for measuring the 
quantities kK, and Kyi we shall also discuss this in Chapters 16 and 17. 
When &pplied to the Galaxy the estimates (15.17) become, possibly, invalid for 
the central region, and for the main galactic discrete sources (such as super- 


Nova shells) — in some stages of their evolution. 


Using the values (15.17) for the Galaxy as a whole we can easily estimate the 
total cosmic ray energy in the radio-disc (with wo, ~ 10 '* erg/cm* and 
H~5x107° Oe) and, somewhat arbitrarily,’ in the whole of the Galaxy, includ- 


ing the radio-halo 


~~ 1955 
“evtigdise Yo.r.,disc Vdisc BO ETB ie 


(15.18) 


ps ~~ 156 
Mears hale Ye.r. halo Vnalo EOP ICES ss 


where Vag R* + 2h ~ 10°’ cm? is the volume of the radio-dise (see Fig.15.2) 


and Veais ~ 47R3/3 ~ 5x 10°® cm? che volume of the quasi~spherical radio-halo; 
the real halo is, apparently, flattened and, moreover, the cosmic ray energy 
density probably decreases when one gets away from the galactic plane; we have 
therefore taken as an estimate Wer. halo™ !0”° ers. This quantity is impres- 
sive; one can, for instance, note that it corresponds to the rest mass energy 
of about 100 stars with solar masses (M, = 2x 10339 , Mec? ~ 10°* erg). More 


important 1s, of course, that the energy W is comparable with or larger 


cC.r. 
than the internal energy of the interstellar gas or the energy of the inter- 


" The problem of the presence of a radio-halo of the Galaxy has been dis- 
cussed already for more that 25 years, but remains unclear (however, see 
below). [In our opinion (see Ginzburg and Ptuskin, !976a,b) there must 
exist some kind of ‘cosmic ray halo’, that is, a region between the radio- 
disc and the intergalactic space in which the cosmic ray energy density 
is still appreciable (say, wo or, ~10773 to 10°?" erg/cm*®). It is, however, 
possible that because the magnetic field strength and the density of the 
electron component decrease, the radio-emission from that region (radio- 
halo) is very weak. The estimate (15.18) for We.r, palo clearly assumes 
the existence of such a cosmic ray halo. 
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stellar magnetic field. We note also that in powerful radio-galaxies the 
energy W,.,,. reaches values 10°° or even 10° erg, that is, of the order 
of 107M c’. 

What is the origin of the cosmic rays in general and the cosmic rays at the 
Earth in particular? Undoubtedly the fact itself of an efficient generation 
(acceleration) of particles up to relativistic and ultra-relativistic energies 
in the Universe is a reflection of the plasma nature of the corresponding 
regions, of plasma instabilities, and of the existence of cosmic outbursts 
(outbursts of galactic nuclei, supernova and nova outbursts, solar flares, and 
so on). It are therefore just the cosmic and subcosmic rays and the radiation 
(in particular, the X-ray and gamma-radiation) which serve as the practically 
necessary elements and at the same time indicators of particularly violent, 
active cosmic processes — this is one of the most important features of cosmic 
ray astrophysics (and in general of high-energy astrophysics) which determines 


its role for astronomy as 28 whole. 


When we are dealing with the origin of the cosmic rays observed at the Earth 
(in what follows we shall in that case simply talk about the origin of the 
cOsmic rays) One usually does not have in mind the acceleration mechanisms, 
but the construction of a model in which the cosmic ray sources must be indi- 
cated, as well as the region occupied by the cosmic rays, and so on. For many 
years there has now been competition between basically two models — galactic 
and metagalactic models. In the metagalactic models one assumes that by far 
the largest part of the cosmic rays (the proton-nuclear component) arrives in 
the Galaxy from outside — from the intergalactic (metagalactic) space. One 
can see! therefore that the cosmic ray energy density in the Metagalaxy “Me 
(at least in the region bordering upon the Galaxy) must be of the order of 
Wo.r..G ™ 107'* erg/cm?. This means, by the way, that in the Metagalaxy 
Sane 107, as the electron component of the cosmic rays observed at the Earth 
certainly are of galactic origin; indeed, by virtue of the large Compton 


ES a SS a a SS 


The cosmic rays in the Metagalaxy, as in the Galaxy, must have a high 
degree of isotropy, as a pronounced cosmic ray anisotropy is destroyed 
by plasma instabilities (see Ginzburg and Syrovatskii, 1966b; Ginzburg, 
1969a, 1975a; Kaplan and Tsytovich, 1973; Ginzburg, Ptuskin, and 
Tsytovich, 1973; Wentzel, 1974; Tsytovich, 1977; and also below). Under 
quasi-stationary conditions one can see from considering the motion of 
particles in a magnetic field that the intensity, and thus also the 
cOsmic ray energy density in the Metagalaxy and in the Galaxy must be 
approximately the same (for details see Ginzburg and Syrovatskii, 
1966b; Ginzburg, 1[969a, 1975a). 
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losses (vide infra) relativistic electrons cannot wander long in the Metagalaxy 
or reach the Galaxy from radio-galaxies or quasars, Unfortunately, there is 
as yet no reliable estimate of the density Me? but from @ number of consi- 


derations One may assume that 


«Kw ~ 107)? erg/cm? , (15.19) 


“Mg c.r.,G 
and, most probably, Wg < 107?5 to 107'® erg/cm* (see Ginzburg, 1969a, 1975). 
If one can reliably confirm the inequality (15.19), which is possible in prin- 
ciple (see Chapter |!7),the metagalactic models would turn out to be convincingly 
refuted. So far, however, they are, in our opinion (not shared by everybody) 
only very improbable, in contrast to the galactic models. In the latter (again 
in the opinion of many, in particular, of the author, but not all) the main 
cosmic ray sources are supernovae, including pulsars! and possibly, outburete 
in the nucleus of the Galaxy. In the disc galactic model the characteristic 
volume occupied by the cosmic rays is the radio-disc or the region close to it 
Wate” 10°? cm*). In that case the characteristic lifetime of the cosmic 
rays in the Galaxy is Te. 7, disc ~ 10’ yr. In the galactic model with a halo 
the occupied volume is the cosmic ray halo (V ~ 108° em?) and the charac- 


halo 


teristic lifetime T ~ 10° yr (we give below an estimate of the life- 


c.r.,halo 


time). Hence and from the values (15.18) for Wee it is clear that to 


retain a quasi-stationary regime the cosmic ray sources in the Galaxy in both 
models mentioned must emit (accelerate) cosmic rays with a power of the order 


of 

" halo We r.,disc 
me Oe Ee BNO we SE ETB ~~ 10% - 10") erg/s . (15.20) 
a ar T e 
c.r.,halo c.r.,disc 


Both supernovae and outbursts of the galactic nucleus are able to inject 


cosmic rays with such a power. 


The choice between galactic models has not yet been made; it is, for instance, 
connected with the measurement of the characteristic cosmic ray lifetime Tels 
and to do this there are several possibilities (Ginzburg and Ptuskin, |[976a,b). 


The same could be achieved by solving the problem of the existence or not of a 


radio-halo. The elucidation of the role of some gources or other of cosmic 


In most and even in all supernovae there is probably a rotating magne- 
tized neutron star — a pulsar (see, for instance, Ginzburg, [97I). 
Particles may be accelerated in the supernova outburst itself, in the 
supernova shell, and close to the pulsar. The acceleration of parti- 
cles by pulsars is thus one of three possibilities, and its share is 
insufficiently clear. 
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Trays is also possible by various methods. As an example we note that the 
galactic nucleus cannot serve as a source for the electron component of the 

cosmic rays in the high-energy region E oI! to !0GeV. The fact is that on 
the path from the centre of the Galaxy to the solar system high-energy elec- 


trons lose most of their energy as a result of synchrotron and Compton losgeg 
(see Chapter aye 


We shall restrict ourselves here to the remarks we have made about the origin 
of the cosmic rays as our main aim is to illustrate a number of physical 
processes and mechanisms which are of interest in high-energy astrophysics. 


The following processes and mechanisms must be analyzed. 


The processes for the acceleration of the proton-nuclear and electron compo- 
nents of the cosmic rays in various cosmic conditions and various regions 
(stellar outbursts, turbulent plasma in supernova shells, acceleration in 


interstellar space, acceleration near pulsars, acceleration in solar flares, 
and go on). 


Energy loss mechanisms of various kinds of fast particles. Transformation of 


nuclei in collisions. 


Diffusion and isotropization mechanisms for cosmic rays, in particular taking 


plasma effects into account. 


Processes and mechanisms for the generation (production) by cosmic and sub- 
cosmic rays of photons with various energies and their application to radio- 
astronomy, optical, X-ray, and gamma-astronomy. The problem of the absorption 
and scattering of photons in all wavebands also belongs to this class of 


problems. 


a EEE en eel 


us We have given here the state of the problem of the origin of cosmic rays 
a6 1t was in 1975-76. As this problem is studied on a very wide front 
(which is algo true of X-ray and gamma-astronomy) the situation changes 
comparatively fast and some remarks and estimates in Chapters [5 to 17 
turned out to be obsolete at the time of the publication of the English 
edition of the present book. We must, however emphasize once again that 
the aim of these chapters is not to give a survey of the state of high- 
energy astrophysics, but mainly to discuss some physical problems rele- 
vant to this topic. Recent data in cosmic rays and gamma-astronomy are 
contained in the proceedings of the International Conference on Cosmic 
Rays which occur every year (see Plovdiv, 1977 for the picture in 1977). 
In our opinion the most important achievement of recent days has been the 
confirmation of the galactic model with a halo (Ginzburg, 1978; see also 


Ginzburg and Ptuskin, 19/76a,b). 
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Furthermore, there is, clearly, the problem of constructing a quantitative 
theory for the origin of cosmic rays in the Galaxy, taking into account losses, 
diffusion, transformation of the chemical composition, and so on. To do thie 
one must, of course, give a more detailed model (make precise the region filled 
by the cosmic rays, the distribution of the sources, the parameters of the 
interstellar space, and so on). The state of the problem is such that the 
’trzal and error’ method is unavoidable — one must work out various models and 
choose the best of them by comparison with the observational data (see Ginzburg 
and Syrovatskii, 1964a, 1966b, 1973; Ginzburg, 1969a, 1975a; Bulanov, Dogel’, 

and Syrovatskii, 1972a,b; Ptuskin, #972, 1974; Ginzburg and Ptuskin, 1976a,b). 


It is completely obvious that the whole of the corresponding set of problems 

ls extremely extensive. We have already mentioned this in relation to synchro- 
tron emission (see Chapters 5 and 9). In the foregoing we have also touched 
upon several other processes which are of interest in astrophysics, but the 
largest part of the problems enumerated has not yet been elucidated. Unfor- 
tunately, it is totally impossible to do this in any detail or fully in the 
framework of the present book. Below (in this chapter and in Chapters 16 and 
17) we restrict our discussion to that of energy losses, to an exposition of 
the general scheme of cosmic ray diffusion taking the transformation of their 
chemical composition into account and (in the case of the electron component) 
taking losses into account; after that we shall consider mechanisms for pro- 
ducing X-rays and gamma-rays and make a few remarks about related problems. 

We shall not consider particle acceleration mechanisms under cosmic conditions 
(see Ginzburg and Syrovatskii, [964a; Dorman, 1972; Kaplan and Tsytovich, 1973; 
Toptygin, 1973; Tsytovich, 1977). 


When charged particles pass through matter there occur several processes which 
together are uSually called ’ionization energy losses’. If we assume the 
motion of the particle given (to be precise, uniform and rectilinear) and 
neglect changes in the mass and charge of the particle due to nuclear trans- 
formations and decay or ‘stripping’ of orbital electrons (we have here in mind 
the motion of an atomic nucleus) the ionization of the atoms in the mediun, 
their excitation, and Cherenkov radiation all contribute to the ionization 


losses. 


It is true Chat a sharp division of the action of a charged particle on a 
medium into those three kinds of prOcesses is not always possible, especially 


not in a dense medium. Moreover, in the case of a plasma one mist speak about 
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the transfer of energy to the electrons and ions in the plasma and not about 
the lonization and excitation proceeding in a gas of neutral atoms or mle- 
cules. For sufficiently slow parcicles charge transfer plays a role. When 

there 1s a beam of particles present rather than separate particles collective 
effects may occur — beam instabilities and so on. The problems of the forma- 
tion of d-electrons (recoil electrons) in a medium and of mltiple scattering 
when particles pass through a given layer of a substance are bordering on the 
problem of ionization losses. Sometimes one must also take into account fluc- 


tuations in ionization losses and a spread in mean free paths. 


Even from this short list it is clear how wide-ranging the problems of itoniza- 
tion losses are; one might well devote a special set of lectures to them. Of 
course, there is an extensive literature devoted to this field, but we restrict 
ourselves to referring to Bohr’s classical paper (1948; see also Heitler, 1947; 
Landau and Lifshitz, 1960, 1977; Ginzburg and Syrovatskii, 1964a; Hayakawa, 
1969). In what follows we only give a number of formulae which one must use 
for calculating ionization losses in a gas or plasma, and we make a few remarks 


on that account. 


The basis for the calculation of ionization losses for fast particles is the 


formula (sometimes called the Bethe-Bloch formula) 


2mv7W 
dE 1 {dE 27NZ7 e" J max 2 } 
— —; A zs - — A ee OO eae \ Qg a ly rr, -_ 2 + £ ; : 
(=), 1(2), eee en g7(1 - 87) B (15.21) 


where N is the electron density in the matter, m the electrom mass, B=v/c, 
v the velocity of the fast particle considered with charge Ze, J the average 
ionization energy of the atoms in the medium, W,,, the maximum energy trans- 
ferred by the particle to the atomic electrons, and f a correction for the 
"density effect’. The basis for obtaining Eqn.(15.21) is, indeed, che classi- 
cal Rutherford formula which determined the cross-section for the scattering 
of a particle of charge Ze, mass M and initial velocity v by a particle at 
rest of charge e, mass m (interaction energy Ze*/r). In the collision the 
parcicle initially at rest (to be precise, an electron) acquires some energy 
W and che incident particle loses the same energy (elastic collision). The 
cross-section, expressed in terms of W, equals 

Z*e* aw 


2 w2 


do = 27 
ny 


(che derivation is given by Landau and Lifshitz (1976, § 19) and it is therefore 


inappropriate Co repeact it). For the energy lost by the incident particle we 
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have Wa wise 


27Z* e* W 
dE « | waco = == tn met 


Win tiv min 
After multiplying by the electron density N we are from this led to a fommla 
like (15.21) and the real problem is to give a more precise expression for the 
logarithmic factor taking relativistic effects into account (so far we have 
clearly used the non-relativistic formula), as well as the binding of the elec- 


trons in the atoms, and so on. 


The qualitative meaning of che logarithmic term in (15.21) becomes clear if we 
take into account that it essentially has the form const. X £n (po /Pain)s 


where p is the impact parameter. For close collisions (p ~ §-electrons 


Pmin) 
are formed with an energy reaching Way. On the other hand, the contribution 
from distant collisions (p ~ Pax ) increases as &£n[1/(1 -8*)] = &n (E/Mc*)? 

by virtue of che compression of the field of the particle as vc (for that 
reason the Fourier component of the field with a given frequency w~ J§/fi 
corresponds for increasing energy, roughly speaking to ever further distances). 
However, when p,,, decreases there are between the particle and the electron 
to which the energy is transferred more and more particles in the medium. The 
latter screen the field of the particle and ceteris paribus this screening is, 
of course, the larger the denser the medium. The effect of the screening (or 
the ‘density effect’) is just taken into account by the term f in (15.21). 

In the ultra-relativistic case (for more details see below) the term f has a 


universal character 


4mNe? 
ge Ne 


f = £n (1-67) + Qn + 1 


rae, . P mn ° 
"Dp 
As a result Eqn.(15.21) takes the form 
22 
24 mc“ W 
-($), = 2TNZ € {an == - i} (15.22) 
dx /1 mc 27™NH* e 


The independence of the given expression for f of the properties of the 
medium (apart from the electron density N) is connected with the fact that 
in the case discussed of rather high energies the properties of the medium at 


high frequencies are important, and then we have for any medium 


2 
me wo “4 4mNe* 
uy? ma” ; 


The ionization losses of ultrarelativistic electrons (E » mc*) in atomic 


hydrogen are, according to (15.2!) equal to 
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2mNe* 3 _ 
-() 7 {en =; 2 2} = 
i 3 


me 


1.22 10779 N 3 gn a + 18.8} erg/s 


7.62x 107° N {3 in — + 18.8} v/s 
mc 


2.54 x 1071943 on —, + 18.8} ev/em = 
mc 


1.53 10° {3an =, + 18.8} ev.em?/g (15.23) 
mc 
(we have given here the values of the ionization losses in various units for 


the sake of convenience when one wants to use them in different cases). 


In (15.23) N is the density of hydrogen atoms, and the effective lonization 
energy J§ was put equal to !5eV; in this formula we have taken into account 
the contribution from all recoil electrons with energies reaching W., = 4E 

as because of the indistinguishability of the electrons this is just the maxi- 
mum transferred energy We in electron-electron eeuiueiensc” We note that 
we have in (15.21) to (15.23) taken into account all processes — ionization 
(in particular, the formation of fast d-electrons), excitation, and Cherenkov 
radiation. The fraction of the latter is even for hydrogen comparatively small 
(of the order of 15%). The energy J in (15,23) has not yet been calculated 
exactly, as far as we can establish; there is thus under the logarithm sign 
in (15.23) an undetermined factor of the order unity (this leads to an inaccu- 
racy of Eqn.(1!5.23) of not more than a few per cent). Moreover, we neglected 
the density effect in (15.23), that is, we dropped the term f in (15.21). 
This is allowable as long as v/e <1/ fe(0) , where v is the particle velo- 
city and €(0) the dielectric permittivity of the medium at a frequency w=O0. 
In atomic hydrogen 


2\83 
€(0) = i + 4mNa ; ase : *,) Po 10° 2" em? , 
e 


+ 


An electron with an energy larger than jE we shall assume to be the scat- 
tered electron, rather chan a §-electron. We note also that Eqn. (15.21) 

is not completely exact in the case of electrons. Under the conditions of 
(15.23) we must replace the term -2 in the first pair of braces in (15.23) 
by 3-2n2 =-0.57. In practice this refinement is unimportant, in parti- 
cular, because of the approximate definition of the energy J (vide infra). 
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and the density effect can be neglected when 
E h 3x10?! 
<(41Na)t ~———. 
ey aa ) 7 


Even when N~ 10° cm-? this means chat Eqn. (15.23) is valid for electrons 


with energies E < 10!® ev. 


For light non-hydrogen atoms the ionization losses are also given by Eqn. 
(15,23) to a first approximation, if we understand by N the density of all 
atomic electrons. It is clear that in interstellar space (which, contains, 
say, 10% helium atoms) the ionization losses are only approximately larger by 
10% than in pure hydrogen (for the same total density of atoms). In a com- 
petely ionized plasma (N the electron density) the ionization losses for 


ultra-relativistic electrons equal 
7 (2) _ 21Ne" fon mec*E :| 
dt/j mc 4nNAze2 * 


7.62% Lom? w fen =. - enn + 73.4} ev/s . (15.24) 
mc 


This formula is obtained from (15,22) for Wa, =4E; moreover, we have intro- 
duced a more precise numerical value of the logarithmic factor in agreement 
with Tsytovich’s calculations (1962b): we have replaced the -1 in (15.22) by 
-~# in (15.24); of course, this refinement is not particularly important. 
Equations (15.23) and (15.24) usually give results which do not differ as to 
order of magnitude. For instance, for N=0.1 cm* and E=5%10% eV the 
losses (15.24) are twice those of (15.23). The losses (15.24) proceed forming 
$§-electrons (that 1s, transferring energy to the plasma electrons) and through 
Cherenkov radiation of plasma waves.' The necessity to apply Eqn.(15.22) for 
a plasma, which takes into account the density effect, is completely clear 
from what we have said earlier: for a rarefied plasma € = 1- w/w for all 


frequencies and it is just using that expression which led to (15.22). 


tT 


We assume the plasma to be isotropic, that 1s, there to be no magnetic 
field; we know that under those circumstances a particle cannot emit 
transverse Cherenkoy waves in the plasma. We emphasize also that we 
understand by plasma waves longitudinal waves which can propagate not 
only in a plasma, but also in any medium provided e€(w)=0. The 
peculiarity of a plasma in this respect 1s merely the weak damping of 
sufficiently long-wavelength plasma waves. In a condensed medium an 
appreciable part of the ionization losses can also be connected just 
with the generation of plasma waves. 
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Equation (15.-3) refers to the case of ultra-relativistic electrons. If, 
however, the condition E* mc* is not satisfied and, in particular for non- 
relativistic electrons (but with a velocity v *v,, where Va is the velocity 
of the atomic electrons; in the case of hydrogen this means that the kinetic 
energy of the electron E, = E- mc” > 15 eV), one can use Eqn.(15.21), replacing 


Wax by 4E,, for calculations with errors not exceeding a few per cent. 


For particles of total energy E and mass M * m=9.1 10-7" 9, that is, for 


mesons, protons, and nuclei, Eqn. (15.21) leads to the following results. Let 
E« x Mc? . (15.25) 


The maximum energy transferred to the electron is then equal to 
2 
Wo = Qmv? (=) (15.26) 
max z 


When condition (15.25) is satisfied Eqn.(15.21) gives for losses in atomic 


hydrogen (J = I5 ev) 


2 j E 
SS (s) 7.621072 27 N ea) {en ea a 11.8} ev/s, 
dt ; k Mc? 
E 


k 
- (&) 
dt/, 


For protons condition (15.25) has the form E «2x 1032 ev and Eqn. (15.28) is 


(15.27) 


E-Mc? s SMv> «Mc? , 


7.62 107927 N {4 gn oe 20.2} eV/s , E> Mc2. (15.28) 
c 


thus im practice suitable for 210°? <E<1C?? ev. 


If 
E > — Mc? , (15.29) 
we have 


W ma E. (15.30) 


Equation (15.21) then becomes 
dE 21mNZ7e" 2mc* 2 
(2), = BES fag Bata 
i me J (Mc“) 


7.621079 22 N {2 tie Pars 19.5} eV/s , (15.31) 
me? m 


where the last expression refers to atomic hydrogen. The density effect has 
not been taken into account in (15.31); this is allowable in atomic hydrogen 


as long as E/Mc*? <3 x10!/YN (vide supra). 


In a fully ionized plasma with electron density N we have in the non- 


relativistic case 
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at i kd TNe7h? 


(38) 2mNZie! av 


7 2Mc* 2 Be 
= 7.62 10 2? (AE) {en —E~ jinn 38,7} eV/a. (15.32) 


This formula is obtained from (15.21) for E, =a Mv? « Mc*, Wax = 2mv? (see 

(15.26)) and J= Ruy = A(4nNe?/m)? = 3.7x10'1/N eV. This replacing of § by 
the plasmon energy wp (or, put differently, replacing the frequency w= J/ff 
hy the plasma frequency w,) is completely natural and is confirmed by a more 


consistent calculation (see Landau and Lifshitz, 1960). 


In the ultra-relativistic case E » Mc* we must use for a plasma Eqn. (15.22) 


or the formula, which differs by a small factor, 


2 2 
- (2) _2mNZ*e* mo Mmax | 


dt/j me 4mNe* Fi? 
Wmax 
= 7.62% 10° 2? N {tn =~ -£nN+74.1> eV/s , (15.33) 
mc 


where we Must use for Wiax the value (15.26), when (15.25) holds, and the value 
(15.30) in the case (15.29). The numerical values are given in eV/s. For 
relativistic particles with v sc one finds the expression for the losses in 
eV/cm by dividing by c=3% 10? cm/s; the losses in hydrogen in eV/(g.cm~”) 
are obtained from the losses in eV/cm by 6 1073 /N= 1/(1 667 x 10724 N) = 1/MpN. 


Let us now discuss the problem of the formation of §-electrons. It is clear 
that the corresponding losses are completely taken into account in (15.21) 

and the other formulae in which already appears the maximum energy transferred 
to an electron Wax’ Losses connected with the formation of 6~electrons with 
energies from W.,, down to some value W,;, in which we are interested (of 
course, W, 
which occurs in (15.21)) can be obtained from (15.21) and is equal to 


= ($=) " 2 1NZ*e" Wax 
i 


in » 9, where J is the average binding energy of the electron, 


(15.34) 


ac mY : Woin : 
where Ze is the charge and v the velocity of the incident particle, N the 
electron (not the atomic) density in the matter, and e and m the electron 
charge and mass. We have already earlier given (see (15.26), (15.30), and the 


explanations of Eqn. (15.23)) the values of Waax i” various cases. 


The probability for a particle with energy E to transfer an energy W>S, 


lying in the range W,W+dW to an electron in a layer of the matter of 
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thickness !cm i6 equal to 


2mNZ7e" aw E w\* 
P< (E,W) dW = cra Aas Ww F(E,W) , F(E,W) = (24-4) ’ (15,35) 


where the function F is written down for the case of ultra-relativistic 


2 


electrons with E * mc (in that case, of course, Z=1). The differential 


cross~section per electron corresponding to the probability (15.35) equals 


a 27Z7 e"F(E,W) mie 
6 av? W? : 
Before we briefly discuss also other energy losses (besides the ionization 
losses) we make a few remarks about collective effects occurring when parti- 
cles move through a medium. To be precise we consider a plasma in which a 
stream (beam) of fast charged particles moves. The problem of the processes 


in such a system (a beam in a plasma) is to some extent close to the problem 


of ionization losses. 


We shall, however, start with a more general problem. In a sufficiently 
rarefied gas one can consider processes such as the emission of photons, the 
production of various other particles (for instance, ions) or the ionization 
and excitation of atoms without taking the effect of the medium into account. 
In other words, if the distance between particles (say, atoms) in the medium 
is sufficiently large all processes proceed as if there existed only the 
colliding particles (the particle flying past, the atom, the collision 
*products’). However, it is clear (and well known) that when the density of 
the medium increases one must, in general, take into consideration the mutual 
effect of the particles in it and in that sense once can speak of collective 
effects. For instance, if one takes into account the effect of the refractive 
index of the medium on synchrotron radiation (see Chapter 6) one is led to 
such a collective effect. The Cherenkov radiation of both transverse and 
longitudinal (plasma) waves is, of course, also a collective effect and in 
this case the process does not occur at all without a medium (in vacuo). We 
have already discussed this kind of collective effects, whenever this should 
be done. Another category of collective effects refers to a ‘collective’ of 
incident particles. To be precise, energy losses by a particle beam when it 
passes through a medium are only in the simplest cage equal to the sum of the 
losses suffered by the separate particles in the beam when there are no other 


particles in the beam. Such conditions are by far not always satisfied. 


Without trying to classify the effects we divide nevertheless all collective 
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effects into two classes connected with the emitting ('incident') particles 
themselves. For the first class the spatial inhomogeneity in the distribution 
of the emitting particles is important. For instance, it is clear from Eqn. 
(15.21) and from the substance of the effect itself, that ionization losses 
and the intensity of the Cherenkov radiation are proportional to the square 

of the charge Ze of the fast particle enewdeeeds” At the same time it is 
completely clear that the losses of a single particle of charge Ze will be 
equal to the losses of Z particles of charge e only if the latter fly 
together, forming a rather compact bunch with total charge Ze. The bunch 
can, clearly, be assumed to be small in the afore-mentioned sense if its size 
2 is small compared to the characteristic size p which, figuratively speak- 
ing, is responsible for the losses considered. For close encounters leading 
to the formation of d-electrons the impact parameter is small and for a bunch 
one does not have to speak about collective cepceeact On the other hand, 
Cherenkov radiation of wavelength i is produced in regions of size of the 
order of A; in that case bunches of particles can very well turn out to be 
sufficiently small and, hence, the intensity of the radiation can no longer be 


simply proportional to the number of particles in the bean. 


Another possibility for the occurrence of collective effects (their second 
class) is connected with the reabsorption of radiation, beam instabilities, 
and so on. The spatial inhomogeneity of the particle distribution is for this 
class of collective effects, in general, unimportant (at least, when we calcu- 
late the absorption or amplification coefficient of the waves in the linear 
approximation). One such kind of process is the reabsorption of synchrotron 
radiation, discussed in Chapter 9. Here the picture is very simple: a single 
particle radiates and the other particles of the same collection can absorb 


this radiation and as a result the absorption coefficient depends on the 


u Above we have already emphasized that the Cherenkov losses are contained 


in the complete expression for the ionization losses and, hence, that 
they are, as the latter, proportional to Z*. All forms of ionization 
losses are proportional to Z°, as the field of the particle E is pro- 
portional to Ze; the losses along the path of the particle are equal 
to the work ZevE«e7Z? which the field produced by the particle per- 
forms on itself (just this method of calculation — evaluation of the 
work ZevE — was used for the determination of the ionization losses 

by Landau and Lifshitz (1960, Chapter 12). 


y We have here in mind bunches of particles which are uncorrelated. If, 
on the other hand, the particles are correlated such, as for instanee, 
the protons in a nucleus, the nature of the close collisions is usually 
determined by the charge Ze of the bunch. 
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density of the radiating particles. The instability of a beam of particles ig 
a plasma which is connected with the occurrence of longitudinal waves in the 
beam is indeed the same process — in this case we are dealing with negative 


Cherenkov absorption (reabsorption) of plasma waves. 


We have already touched upon this problem in Chapter 7 but now we shall discuss 
it in somewhat more detail as the problem is important both as regards methodo- 


logy and as regards practical relations. 


Let us consider a non-relativistic beam of particles of mass M, charge e, 
and density Ng moving in the ‘parent’ (ambient) plasma with density N and 


temperature T. The velocity distribution function of the particles in the 


beam is denoted by f,(v). As a rather typical example we use the distribu- 
tion 
M  \2 M(v -v_)? 
f,(v) = No |———— ]_ exp $- ————_- > .- (15.36) 
27kpT. 2KpT. 


It is clear that we are here dealing with a beam moving with an average velo- 
city V,; the spread in velocities around v, is Maxwellian in shape with a 
temperature T,. As we shall assume the parent plasma to be in equilibrium 
we can write for its electrons 


f,(v) = ity exp ( a) , (15.37) 


27k ,T 2kp,T 


If there is no beam (or, if we can neglect its influence) in the collisionless 


isotropic plasma considered (we assume that there is no external magnetic 


field) electromagnetic transverse waves can propagate: 


Ee Ee RIOR | (ke Ey oo, HHS [kAE], 
2 peas (15.38) 
= ck TNe 
memes aves J (1-2), uf =A, uteuk ect? , 


as well as longitudinal waves 


E=e ebKrry-tut | eo, (ke E) © KE, 
_ 2 2 
ck ] w/w (15.39) 


k,T 
2 2 ow 
Ww «3k, T/ac aa 


oa 2 = = 
w' uw, + 3 = k" , nye nN, 
The longitudinal waves propagate without specific collisionless damping only 
provided kV kgT/m <u, (this means thac kry = k V(kpT/8 m™Ne*) « l, or As 
2u/k > Ips where Th = V (kpT/81Ne”) ia the Debye radius). For the sake of 


convenience we have repeated here what wag said in Chapter }1, 
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In the independent particle approximation (a sufficiently rarefied beam) each 
particle in the beam moves, scatters, and radiates independently of the other 
particles. In that case one can, in general, consider the scattering and 
bremsstrahlung due to the particles in the parent piaena : aa the reault of 
binary collisions; the same applies also to the formation of 6-electronas and 
the part of the ionization losses which is connected with it which 146 due to 
close collisions. However, we have already emphasized that Cherenkov radia- 
tion is essentially a collective effect. In the case (15.38) the refractive 
index n, <1 and, hence, the phase velocity of the transverse waves 
eae c/n, >c. It is clear that the condition for Cherenkov radiation, 
cos 8 = c/n(w) v (see (6.53)) cannot be satisfied when n< 1 (v is here the 
particle velocity and @ the angle between v and k, the wavevector of the 
emitted wave). On the other hand, for the longitudinal waves (15.39) the 
Cherenkov condition (6.53) can clearly be satisfied and a beam particle is 
thus able to generate plasma (longitudinal) waves. The total power of thia 
Cherenkov radiation is cs 
27Ne* 2 ew 2 
(a age font era Ge) " peer 


The structure of Eqn.(15.40) is the same as that of all formulae (see, for 


instance, (15.21) for g*« 1) for the ionization losses (Eqn.(15.40) is part 
of those losses). As regards the logarithmic factor which is determined only 
approximately (in that sense the factor < under the logarithm sign is purely 
approximative and Eqn.(15.40) does not really differ from Eqn.(7.33) given 
earlier), one can determine it only as a result of a more detailed calculation 
(see, for instance, Pines and Bohm, 1952; Zheleznyakov, 1970; essentially the 
necessary fact when taking into account the Cherenkov condition (6.53) with 

n=ny is the condition krp S1 for the existence of not strongly damped 


longitudinal waves). 


All particles in the beam for which vcos@=c/n, (w) will emit waves of 
frequency w at a given angle 6. In the radiation at the angle 6 we have 
thus contributions from all particles with given values of the component of yv 
along k and arbitrary values of v, (that is, the component perpendicular to 
k). In that connection we shall be interested not in the distribution func- 


tion f,(v) itself, but in the function 


We are dealing here with electrons and ions; the density of the latter 
Nj 1s for Z=1 equal to the electron density N (or, when there ig a 
beam present, such ag would guarantee quasi~neutrality of the system). 
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2 
M j M(v, -v, cos 6) 
f =z f = a ce 9 J é 
aE) { 4) av, No ors exp 2k, (15.4)) 


where we have used the distribution (15.36). A function such as (15.41) was 


sketched in Fig. 7.2. 


When the particle density N, in the beam increases we must take into account 
the reabsorption (or amplification) of the Cherenkov waves, that is, their 
absorption and induced emission by other particles of the same beam. The fact 
that such processes (absorption and induced emission) are possible is at once 
clear if we use quantum language. In this ianeuage' the generation of plasma 
waves (in particular, their Cherenkov generation) is the emission of plasmons 
of energy Mw and momentum Mik = (flw/c)n)(k/k) (we have made some provisos in 
this respect in Chapter 12 and there is no need to repeat them). When the 
plasmon is emitted a particle of energy E, =3Mv> and momentum Pp, = mv, 
changes into a state of energy E, =} Mv? = E,-fiw and momentum P, = Mv, -Mk. 
It is completely clear that the reverse process is also possible as the modu~ 
lus of the matrix elements for direct and inverse transitions are equal to one 
another. In such a reverse process a plasmon (fiw, ik) is absorbed by a parti- 
cle (E, j p,) and as a result of this the energy and momentum of the particle 
become equal to E,=E,+ fiw and p, =p, + fk. The probability for induced 
emission is equal to the probability for absorption and, thus, if the state 2 
lies ’higher’ (as we assumed above), when there is a plasmon (flw, Nik) present, 
the system (particle) undergoes an induced transition E,>E,, P,>P, with 
the emission of yet another plasmon (fiw, fik). The ‘true’ (resulting) absorp- 
tion is given by the difference of the numbers of particles N, and N, in the 
States 1 and 2. In the case of Cherenkov radiation, clearly, only the com- 
ponent along k of the particle velocity v, that is, the value of v, » changes, 
and My, 2 MV + (fw/c)ny. Moreover 


where the distribution function f. and its derivative must be taken at the 
point V, = w/k & ices (one sees easily that in the classical case 
b] , 


Ak «Mv, ). The reabsorption coefficient is thus equal to 


. As we have done several times before, we are talking here about 


"Language’ as we have in mind a classical problem which can also be 
described completely in classical terms, but it turns out to be more 
convenient or more translucent to use quantum concepts. 
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—— a wv) 


. 15.42 
dv, i ¢ ) 


The field of a monochromatic wave propagating along the z-axis changes as 


E = E, exp [i (2 2-)| exp Ga ; 


where K is the absorption index. The absorption coefficient p=2wk/c deter- 
mines the change in intensity I « |E|? « e 2 another statement of the 
problem is, however, possible and often encountered, in which the wavevector 


k is taken to be real and the frequency to be complex. In that case 


-yt 
E = E, exp fiw/(2 2-t)| 
0 L c 


where w = w/-iy (here w/ = Rew). 


In that case the intensity I AY ae Ye For a weakly absorbing (or weakly 


amplifying) medium one can rigorously show that, as is also immediately clear 


from intuitive considerations, we have 


2y¥ = MYor ; (15.43) 
where Vor = dw/dk is the group velocity of the waves; in the case (15.39) 
3k,T " 3kpT/m \3 
“gt MVoh and ph * k © ~ w/w? 


One can find the coefficient A in FEqgn.(15.42) as a result of calculations 
which we omit here (see Zheleznyakov, 1970; Kaplan and Tsytovich, 1973; 
Tsytovich, 1977, and for a Maxwellian plasma also Ginzburg, 1970b; Ginzburg 


and Rukhadze, 1975; and Chapter 11). As a result we get for y (see algo 
(15.43) ) 


(15.44) 


277 e7w f (v,) 
es ln © jie 


Mk? oad 8 _— 


As far as its meaning is concerned f.(v,) is in (15.44) the total distribu- 
tion function for an electron beam, taking into account both the presence of 
the beam and the existence of the parent plasma. If we nonetheless denoted 
the distribution function by f . (the index s corresponds to the beam) we 
have merely in mind the application to a real case when close to the value 
ee w/k the contribution from the particles of the Maxwellian parent plasma 
can be neglected. It is clear from what we have said that Eqn.(15.44) with 


M=m can also be applied to a purely Maxwellian plasma without a beam when it 
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leads to an expression for y under collisionless damping conditions (see 
Chapter 11). As we said, there is then just damping (y>0) and this ie connec- 
ted with the fact that for the Maxwell distribution df,/dv,<0O (see (15.37) 
or (15.41) with v,=0). From the above it is particularly clear that the 
nature of the collisionless or Landau damping in an isotropic plasma — we are 
dealing here with the inverse Cherenkov effect, that is, with Cherenkov absorp- 
tion (such an absorption of a plasma wave is realized just for particles with 


Vie = v cos 8 =c/ny (w) ; we repeat here what was said in Chapters 7 and 11). 


If the distribution function is such that in some region or other df,/dv, >0, 
we have instead of damping an amplification of che waves or, put differently, 
there is negative absorption or an instability. For any beam which is 
"submerged' in the plasma there is, as is clear, for instance, from Fig. 7.2, 
a region (region I), where df,/dv,>0. Waves with a phase velocity Voh = W/Kk 
which lies in that region of v, values which corresponds to region I in Fig. 
7.2 will thus be amplified. As a result the amplitude of the waves increases 
and is bounded only due to non-linear effects. The amplification of the waves 
in this case is of the same nature as in quantum amplifiers or generators 
(masers and lasers). Indeed, the condition df,/dv, >0O simply means that there 
are more particles in the upper than in the lower levels as a result of which 


induced emission dominates over absorption. 


Substituting the function (15.41) into (15.44) we get 


2 _ = 2 
TT Ms, (Yon v, cos 8) cee v, cos 6) 
Y =v 50 exp f- ——__—_———_ 
k? ve 2 vr 
: . (15.45) 
2 2 
= 4TN,e Be 41Ne ee ee kT, 
: M me mo ’ ph k’ Ty M 


In the region where Vph < V, cos 8, the waves prow (y<0). It is clear that 


the maximum value of y for given k equals 


6 P 

15.46 

Vn R22 (15.46) 
Ts 


The velocity Yph occurring here is the phase velocity of the waves in the 
parent plasma. In order that Cherenkov radiation be possible this velocity 


should not exceed c. Therefore, in (15.46) Knin © wo/c and, hence. 


If vp “«v,, one can assume that the condition for Cherenkov radiation 
s 


; 2.2 2 
is vi <v, and kyin Aa w/v hence | < Weve/M) VT 


ph | Ymax 
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In the classical approach to the problem one uses a kinetic equation for the 
distribution function f, and one chooses as the initial distribution in the 
beam, for instance, the distribution (15.36). One then determines, say, the 
frequency w=w’-iy for a wave with real wavevector k (or complex wavevector 
k for real w). As a result one obtains, of course, the same result (15.44) 
or, more precisely, (15.45). Just this identity of results indicates the com- 
plete equivalence of the classical and quantal approaches in the problem under 
discussion (see, for instance, Ginzburg and Zheleznyakov, 1969a, 1965 in Chis 
connection) where we have in mind when talking about the quantal approach the 
method using the Einstein coefficients for the transition probabilities '. The 
region of applicability of this method is restricted, in particular, in connec- 
tion with the condition ly| <w~ w,- However, in the region where it is 
applicable the Einstein coefficient method is very fruitful as we have already 


demonstrated in Chapter 9. 


It is clear from what we have said that when there is a particle beam present 
in the plasma (average velocity of the particles in the beam ve > Vy = J kpT/m) 
this beam is unstable — longitudinal (plasma) waves in it grow. The growth 
rate Y is proportional to the particle density N, in the beam (see (15.45) 
and also use the fact that ws N.) . From this it follows already that in a 
beam of a sufficiently low density the growth of the waves due to negative 
absorption of Cherenkov waves is rather small (small over a time characteriz- 
ing the process; small along the whole path of the beam, and s0 on); on the 
other hand, the collective effect (instability) in beams may in completely 
realistic cases be very important. As a result the energy losses in a beam 
and its spreading out may proceed much faster (or along a shorter path) than 
for separate particles. The solution of the problem about the losses and 


scattering (isotropization) of a beam is rather complicated as it is here not 


possible to limit ourselves to the linear approximation and we must develop a 


Only in this sense or a similar one could the quantal and classical 
approaches confront one another. If, on the other hand, we have in 
mind the very possibility of solving any classical problem using the 
equations from quantum theory, that possibility is obvious ae classi- 
cal mechanics and classical electrodynamics are limiting cases of the 
appropriate quantum-mechanical constructions. 


372 THEORETICAL PHYSICS AND ASTROPHYBIcg 


non-linear theory (see Kaplan and Tsytovich, 1973; Tsytovich, 1977; and Che 


literature cited there). 


Why have we dwelled on the instability of beams in a chapter devoted to cogmic 
rays? At first sight this looks the stranger where we have earlier empha- 
sized the isotropy of the cosmic rays due to which there are absolutely no 
conditions for the appearance of a beam instability. Moreover, because of 
the extreme rarefaction of the cosmic plasma (electron density N <1 cm? in 
interstellar space and N < 107° cm”? in intergalactic space) plasma effects 


should turn out to be completely unimportant in cosmic ray astrophysics. 


However, this last argument must of cOurse not be taken to be serious as abgo- 
lute values of the density N and of other quantities cannot play a role — one 
should compare them with the appropriate values which are important for the 
processes considered. As to the igotropy of the cosmic rays, one of the most 
important problems is to establish its cause, and algo to elucidate the condi- 
tiong under which there is no isotropy. An analysis of plasma effects in 
cosmic ray astrophysics is thus, indeed, necessary. MoreOver, there igs no 


doubt that these effects can be very important. 


Let us, for instance, consider the ‘outflow’ of cosmic rays from a region with 
a magnetic field H, in which the cosmic rays are isotropic into a surrounding 
region with a magnetic field H, « H. Such a situation is fully realistic, 
gay, when cosmic rays leave a supernova shell for the interatellar space or 


when they flow from a galaxy (or its core) into intergalactic space. 


When a charged particle moves in a regular magnetic field the adiabatic inva- 
Yiant 

p* sin” x 

ns 

is conserved; * here p is the particle momentum and x the angle between P 


| ~ 
-e we 


= cOnstant (15.48) 


: It is more cOrrect to say that the left-hand side of (15.48) is an adia- 
batic invariant when a particle moves in a magnetic field, An adiabatic 
invariant remains constant when the parameters of the problem change 
Slowly, in the given case when the field H changes slowly. This means 
that the field can vary only inappreciably over distances of the order 
of the radius of curvature Ty and times of the order of 1 /us . wr = 


(ZeH/Mc) (Mc?/EZ). Under cosmic conditions such requirements are well 
satisfied in many cases. One must, however, bear in mind that we have 
assumed here not only that there is no electrical field (apart from the 
field connected with the change of H with time), but we have also neglec- 
ted losses. The latter may, of course, lead to the adiabatic invariant 
not being cOnstant. For instance, magneto-brems losses, particularly 
important for electrons, lead for H=const to a decrease in the angle X> 
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and H. Ina constant, that is, time-independent, magnetic field the particle 


energy E= V(M’c"+c7p?) and its momentum p are unchanged and hence 


a2 dH 
<= = constant , ae =Q,. (15.49) 


When the particle moves into a region with a smaller field the angle x 
decreases, aS one can see from (15.49). Hence it follows that when H,« H, 

in region 2 with a weak field the distribution of the particles over direc- 
tions must become steeply anisotropic; they will move practically along the 

field lines (that igs, for them the angle x«1!). This produces a particle 


beam. 


In the Galaxy the cosmic ray density N ~10°'° particles/em*? (see (15.9)); 


Cer. 
for an estimate of the density of the particles in the ‘beam’ which enters 
interstellar space from shells, or which leaves the Galaxy we also take the 


estimate NJ ~N, ~ 10 % particles/cm* whence we get for protons 


Tt. 


we =4mN,e7/M ~ 0.387 ; 


this estimate is valid up to energies E~Mc* ~ 10? eV, that is, for the 
majority of the cosmic rays (in the relativistic case We = (47N,e7/M) (Mc?/E)). 


At the same time for the parent plasma in the Galaxy 
Wp = NV (4mNe7/m) = 5.6410" YN < 5x10" 6 ' (N <1 cm7?) 


and in the Metagalaxy 
We 61075) (N <10°°cm ’*). 
Hence we get for the growth rate of the plasma waves due to the beam insta~ 
bility (see (15.47) with vp, “oD 
2 
s -5 .-1 ; 
ae & ap 10° 6 (Galaxy) ; 
(15.50) 
-3 -1 
Yes! < 10°°s (Met agalaxy) 


For the shortest-wavelength waves which may play a role in the problem 


Y™ Yain (vy/c) Ynax (kpt/me”) Yn ax a Ynax 


(for T~ 10" °K) and Vo 5 107° : (for T~ 108 °K which probably corres- 
ponds to the metagalactic gas). However, even for a value of |y|~ 107!® g7! 
the plasma waves grow considerably over a time | T~ 1/|y| ~ 10'° 6 ~ 300 yr, 


that is, over a time which is negligibly small compared to the characteristic 


t The time and the temperature are here denoted by the same symbol T 


but this should not lead to any confusion. 
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time for the evolution of the Galaxy Tg ~ 10? to 10'° yr and the lifetime of 


the cosmic rays in the Galaxy T ~ 10’ to 10% yr. We shall not multiply 


Cor. 
the number of similar examples and estimates as their only aim was here to 
demonstrate that in cosmic ray astrophysics plasma effects are, in general, 
important (Ginzburg and Syrovatskii, 1966b; Ginzburg, 1966, 1969a, 1975a; 
Kaplan and Tsytovich, 1973; Ginzburg, Ptuskin, and Tsytovich, 1973; Wentzel, 
1974; Tsytovich, 1977). The fact is simply that the frequencies Wo of the 
cosmic plasma and the frequencies w, in possible cosmic ray beams are small 
only as compared to ‘laboratory’ frequencies; the same applies to the growth 
rates of various instabilities which must clearly be compared with the quanti- 
ties 1/T, where T is a characteristic time in the problem (time for spread- 


ing out of a supernova shell or the age of the cosmic rays, and so on). 


The growth rate y is different for different instabilities and, for instance, 
when plasma waves or magnetohydrodynamic waves are excited by a particle beam. 
Moreover, y depends on the parameters of the parent plasma and on the charac- 
teristics of the beam itself, in particular, on the degree of anisotropy of 
the particles in the beam (for a beam with the distribution (15.36) we are 
talking about the ratio kpTg/Mv5). For instance, for a beam of cosmic rays 
with a small anisotropy 46 «1 only the excitation of magnetohydrodynamic 
waves plays a role (Ginzburg, Ptuskin, and Tsytovich, 1973; Wentzel, 1974). 
The growth rate ly| is thus largest and thereby, in general, most important 
under different conditions for different kinds of instabilities, different 
kinds of waves, and so on. The proviso made here of ‘in general’ is connected 
with two points. Firstly, the growth rate y characterizes, say, the growth 
of plasma waves only in the initial, linear stage. However, the nature of the 
stationary state is determined by non-linear processes. The instability with 
the largest growth rate can thus in actual fact in the non-linear stage lead 
to less important perturbations chan some more slowly developing instability. 
Secondly, we are usually interested not in the instabilities themselves or in 
the intensity of the waves which appear, but in some action or other of these 
waves (perturbations). For instance, if we are dealing with the radiation as 
the result of instabilities of electromagnetic (transverse) waves it is not 
less important to take into account the mutual transformation of different 
kinds of waves than to determine the intensity of the plasma waves. In cosmic 
ray astrophysics we are usually particularly interested in the problem of the 
feedback of the waves which are generated and of other perturbations on the 


bef itself and on the magnetic field in which it moves. As a result of the 
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development of instabilities which lead to the appearance of various wiJ@a\end 
other perturbations (say, aperiodic distortions of the magnetic field) thergggy 
is, in general, blurred out and made isotropic and the magnetic field changes 
from a regular one into an altogether random, turbulent one. This is a general 
and rather obvious tendency but to analyze it in any detail requires large 
efforts and has as yet not been accomplished by far (Ginzburg, Ptuskin, and 
Tsytovich, 1973; Kaplan and Tsytovich, 1973; Tsytovich, 1977). This refers in 
particular to the cosmic conditions where an appreciable fraction of the lack 
of determination is connected with our insufficient knowledge of the parameters 
of the problem (characteristics of the beams and of the magnetic field, let 
alone even the parameters of the interstellar plasma). However, even the esti- 
mates given here for the beam instability allow us to reach a few conclusions 
which confirm the evaluation of the contribution of magnetohydrodynamic waves, 
the analysis of the role of non-linear processes, and g0 on (see Ginzburg, 


Ptuskin, and Tsytovich, 1973, and che literature cited there). 


It is juet the occurrence of plasma instabilities which leads in the Universe 
to an efficient generation of various waves and perturbations which, in turn, 
scatter the cosmic rays. As a regult of this any steeply anisotropic cosmic 
ray distribution will relax rather fast and in the Galaxy or in the Metagalaxy 
the cosmic rays can have only a small degree of anisotropy 56<1. At the same 
time the scattering of the cosmic rays by the inhomogeneities and waves in 
conjunction with the already mentioned perturbation of the magnetic field 
leads to the well known turbulence of the magnetic field in the Galaxy and the 
mixing of the cosmic rays. Unfortunately, the quantitative side of the prob- 
lem is as yet not very clear. In particular, in various energy ranges the 
importance of the scattering and isotropization of the cosmic rays by the 
waves which are themselves produced by the cosmic rays, or by waves of another 
provenance and by various static or rather quasi-static magnetic field inhomo- 


geneities is not clear (Ginzburg, Ptuskin, amd Tsytovich, 1973; Wentzel, 1974). 


We cannot develop here this theme, but it seemed useful to us, as elsewhere 

in this chapter, to discuss, albeit in general terms, a class of topics which 
stand in the forefront of cosmic ray astrophysics — at chis moment we have in 
mind the taking into account of plasma effects. Hereby must also become more 
intelligible the approach which dominates at the present all attempts to dis- 
cuss quantitatively this or that model of che origin of cosmic rays — the use 


of che diffusion approximation and the transfer equations. 
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We shall assume chat the cosmic rays are locally isotropic — this means that 
anisotropy can occur only due to the spatial inhomogeneity of che particle 
densities N;(f,¢,E), where i is the kind of particles (the number of parti- 
cles in an element d’rdE at time ¢ equals N.d°r dE). The general transfer 
equation for Nj; has in the approximation discussed here (for details see 
Ginzburg and Syrovatskii, 1964a; there is, of course, here no gummation over 
the index i which occurs twice in (15.51)) 

i ee 3 

> 7 aiv (D; VN;) + aE (bjN;) = Q. -~ PIN, + P;. (15.51) 
In a woment we shall, of course, say what all terms in Eqn. (15.51) mean but we 
start with the first two — if we retain only those we get the diffusion eqna-~ 


tion: 
ON. 


where Dj(r,E) is the diffusion coefficient. 


It is not at all clear that one can uge for a description of che motion of the 
cosmic rays in magnetic fields the diffusion approximation (15.51) or (15.52). 
The fact that the field has a strongly expressed irregular, random component 
is no good reason for the validity of this approximation as also in that case 
there is a strong tendency for the motion of particles along the magnetic 
field lines, even though they are rather entangled. However, in the Galaxy, 
for instance, one must also take into account the fact that as a result of the 
differential rotation of the Galaxy and the motion of gas clouds and spiral 
arms the magnetic field lines are 'mixed up’ all the time. Finally, we shall 
usually be interested in the picture which ils averaged not only over rather 
large regions of space (say, regions of tens or hundreds of parsecs) but also 
over rather long periods. For instance, to estimate the mean gradients of 
cosmic rays and their life time in the Galaxy T..,, it is sufficient to know 
N. averaged over a time t « ae ia 107 to 10° yr, that is, the averaging 
time may well be as large as 10° years. 

Taking all that into account the diffusion approximation turns out to be 
acceptable, especially when we choose the coefficient D; as a free parameter. 
It igs true that in that way we do not abandon the possibility of evaluating 
D; from a more detailed consideration (for instance, taking plasma instabili- 
ties into account) or, mainly, the possibility of confirming our assumptions 
about the validity of the diffusion mechanism by a comparison of the observa- 


tional data with those calculated in the diffusion approximation (using an 
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equation such as (15.51)), for instance, of the anisotropy, chemical composition, 
and other quantities characterizing all the cosmic rays or their various 


components. 


In the diffusion picture the resulting cosmic ray flux equals 


T 
dN. 
= : = [x#- —L 
Foi = 27 | J(8) cogs @ sin dé D, |VN. | D. =? (15. 53a) 
0 


where the last expression has been written down assuming an appropriate syn- 
metry of the problem; moreover, we have chosen the polar axis along the 
direction of the flux F, ;- Putting J(@) = J,+J,cos@ for all cosmic rays 


we easily get for the degree of anisotropy the expression 


Se va? man 2 oa 7 3Fy _ 3D 1 eee (15.53b) 
Sage ae Jy 4uJ, a Neos a 


where we have also used the relation Js 8 (40 /v) N. Be (41 /c) No = (we 
consider ultra-relativistic particles); of cOurse, one can write down similar 
expressions for particles of any kind. In the quasi-spherical picture 

dN 


Cle 
dr 


where R is a characteristic distance; in the case of the Galaxy we put 
R~ 107% co 107° om (the distance of the Sun from the centre of the Galaxy 
R = 31072 cm) and 6S 107% (vide supra). Hence D~ +6cR < 1078 to 102° 
em*/s. Other more Peidapie estimates are based upon calculations of the 
chemical composition of the cosmic rays (see Ginzburg and Syrovatskii, 1964a; 


Ptuskin, 1972; Ginzburg and Ptuskin, 1976a,b; and the following). They give 


D,. ~ 3x 107° em?/s ° ~ 71027 em7/s, (15.54) 


disc 


where the values Dai. and Diajg COorrespond, respectively, to the disc model 


Diialo 


and the model with a halo. 


The diffusion coefficient in a gas is D=ive where £ is the mean free path 
and v_ the particle velocity. Applying the same relation and assuming that 
the velocity of the cosmic ray motion along the field v~ 10%° cm/s, we can 


estimate from (15.54) the effective mean free path: Rise ~ 10'7 em and 


si The fact is not only that the degree of anisotropy 6 hag not yet been 


measured (only an upper limit has been determined and even that not 
very reliably). Not less important is that the anisotropy may reflect 
"local' conditions in the neighbourhood of the solar system and not 
characterize the average gradient of the cosmic rays in the Galaxy. 
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R ~2%x10'° cm. In the diffusion picture the mean square distance zz 


eee by a particle in the z-direction during a cime T is equal to 
z2 = 2DT. We can use this formula to estimate the lifetime of the cosmic rays 
in the Galaxy taking for 22 the square of a characteristic size L of the 
system. One usually puts in the disc model L~  3*x 107° om (half-thickness of 
the gas disc) and in the model with a halo L~R~ 10°? om (radius or, rather, 
half~thickness of the halo). Using (15.54) we then get 


~5x10° yr , ~ 2x10° yr. (15.55) 


‘ T 
c.r.,disc c.r.,halo 


The crudeness of the estimates given here is obvious but, even taking this 
into account it is not yet clear why we have taken as the size L_ in the disc 
model the half-thickness of the gas disc rather than the half-thickness of the 
radio-disc h~ 107! cm. The fact is that the interstellar gas is concentrated 
just in che gas disc, as its name indicates. For an estimate of the time the 
cosmic rays stay in the gaseous medium (for the gas disc N~1cm~*) we mst 


therefore give T just for the gas disc. The arbitrariness of such 


c.r.,disc 
a time T. Z is, however, thereby made particularly clear. We need hardly 


explain that when earlier putting T ~ 10’ yr and T ~ 10° yr 


c.r.,disc «r.,halo 
we did not go beyond the limits of accuracy of the estimates (15.55). 
The diffusion coefficient D; in (15.50) and (15.51) may depend on the coordi- 
nate r and the particle energy E (we assume the system to be stationary so 

that the coefficients in the transfer equation, in particular, the coefficient 


D are time-independent; one needs special considerations for diffusion amd 


i» 
other processes in non-stationary conditions). However, in practice one solves 
the problem either with a coefficient D; which is constant in space, or for 
some regions in each of which the coefficient D; ls constant (at the boundary 
between these regions the component normal to the boundary of the flux —-D; VN; 
must be continuous, and also the density N;). As to the dependence of D; on 
the particle energy E, the approximate constancy of the chemical composition 
of the cosmic rays indicates the approximate constancy of D; in the energy 
range of about € < 10!? ev/nucleon, and possibly up to energies E~ E, ~ 1 
to 3x 10'* ev. When E~ E. the index y in the cosmic ray spectrum changes 
(see (15.11) and (15.12)); it is natural to assume that this is connected with 
an appreciable E-dependence of D,; and to be precise with an increase in the 
diffusion coefficient with increasing E for E>E,. Relatively recently there 
has been the indication mentioned already of a possible weak E-dependence of 


D; also in the energy range E<10'2ev (see Ptuskin, 1974; Jdliusson, 1974). 


COSMIC RAY ASTROPHYSICS 379 


It is important to emphasize here that it is very well possible to take this 


dependence into account in the framework of the diffusion approximation. 


Let us now discuss the other terms (apart from the first two) in the transfer 
Eqn. (15.51) which have the meaning of conservation laws for the mumber of 
particles in coordinate and energy space. This remark makes it already possi- 
ble to understand that the quantity b;N; is the particle flux of kind i in 

"energy space’ where b; is the velocity in energy space, that is, the change 


in parcticle energy per unit time 


dE 
qc b, (E) . (15.56) 


Therefore, a (b;N; ) is, indeed, the divergence of a flux. We must chen bear 
in mind that the change in the particle energy considered must be smooth and 
continuous (at least, within the limits of the accuracy of the approximation 
used). If we are talking about energy losses, of course, b,;<0; as an exam 
ple of such practically continuous losses we may mention the ionization losses 
discussed earlier (clearly, geal) or the magneto-brems losses discussed 
in Chapter 4, When the particles are accelerated b; >0. It is necessary 
also to emphasize that as in the case of losses, also in the case of particle 
acceleration there may be (often important) fluctuating energy changes as well 
as a regular average energy change over some time interval. As a result of 
such fluctuations the energy distribution of the particles changes, even if 
the average particle energy remains constants” When there are such fluctua- 
tions in energy one must under certain conditions add to the left-hand side of 
Eqn. (15.51) a term 

y2 


d 2 
nee (diN;) , where 4d; (E) = 3, (AE) , 


= 
2 


(AE)? is the mean square change in energy as a result of fluctuations (for 


details see Ginzburg and Syrovatski1, 1964). 


As an example we may mention the acceleration of particles in an elec~ 
trical field with potential differences V which are well-defined ag 
far as their absolute magnitude is concerned, but under condition where 
the sign of V changes randomly (that is, the particle moves sometimes 
with the field and sometimes against it as might happen if it were inci-~ 
dent on a ‘capacitor’ from different sides). The average energy of all 
the particles together remains then constant, as V=0, but some of the 
particles may ‘win’ in such a way that they acquire a large energy as a 
result of being predominantly incident in regions with the field parallel 
to the direction of the particle momentum. In other words, we are talk- 
ing about ‘diffusion in energy' so that (AE)? #0, as v2? #0. 


380 THEORETICAL PHYSICS AND ASTROPHYSHS 


The term Q;(r,t,E) in (15.51) is the power of the ‘external’ particle 
sources — their mmber entering the system per unit time in the neighbourhoad 
d°r dE of the 'point' r,E is equal to Q: d’r dE. The term — P;N; in (15.51) 
takes into account ‘catastrophic’ processes leading to particles of the kind 
i leaving the element considered d’pdE. The particle so to speak vanishes 
from that element and its neighbourhood. As an example we may mention the 
transformation of nuclei when a nucleus of the kind i vanishes altogether, 
changing into nuclei (and in principle also into other particlea) of the kinds 
k, 2, m. A second example are brems (radiative) losses when an electron col- 


lides with other particles and emits a rather hard photon. 


If 6; is the cross section for the collision of particles of the kind i, ve 
the velocity of those particles, Noas = N_ the density of particles, say, of 
nuclei in the interstellar gas with which the collisions take place, we have 


V- 
P. =O0.v.N=2—+= (15.57) 
Ll Ls 


JI 

1 1 T; 
Clearly P; has the meaning of the number of collisions (see Chapter 11), 
h. = 1/o,N is the mean free path, and T; the average ‘lifetime’ or the mean 
flight time. 
The last term P; in Eqn. (15.51) takes into account the entry of particles 
(also as the result of ‘catastrophic’ collisions) into the range considered 
d3r dE. One can, for instance, write 

P, a) | (E’,E) N.(t,¢£,E’) dE’ , (15.58) 

1 k 1 k 
where Pt igs the probability for the process where a particle of the kind k 
changes into a particle of the kind i (included is also the case j=k) from 


the energy range E’ into the energy range E. 


The transfer Eqn.(15.51) is rather complicated and this makes it natura] to 
consider various particular cases. As an example we mention the transition to 
the diffusion Eqn.(15,52) where all other terms have been dropped. Although 
not so extensive, a significant simplification can usually also be introduced 
for the analysis of the chemical composition of the nuclei. In nuclear trans- 
formations in the interstellar medium (if we neglect inelastic collisions 
involving meson production, and so on) the energy per nucleon € = E/A is 
conserved. It is therefore expedient to change from the variable E to the 
variable € for which 

Pt (E’ -E) = pe 6(€-€7) and P, = Ps PrN, (r, t,€) 
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(see (15.58)). The index k<i indicates here that a nucleus of kind i can 
appear only due to the disintegration of heavier nuclei for which the index k 
customarily is assumed to be less than i. Moreover, for relativistic nuclei 
the energy losses are relatively small (we are mainly talking here about 
ionization losses) and we can neglect them. As a result we are led to equa- 
tions which are widely used for an analysis of the chemical composition of the 


cosmic rays: 


oN; * ae Vk 
“ae day (D, VN; ) eee a P.N> (15.59) 


where in Q. we have dropped the variable € and we can do the same in respect 
to N.(r,t,€); of course, if we take continuous losses into account by adding 
to the left-hand side of (15.59) a term Z (by; N;) we must, in general, take 
Q: = Q; (r, t,€) and Ni =N; (r,t,€). 


The mean free path L; (see (15.57)) can conveniently be expressed in g/cm’, 
where Li = 1/o; N cm = M/o; g/cm*, where M=p/N is the average mass of the 
nuclei in the interstellar gas of density po and density of nuclei (or atoms) 
N. Usually one assumes that in the interstellar gas hydrogen takes up 902 
in number and helium 10%, and one can neglect the other nuclei. We give in 
Table 15.2 the values of OG; and Ls for the motion of nuclei of the kind 
(group) i in hydrogen and in the interstellar gas of the above-mentioned 


composition (see also Table 15.1) 


Table !5.2 


. 2 
Cross-section 0, x 107%, cm? | Mean free path Les g/cm 


interstellar interstellar 
hydrogen 
gas gas 


Average 
atomic _ 
weight A 


hydrogen 


We must bear in mind that the mean free path Ls characterizes a nucleus of 


the kind i leaving the flux of such particles independently of into which 
mucleus it is transformed. When we divide the nuclei into groups we must take 
into account the transformation of nuclei which retaing them within the limits 


of the group. The corresponding effective mean free path is d; = £./(1-P.), 
1 
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where Ps is the probability of forming nuclei of group i from other nuclei 
of the same group. As a result, we have, for instance, for nuclei of the M 
group in the interstellar gas h. =7.8 g/cm? for 2 = 6.9 g/cm*. However, one 
should not attach too much weight to these quantities as the data in Table 


15.2 are only of value for orientation purposes. 


Relativistic protons lose in collisions with nuclei of the interstellar gas 
(with cross section d;) on average about : of their energy; the energy of 


the protons decreases therefore by a factor e=2.72 over a path length 


he = L/o,N & 180 g/cm? & 102° /N cm (o, ~ 10726 om?) , 


In a rough approximation we can say that the energy of the relativistic 


protons changes as (N is the density of nuclei in the interstellar gas) 


(32) - Bag cNE® 3x10" NE. (15.60) 
nucl E 


Let us compare these losses in hydrogen with the ionization losses also in 
hydrogen (see (15.28) with Z=1!). Clearly 


(dE/dt) E/Mc? 
_ nucl 40 


"nucl,i ~ ~(dE/dt); 4 Qn (E/Mc2) + 20.2 saci 
The nuclear losses are thus appreciably larger than the ionization losses 
already for E ~ 10 Mc* ~ 10!° Gev. For the majority of the cosmic rays (but 

not in the low energy region & & Mp c* ~ 107 ev) one can neglect the ioniza- 
tion losses; the nuclear losses, on the other hand, are taken into account in 
(15.59) by the term ~ P.N; (these losses belong more correctly to the category 
of ‘catastrophic’ losses and one can use an equation such as (15.60) only for 


estimating the average losses over a considerable time). 


We have elsewhere (Ginzburg and Syrovatskii, 1964a, Chapter 5; see also 
Ptuskin, 1972; Ginzburg and Syrovatskii, 1973; Ginzburg and Ptuskin, 1976a,b) 
discussed methods for solving the set (15.59) and we shall not dwell upon them 
here. We merely note that when we solve the problem we usually introduce a 
whole number of further simplifications: we assume the problem to be station- 
ary (we drop the derivative 9N;/dt), we put the diffusion coefficient D; to 
be constant and we consider several regions in space and energy ranges, 
"joining up' the solutions at the boundaries, and we write the power of the 
sources Q; in the form Q.(r, t,€)= q. x(r, t,€), and so on. We must make 
the model even more precise — we must give the spatial distribution of the 
power of the sources Q., the region where the cosmic rays are 'trapped' (disc, 


halo), and so on. 
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As a limiting case of an ever further simplified problem we can take a uniform 
model (also called the leaky-box model), which is often used to determine the 
chemical composition of the cosmic rays. In such a model one assumes that the 
diffusion takes place rather fast and that therefore the cosmic ray density is 
constant in the whole system (Galaxy). We must then, of course, give, on the 
other hand some lifetime of the cosmic rays in the system which determines 

how fast they leave the system. [In other words, we replace the terms 
ON; /dt -div (D; VN,) in (15.59) by Ni/To eli (one arrives at this substitution 
most simply by dropping the diffusive term and putting ON, /dot = Ni/To rp, ids 
The set (15.59) can then be written (uniform model) 


wi » 
1 —_ — = 
a deo. N. On Ny ; (16,62) 
k<1 


where x=coT. is the thickness of interstellar gas traversed by the cosmic 
rays (we assume the particles to be relativistic so that their velocity v=c; 
for the sake of simplicity we assumed that the times er = T sa that is, 
that they are independent of the kind of particle i), and go, and o,, are 
the appropriate cross-sections (see (15.57) and the definition of the quanti- 
ties pk = O.VN5 if we defined, as is commonly done, the thickness xs in 
g/cm? and therefore introduce the density p = MN g/cm’, the cross-sections in 
(15.62) are the normal cross-sections divided by the mass M of the ‘average 


nucleus’ in the gas). 


As the q; in (15.62) characterize the power of the cosmic ray sources, it is 
clear that q; 2 O; moreover, for miclei with small source densities (especially 
miclei of the group L, that is, for Li, Be, and B) we can assume that q; =0. 
The set (15.62) is algebraic and can be solved rather simply; all difficulties 
are connected with insufficient information about the cross-sections O. and 


o., and even more with insufficiently accurate data about the chemical (and 


aa more the isotopic) composition of the cosmic rays at the Earth. At 
present the uniform model (15.62) describes fairly well the chemical composi- 
tion of cosmic rays with energies Ee. 2 1 to 2GeV/nucleon for xX, =x 5 Co 
7 g/cm? (see Ptuskin, 1972; Ginzburg and Syrovatskii, 1973; Ginzburg and 
Ptuskin, 1976a,b). 


Thus 6 
i aa (15.63) 


ae pc cMN - N 


—24 gz) in 


the region occupied by the cosmic rays. In the disc model the average value 


where N is the gas density (of nuclei with an average mass M~ 2x10 
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of N~ 0.3 to lcm’? and in the model with a halo N~1 to 3107? em™*s ag 
a result the corresponding values do not contradict the estimates (15.55)." 
More important 18 something else — the chemical composition is firet of al] 
determined by the thickness x and it is therefore impossible to find the time 
T..,, from data about the chemical composition. It is true that in more 
refined models which take diffusion into account the dependence of the chemi- 
cal composition on T, ,, determined by the diffusion coefficient D;(E) is 
More important, but the accuracy of all data is still insufficient to solve 
the problem. More reliable for success promises to be another method — taking 
into account the role of radio-active nuclei in the cosmic ray composition 
(the best known example is the 1°Be nucleus for which the average lifetime 
+ = 2.2105 E/Mc* yr, where the factor E/Mc* takes into account the relati- 
vistic slowing-down of the time). The possibility of radio-active decay is 
not taken into account in (15.62) and if one does so for radio-active muclei, 
there should be on the left-hand side the sum (N;/x;) + (Nj/cpT;). Determin- 
ing the density of radio-active nuclei N; in comparison with the densities of 
a number of stable nuclei one can in principle find both x; = cpT - and 


1 C.Legl 


cpt, and thereby determine To.r..j and the average gas density po in the 
a a 
region occupied by these cosmic rays (for details see Ginzburg and Ptuskin, 


1976a,b; Plovdiv, 1977; Ginzburg, 1978). 


We now make more precise the transfer Eqns.(15.51) for an application to elec 
trons and positrons. In that case we must, clearly, assume that in (15.51) 
Nj =N.(r,t,E) or separately Ne. (electrons) and N,, (positrons). Simpli- 
fications occur when we assume that the problem is stationary (we drop the 
derivative ON,/dt) and when we neglect the ‘catastrophic’ energy losses. We 
then have 


- div (Dg VNe) + 5% (be (E) Ne) = Qelt, ED. (15,64) 


ge AP 


+ 


The characteristic nuclear lifetime for the proton component of the 
cosmic rays is (see (15.60)) 


15 
T ee (15. 60a) 
mucl = | (dE/dt) ao! N 


Even for the gaseous disc with N~ | cm7?, the time T 
To.r.,disc , and for N eet cu? we have already Thuel 
To.r.,halo ~ 1 to 310° yr. Hence it follows that the cosmic ray life- 
time Te is, indeed, determined by their leaving the Galaxy and not 
by the losses (this is, in general, not the case for the rather heavy 
nuclei; see Table 15.2). 
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The term Q, wust take into account the appearance of electrons and (or) 
positrons not only as a result of their acceleration, but also due to various 
decays of unstable particles (u*, and so on) which are formed in nuclear 
collisions with cosmic rays (we can refer here to §-electrons and electron- 
positron pairs produced by gamma rays). In the equation like (15.64) for the 


positrons we must also introduce a term accounting for their annihilation. 


The most important difference arising when we consider the electron component 
of the cosmic rays as compared to the proton-nuclear component consists in the 
necessity to take, in general, the energy losses of the electrons into account. 
The variable E in Eqn.(15.64) therefore does not remain a parameter as was 


the case in Eqns. (15.59) and (15.62). 


Integrating Eqn. (15.64) enables us to find the electron spectrum N,(r,t,E). 
Knowing this spectrum for the whole Galaxy we can evaluate the intensity of 
the synchrotron radio-emission received on Earth. The same holds, of course, 
also for the radio-emission from supernova shells, radio-galaxies, and so on. 
We shall not give here the corresponding calculations (see Ginzburg and 
Syrovatskii, 1964a; Bulanov, Dogel', and Syrovatskii, 1972a,b; and Ginzburg 
and Ptuskin, 1976a,b) restricting ourselves to the physical processes which 
must be taken into account, The acceleration of the electrons in the sources 
and the generation of ’secondary‘ electrons and positrons by the proton-nuclear 
component of the cosmic rays deter:aines the power of the sources Q.(r,E). The 
electrons lose energy as a result of ionization, brems (radiative), magneto- 
brems, and Compton losses; these all contribute to the coefficient b,(E) in 
(15.64). 


We have already considered the ionization losses (see (15.23)), the magneto- 
brems losses were discussed in Chapter 4, and the brems and Compton losses 
will be considered in Chapter 16. It is, however, expedient to give all these 
losses for ultra-relativistic electrons in one place. 


Ionization losses. In atomic hydrogen 


dE 21™Ne" ( E3 } 
aren) (pei =) a g - : — 
(#2). mc : mc? 3? ve 


7.62% 107? nd3an =. + 20.21 ev/s . (15.23a) 
mc? J 


In an ionized gas 
dE 21Ne* m*c*E 3 
Nag) age ge oes 
dt/; mc 4nNe* fi 


= 7.62x10-? N {en =. -~QnN + 73.4} eV/s . (15.24) 


mc 
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Brems (radiative) losses. In the atomic interstellar gas (see (16.469 


E 
> ev/s. 


mc 


_ (dE S -15 2 -10 
fol 107" SNE eV/s = 5.1*107?9 NA 


In a fully ionized gas (see (16.46) ) 


= (32) = 7x19?! n(n — + 0.36) = ev/s. 
: me mc? 


(N =N, is the nuclear or electron density). 


Magneto-brems and Compton losses. 
dE dE _ 3207 fe? \? Hh? Bo\ 
~{(), + GE) = 58 Sa) (55 + von) (SE) - 
= 1.65107? (E+ won) (2) ev/s . (15.65) 
The part of this expression which corresponds to the magneto-brems losses is 
proportional to H* and is obtained from Eqn. (4.39), assuming that the direc- 
tion of the magnetic field changes randomly so that Hi = 2y?, The second 
part of expression (15.65) corresponds to Compton losses in an isotropic radia- 
tion field with energy density Woh (the quantity H*/8n + Woh is in (15.65) 
measured in erg/cm?), and we have here considered only the region of electron 


energies E <« (me*/Ep,) mc’, where €oh is the average photon energy (see 


Chapter 16 for details). 


We have, for instance, for an ionized gas 


(dE/dt) mas 
Be ae r _ 1.8% 107" {£m (E/me*) + 0.36} E (15.66) 
ry,l (dE/dt). Qn (E/mc*) - £nN+ 73.4 


Even in the intergalactic gas N~ 107° to 107& cm? and, hence, |2nN| < 15. 
Therefore n. , <1 when Ex 710° eV. When E>10° eV the brems losses 


> 
dominate the ionization losses. 


The ratio of the magneto-brems and Compton losses to the brems losses (16.46) 


equals 
(dE/dt) + (dE/dt),, 3x 107/H2 E 
Fi jee SO NE eg es (15.67) 
mC,r (dE/dt), N 8n = PA} ne? 


In the Galaxy (in the disc) H7/8n ~ 107'2 erg/cm’* and Woh ~ 107)2 erg/cm° 
(for the black-body background radiation of temperature T=2.7 °K alone we 
have Woh = 4x 10723 erg/cm?® ; in the Galaxy, especially in the disc there are 
also many optical photons emitted by the stars). Therefore in the gas disc 


(for N~ 11cm’) Rigg 3x 10-5 E/mc* = 1 for E> 10! ev, and in the 
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halo (with N~ 107% cm™*) "nc,r 2 | for E 210° eV. Even in the radio- 
disc, let alone in the halo, the main role is therefore played for the electron 
component in the most interesting energy range E 10° to 10% eV by the 
magneto-brems and Compton losses. We must add to this that the brems losses 
in fact belong to the ‘catastrophic’ losses — they are mainly accompanied by 
the emission of photons of energies Rw~ E. As a result the electron simply 
"goes out of play’. The average characteristic time T, for such losses (see 


(16.48) below) equals 
E 101° 


iad 


tT ~ ————_— 8. (15.68) 
a. | (dE/dt) | N 


Even when N~ |]cm™° the time i= 3x 107 yr, which is less than the time the 


=—3 


electrons move about in the gas disc. When N~ 107° cm the time T, is 


already so large (compared to ae & 1! to 3xtO* yr) that the brems losses 
do not play a role. For evaluating the electron spectrum in the Galaxy one 


therefore usually takes into account only the magneto-brems and Compton losses. 


With this we conclude the present chapter which was devoted to a few problems 
in cosmic ray astrophysics. Here, in contrast to other chapters we paid con- 
siderable attention to descriptive, essentially astrophysical, material which 
diminished the space devoted to theoretical problems. We did this as the 
corresponding astrophysical information is practically completely absent in 
general physics and theoretical physics courses. However, if one does not use 
it and does not take it into account, ome cannot deal at all with cosmic ray 
astrophysics and one is merely left with purely physical results which one 
could especially apply to cosmic rays. In that case, however, the choice of 
material remains undetermined and, in the main, loses all astrophysical 
features. We, on the other hand, wanted to retain the astrophysical aspects. 
This tendency will also be seen, although not quite so strongly, in the next 


two chapters. 


+r 


Chapter XVI 


X-RAY ASTRONOMY 


Processes leading to the formation of X-rays and gamma-rays. 
Definition of the quantities used in X-ray and gamma-astronony. 
X-ray brems-emission by a non-relativistic gas (plasma). 
Bremsstrahlung by relativistic electrons and brems (radiative) 
energy losses. 

Scattering of relativistic electrons by photons (inverse Compton 
effect). 

Compton energy losses. X-ray synchrotron emission. 

Remarks about the comparison between theory and observations. 


X-ray and gamma rays ‘by themselves’ (that is, without considering 
their interaction with matter) differ not only merely in wavelength but are 
also ‘neighbours’ in the electromagnetic wave spectrum. It is therefore 
expedient to start the discussion of the processes leading to the appearance 
of cosmic X-ray and gamma-radiation without splitting the bands in more detail. 
We shall therefore first of all list the processes which lead to the production 


of both X-rays and gamma rays. 


It is true that it is opportune to note beforehand that the mean free path of 
the absorption coefficient of even hard gamma-rays, let alone those of the 
softer photons, does not exceed approximately 100 g/em*. Hence it is clear 
that the cosmic gamma- and X-ray radiation which reaches the Earth cannot come 
from regions with an extra-ordinarily high density, for instance, from the 
interior of neutron stars. It is from this also clear that the photon emis- 
Sion and absorption processes which we shall encounter in X-ray and gamma- 
astronomy have, so to speak, the usual character of those in atomic or nuclear 
physics. In other words, we do not need to consider here some new, not yet 
known emission or absorption mechanisms. The specific features which arise in 


X-ray and gamma-astronomy are connected in the first place with the fact that 


: Customarily we shall call photons with energies 100< Ey < 10° eV (wavelength 


A ¥ 12400/Ey (eV) § approximately between 0.1 and 100 i) X-rays. However, 
radiation emitted by atomic nuclei is usually called y-rays even when 
Ey = Ey< 10° eV. We have denoted the energy of X-ray and gamma~photons by 


Ey and Ey, but sometimes we shall understand by Ey the energy of any 
hard photon (in the X and y ranges). 
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in the laboratory one is usually dealing with the scattering of hard photong 
by slow electrons, while in the Universe the scattering of high-energy elec- 
trons by optical and radio-photons plays a larger role. There are, of courge, 
also other peculiarities but in all known cases they refer to an actual probleg 
or to parameters which characterize the problem and not to the matter itself 
of the elementary processes discussed. Hence, when we are talking about 
elementary processes which are important for X-ray and gamma astronomy we may 


assume that the picture is rather obvious. 
The following processes lead to the production of X-ray and gamma photons: 


I. Bremsstrahlung of electrons and positrons apart from certain exceptions 


(we shall in what follows not mention positrons separately). 


We have here in mind collisions of electrons with various nuclei and also with 
other electrons in which both the incident and the scattered electron have a 
contimous spectrum while, apart from recoil, the scattering particle does not 


change its state. 
A particle with kinetic energy E, can emit a brems photon only with an energy 
< E, (for the sake of simplicity we have in mind only collisions with 


E < E,). 
X,y  *k 
From this it is clear that non-relativistic electrons can produce only X-rays 


E 
X,Y 
rather heavy particles at rest; wher recoil is taken into account 


as the result of the brems mechanism. Relativistic electrons can also give 
gamma photons. The intensity of the bremsstrahlung at nuclei is for relativis- 
tic protons or nuclei of mass M less than for electrons with the same total 
energy by a factor (M/m)* >3.4=x10°. There is thus every reason to limit 
the discussion to bremsstrahlung by electrons. One can also take the radia- 
tion accompanying the appearance of electrons and positrons in the niopt+e 
decay or that arising in the formation of 6-electrons (recoil electrons) to 


be bremsstrahlung. 


We do not intend in what follows to dwell upon all aspects of the theory of 
bremsstrahlung. We shall consider only two cases: bremsstrahlung of an 
equilibrium non-relativistic plasma and bremsstrahlung of relativistic 


electrons. 


23 Recombination and characteristic X-ray radiation occurring when an elec- 
tron makes a transition from a level in the continuous spectrum to an atomic 


level or when it goes from one atamic level to another. 


In astrophysical terminology we are dealing, respectively, with free-bound 
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and bound-bound electron transitions, whereas bremsstrahlung corresponds to 
free-free transitions. Type 2 processes will be touched upon only in passing 


in the present chapter. 


3. Compton scattering of relativistic electrons by X-ray, optical, and 


radio-photons. 


We have already mentioned this process before (see, for instance, Chapter 15). 
Various relations are possible between the energies of the incident and scat- 


tered particles, but we shall consider only the case 


E>E. > € oh ; (16.1) 


where E, Ey, and €p, are the energies (in the ‘laboratory’ frame, that is, 
the frame fixed in the Earth or the Galaxy) of the primary electron, the scat- 
tered y- or X-ray-photon and the primary photon, respectively; in the 
majority of cases the energy €ph refers to the region of the optical 
(Enh ~ leV) or the thermal black-body background radio-radiation (Enn~ 107° e\ 
X}~ Imm), but we are also interested in the scattering of electrons by cosmic 
X-rays (in that case Coh ~ 10? to 10% eV and y-rays are formed as the result 
of the scattering) and by radio-photons, say, of synchrotron origin (in that 
case Coh ~ 107> to 30 ’eV, Aw~ 1lO0cm to 10m and X-ray and optical photons 


are produced by the scattering). 


The scattering of relativistic protons and nuclei by photons is appreciably 
less efficient (in comparison with the scattering of electrons, there occurs 
a factor (m/M)* < 3x 107’) and in practically all known cases we can neglect 


it. Compton radiation will be considered in the present chapter. 


4. Synchrotron radiation. 


For the sake of convenience we write down once again Eqn.(5.40a) for the 
2 


characteristic frequency v, emitted by an electron of energy E > mc* ina 
magnetic field 
2 
ss 6 —) . -6 2 
ve 1.210 uw, (+) 4,610 HY (E(ev))? Hz. (16.2) 


Hence one sees easily that in fields HS 10°? Oe radiation is emitted with 
a frequency v,~ 10°° 5! On = c/v ~3K) for E3210! ev; emission with 
4 <0.1 A (y-rays) is emitted only when E 210'*eV. In galaxies, radio- 
galaxies, and most supernova shells synchrotron X-ray and gamma-radiation can 
thus arise only if there are electrons of very high energies present. This 
fact clearly limits the possibility of applying the synchrotron mechanism to 


hard photons, It is sufficient to say that electrons of energy E 210° ey 
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ina field H, ~ 107? Oe lose half their energy in a time 

ts 5.1 x 10° me*/H) Es «lyr 
(see (4.42)). In stars, quasars (close to their nucleus) and, possibly, in 
some regions of supernova shells (particularly near pulsars) there may exist 
rather strong magnetic fields. Clearly, under such conditions X-ray synchro- 
tron radiation may be produced already by electrons of lower energies. For 
instance, for H, ~ 107 Oe the frequency vee 10'® s-! oceurs for electrons 


with energies E~ 5x10! ev; in that case, however, Te Is. 


From what we have said it seems that the appearance of cosmic synchrotron 
X-ray and gamma-radiation (forgetting about pulsars, or, in general, the 
vicinity of compact sources — white dwarfs, neutron stars, ‘black holes’) is 
relatively improbable. Nonetheless. this conclusion is in fact rather condi-~ 
tional as there are circumstances under which the acceleration of electrons or 
their injection into an extended region with a rather strong field can be very 
efficient. As an example we may mention the Crab Nebula for which the X-ray 
emission has a synchrotron nature (as was shown relatively recently by measur- 
ing the polarization of the radiation). The pulsar PSRO531 which is situated 
in the nebula plays here (directly or indirectly) the role of an efficient 
electron injector. Cosmic synchrotron X-ray emission is thus observed and, 
undoubtedly, plays an important role (and one should note that as data are 
accumulated this role becomes ever more important), We shall return to 


synchrotron X=ray emission later on. 
5. Decay of neutral pions into two y-photons (1°+y+/y). 


The rest energy of a n° equals m, c? = 135 MeV and, hence, the T° are produced 
only by casmic rays, Their production occurs mainly in p-p, p-a@, and a-p 


collisions (p is a proton, and a a helium nucleus). 


However, at sufficiently high energies 1° 's can also be produced through 
photo-production when cosmic rays collide with (radio-, optical, or X-ray) 
photons which occur in space. The general expression for the threshold Enin 
for photoproduction of particles of rest mass n, when a nucleus (total energy 
E > Mc? , rest mass M = AMp) collides with photons of energy Eph has 
the form 


2M +m 2 


uw m Mc 
EE. = mic’ = €yh ; (16.3) 
min 4 Eph T Pas 2 Eph 


z See footnote on next page 
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where 2M+m 


i 2 2 
Eon, 0 ear mc mc (16.4) 


is the threshold for pion photoproduction at a nucleus of mass M at rest. The 
n°? photoproduction threshold €ph,o fOr nucleons at rest is approximately 
150MeV and, hence, the energy of cosmic protons which generate nm’ 's, for 


instance, on optical phonons with Cah ~ leV must exceed an energy 


2 ~ nt? 
Ein wy 150 My c /2Ep), MeV 10°" eV, 


When ehh ~ 107% eV (background radiation) Enin ™ 107° ev. It is just such 
photoproduction processes which will, in general, lead to the ‘cut-off' of the 
cosmic ray spectrum for E 2101? to 107° ev 


Gamma-rays are, of course formed nat only in the 1° decay but also in several 


other decay processes and we shall discuss these processes in Chapter 17. 
, dee ‘ + - 
6. Electron and positron annihilation (e +e +y+y). 


There are always some positrons in the universe, as they are formed in the 
+ + +> é e eo ° 
™ +p +e #4decay and in a number of other processes, One must distinguish 


the annihilation of relativistic, or at any rate fast, positrons in flight 


‘ It is well known that cne obtains expressions for the threshold for the 
production of particles from energy and momentum conservation laws. Now- 
adays the corresponding caiculations are normally simplified by using 
four-dimensional vectors. For instant, we obtain Eqn.(16.3) by denoting 
the appropriate four-vectors for the incident particle, for the pion, 
and for the photon by 


P; = {p ,iE/c} » 7, = {m7 , iE /c} ; k. = {k » L€p,/c} : 
pp=p -E'/c* =-M?c? , m7 = me” ki = 0. 


(in a different notation, for instance, pt = (E/c,P); see Landau and 
Lifshitz, 1975). The energy-momentum cere ares law for the photo- 
production of a pion has the form kj +P) 4 =p2,4+ Tj Squaring this 
relation and using the above noration we ‘get M2c 2 + 2k, P yi = (Po, . +1: ag 
At the threshold of photoproduction, however, we have (Po i+; 

- (M+m_)?c 2 as we can use for the evaluation of this quantity any 
frame of reference, and in the centre of mass frame at the threshold 
for the production the particle and the pion are at rest. Moreover, 

if the photon and the particle collide head-on 


2 
2k. p, =~ 2(€pp/e)|P,| - 2€,E/e*  -4E WE /e?, 
where the last expression refers to the case E, >Mc*. We thus get at 


once Eqn.(16.3) for E,=E,j,- For photoproduction on a particle at 
rest 2k; pj = - 2 €ph M and we get Eqn.(16.4) for €oh = ©pn,o ‘ 
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and the annihilation of (slow) positrons at rest. In the first case gamma- 
rays are formed with a continuous, or at least a very wide, spectrum. In the 
second case (annihilation of positrons which have been stopped) the gamma- 
radiation is monochromatic (Ey =mc* = 0.51 MeV) and because of this feature jr 
can, in principle, be distinguished above the background of the continuous 


spectrum. 


The gamma-radiation arising from the annihilation of anti-protons by protons 
or of any other particles by their anti-particles can practically play no role 
unless one talks about regions where matter and anti-matter come into contact. 
We do not think that such a possibility has a great probability and at any rate 
there are no sufficiently well defined indications for its realization (for 


details see Stecker, 1971; Stecker and Trombka, 1973). 
7. Nuclear gamma-rays arising from radiative transitions in atomic nuclei. 


In stellar atmospheres and in outbursts (such as supernova outbursts) nuclei 
are excited in nuclear reactions and as a result of collisions with fast parti- 
cles, and this can lead to gauma-radiation. The exciting agent in interstellar 
and intergalactic space are the cosmic and subcosmic rays. It is important to 
emphasize that the spectrum of the nuclear gamma-radiation may be either con- 
tinuous, or discrete (we refer here to the presence of more or less_ sharp 
lines). The latter case occurs for nuclear reactions in which slow particles 
(nuclei in interstellar space) are excited. However, if a nucleus which is 
part of the cosmic rays is excited in some collision, it usually has a large 
velocity and when we take the contributions from cosmic rays with different 


energies into account, its gamma-radiation produces a continuous spectrum. 


We now remind the reader of some basic definitions and notations (we follow 
here and in other places in this chapter Ginzburg and Syrovatskii, 1965 and 
Ginzburg, 1969b). 


In observations one measures one of the following quantities: 
the intensity Jy (Ey) and the flux FY (EY) in photon number, or 
the intensity I, (E,) and the flux o (E,) in energy; 


E) = : = E 
F¢ 2 | J (E,) d’Q , 1 (E) EY Jy, ( ) : 
Q (16,5) 
e = 2 
0 (EY) F(z) EY J, (E,) d°Q . 


The intensities and fluxes given here are differential quantities; for instance, 
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Jy (E,) dE, is the number of photons with energies in the range EY ’ E+ dE, 
crossing unit area (normal to the photon momentum) per unit time and per unit 


solid angle. The corresponding integral quantities have the form 


= , ’ 
JOE) = J J(B)) dB! , 


y 
Ey 
[so] 
I (>E )=11 (E’) dE’ = E’ J. (E’) dE! , 
y' Y J x(a) Y yyy Y 
EY Ey 


q, 
~ 


= , d f= 
F(>E,) J P(E!) dE! Je 
Y 


= 0) 
® (>E_) J 
Y 


(E’) dE’ , 

Y Y Y 

Let in a volume element dV a source of X-rays or gamma-rays produce per unit 

time q(E.,) dE dv d7Q photons moving off into an element of solid angle dQ, 

with energies within the range EVs E, + dE, . The quantity q(E,) is called 

the emittance. (emissive power) in photon number. The emittance Ey which we 

used earlier (see, for instance, (5.52)) is connected with q (Ey) through the 
° ; - = 2 P F 

obvious relation E. q(E.)dEy €,, dv, whence q (E.,) €,/h Vv. If the emission 


is isotropic, it is convenient to use also the emittance in all directions 


(16.7) 


In gamma-astronomy one uses mainly the emittance q(E,) whereas in X-ray 


astronomy the application of the emittance €, (and in general the energy-scale 


Vv 
quantities) Ls not less wide-spread. If the X-rays or gamma-rays are formed 
by cosmic rays (or by any other particles) with an isotropic intensity J(E), 


we have 


q(E.,) dEy = 41q (Ey) dEY = 4mN(r) dE, | o(E. E) J(E) dE , (16.8) 
en 
Here N(f) is the density of the atoms (or, say, electrons, soft photons, and 


so on) in the source and 


o(Ey,E) dE, = az,, | o(E, 4E,2') d20! (16.9) 


is the cross-section, integrated over the angles at which the photons leave, 


-for the production of photons (with energies in the range E.» Ey + dE) by 
particles of energy E. 


Let the source be at a distance R from the observer. In that case the 
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radiation flux from the source into a solid angle d’*Q equals 

a L 
d 2 2 q{E ) 2 2 
FY (Ey) = Jy (By) d70 = 472 a : R7dR = d72 | q(E,) dR (16.10) 


and L a 
J, (E) = | a(E,) dR = N(L) O(E, » E) J(E) dE , (16.11) 

where L RY 
N(L) = | N(R) dR (16.12 


0 
is the number of atoms (or other particles with which the cosmic rays which 


produce the gamma-radiation collide) along the line of sight; in the case of 


soft photons L 
Noh (L) = | Noh dR 


along the line of sight. In (16.11) we have assumed the cosmic ray intensity 
to be constant along the whole path L. One can easily drop that restriction. 
In the case of gamma-rays one often calls J (Ey) and Jy (> EY) the differen- 


tial and integral gamma-ray energy spectra. 


For discrete sources (especially when their dimensions are small) one normally 


uses the following expressions for the flux: 


, Jq(Ey) dér Ny - 
FY (EY) = | J, (E,) d°Q = caer ar) | o(E, > E) J(CE) dE , (16.13) 
Y Ey 


where the integration is over the sulid angle under which the source is seen; 


the source is at a distance R from the observer; in (16.13) 


Nn R? | N(L) 420 & | Nir) d'r (16.14) 
7) 
is the total number of particles (or soft photons) in the source, 


We now turn to a discussion of the mechanisms of X-ray emission and we start 


with X-ray bremsstrahlung of a hot non-relativistic gas (plasma). 


A hot gas which is partially or completely ionized is a source of brems-, 
recombination, and line-spectrum (characteristic) X-ray emission. At suffi- 
ciently high temperatures (we shall make clear what this means in what follows) 
bremsstrahlung plays the main role. Moreover, if we are dealing with a hydro- 
gen or hydrogen-helium plasma, one does not consider the line-spectrum X-ray 
emission at all. X-ray bremsstrahlung is observed in X-ray ‘stars' and also 


in the solar spectrum. 
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We give below the basic formulae with which one ise dealing when discuesing X~ 
ray bremsstrahlung (for a more general approach see Heitler, 1947; Bethe and 
Salpeter, 1957; Hayakawa, 1969; Blumenthal and Gould, 1970; Berestetskii, 
Lifshitz, and Pitaevskii, 1971). Apart from for X-ray astronomy problems, 
this kind of radiation is also of interest for thermo-nuclear investigations 
and in research about the use of a hot plasma in laboratories as a powerful 


source of X-rays. 


For sufficiently fast, but still non-relativistic electrons one may assume that 
the following conditions hold: 


e*Z/iv« 1 , + ov? « mc’, (16.15) 


As e7/Mc = 1/137 the first condition (16.15) will, of course, not be satisfied 
for very heavy elements, but we have in mind the case of light elements. The 


total energy emitted in a single collision equals (see Heitler, 1947, § 25) 


16z7E° 16 4 lg 
wee O(E,, E) gE = —7_— Fz are mc” , (16.16) 
Y 3mc?h 
where, as before, we have denoted the photon energy by Ey and r, = e*/mce?. 
Brems (radiative) losses of a single electron per unit time are equal to 
2 6 
dE Lee ay -33 72 
- |—) =WN.v = ——— = 2.510 Z“N_v erg/s , (16.17) 
dt a 3 a 
r 3mc” fi 


where N. is the density of nuclei in the medium. When E~mc* and vac 
Eqn. (16.17) and Eqn. (16.46) piven below for the relativistic region give for 
Z=1 approximately the same value - (=), em 8N,e°/mc*M. We note that in the 
non-relativistic approximation the radiation from electron-electron collisions 
is appreciably weaker than for electron-proton collisions. The point is that 
when identical particles collide there is no dipole radiation due to the momen- 
tum conservation law, while the quadrupole radiation is weaker than che dipole 


radiation by a factor of the order of (v/c)?. 


For an equilibrium plasma the density of electrons with velocities in the 


range v,vtdv equals 


dN = N(v) dv = oan ( 


3 
2 2 
) v? exp (- =) dv , [ ww dv =n, (16.18) 


The total power of the radiation from unit volume of the plasma is thus 


aD 3 2 
dN -| WN Nan ( cs ) exp (- ohd ) av? dv = 
r 4 e 21kpT 2k,T 


32 72 2? e€N N(k,T/m)? 


‘ (16.19) 
37a me’ fi 
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The factor 4m is used here in order that the integral emittance e=f e,d, 
is defined per unit solid angle. Due to the quasi-neutrality condition, which 
is usually well satisfied, we have for a completely ionized plasma of one kind 


of atoms N=ZN,. Thus, we have from (16.19) for a hydrogen plasma 


4neé = 1.57% 1072? nN? VT erg/cm’.s j (16.20) 


where the temperature is measured in degrees absolute (T has the meaning of 


the electron temperature); clearly, 
T(°K) = (kg/1.6* 10 17)~) TeV) = 1.6% 10° T(ev) 
and N is the electron density in cm~*. Somewhat more exact calculations 


which take into account electron-electron collisions and relativistic correc- 


tions lead to the expression 
ane = 1.6% 10°27 Nv VT (14+4.4x 107° T), (16.21) 


Equations (16.19) and (16.20) are applicable only when conditions (16.15) hold 
which for Z=! give v > 310° cm/s, or, 


mv2 me” 


To —— > ——~ 10° K. (16.22) 
3kg 7k, 
On the other hand, from the condition that relativistic corrections be small 
we have ; 
tT« Tw 10!) %K , (16.23) 
Kp 


Of course, not only the integral emittance €, but also the differential emis- 


Ssivity €\)» introduced earlier, is of interest. By definition 


€ Ks E, dv = | dE, Ey | o(E,,, E) v(E) N(E) dE= 
E 


Y aD 
7 J 
= h? | vdv o(hv,E) vN(v) dv , 
; ¥2hv/m 
where Ey = hv = Fiw is the photon energy and E= 4 mv” the electron energy; in 
thermal equilibrium N(v) dv is given by Eqn. (16.18). 


The cross-section O(E,»E) depends only weakly on E (see Heitler, 1947; 
Blumenthal and Gould, 1970) and to a first approximation we can put 


o(E,»E) = const/E, = const/v , 


whence 
€, = const x exp (- hv/k,T) ‘ 


One can easily determine the constant from the condition 
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and we have thus 


hv -7 x 10739 N? 
é =e€é ae (-) = et exp (- 2) i ENE =. (16.24) 


kyr 4nvT kaT/  on?.s.Hz 


We now discuss the other limiting case of small energies (low temperatures) 
when F 
fe) 4 (16.25) 
fiv 


When condition (16.25) holds one can perform the calculations classically. 
Indeed, the electron wavelength A = h/mv = 27fi/mv while the smallest distance 
to which the electron approaches the nucleus is found from the condition 
Ze*/rmin =} nov’ and is equal to Fan 2 Ze? /mv?. It is clear that when 
inequality (16.25) holds rpjn > \/™ and one can describe the electron motion 
classically. One can also describe the radiation classically, but one mst in 
the integration over frequencies take a quantal element into consideration — 
one integrates only up to the frequency v=mv7/2h, where v is the electron 
velocity before the aivaeions Landau and Lifshitz (1975, §70) give a detailed 
account of the classical evaluation of the radiation of a particle moving ina 


Coulomb field. We are here interested in the quantity 
dW = | W(p) 2p dp , 


where W(p) is the energy emitted in the range w, w+dw when a particle of 
charge e passes a nucleus of charge Ze at a distance p (the mass of the 
particle which we assume to be an electron is equal to m3; we neglect the 


recoil of the nucleus). If 


3 2 2 
niv , Ze tiv 
Ww > —> [that is, — >» =| (16.26) 
Ze? ( fiv fw/ ’ 
we have 16 7Z7e® 32 n7z7e® 
dW = ————— dw = ——————— dv . (16.27) 
3V73v"? mc} 373v- mc? 


One can, of course, obtain the same formula quantum-mechanically, but in this 
case the classical calculation is completely sufficient (the condition (16.25) 
is at once the condition for the applicability of the quasi~classical approxi- 


mation for a Coulomb field). 


+ 


To be more precise, a classical consideration is applicable provided 
hv = fw «imv’; in a mumber of cases one can use the classical 
formulae approximately also when hv $ jamv’. 
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The total energy emitted in the collision is equal to 
hVinay = 3 mv" 
| 1677z7e® 


We dW = 
3v¥3mec*h 


(16.28) 
0 

The inaccuracy of the initial expression (16.27) caused by condition (16.26) 

is unimportant when we integrate over the frequency. More important is the 

restriction connected with the use of Eqn.(16.27) up to the frequency 

w = mv7/2R (vide infra). For a hydrogen plasma with a Maxwellian distribu- 


tion we have 


¥2hvV/m 
| eo Gap) (ag): 
4meé = are exp v= 
d 
v ; v 2m kpT 2kpT 
32 nV27 N? exp (- hv/k,T) : h exp (-hv/k,T) 
= = Te a 
3V3m2(k,T)® ro k,T 
2 
= 6.8x1073® © exp (- By oes eee (16.29) 
VT kpT’ cm*.s.Hz 


In deriving this formula we used the fact that a photon of energy hv can be 
emitted only by an electron of energy 4mv* > hv. The integral emittance € 
is equal to 


16/27 N2 ef (k,T/m)? 
4TE = | one, av = | WdN = ——————___ = 


3/3 mc? 
= 1,42 10727 n2 yr SEE. , (16.30) 
cm .s 


The value (16.30) differs from (16.20) merely by a factor 1.57/1.46=1.1 which 
in applications to astrophysical problems can usually be assumed to be equal 
to unity. Therefore, although one should use Eqns.(16.29) and (16.30) in the 

temperature range (see (16.25) with Z=1) 
ve my? me" 

3kp A7kp 


one can in fact always use Eqns.(16.20), (16.21), and (16.24). To be more 


~10° %K, (16.31) 


precise, the use of (16.20), (16.21), and (16.24) at all temperatures is 
allowable as long as we are talking about accuracies of the order of tens of 
percents (however, (16.24) is inaccurate when hv/kpT « ! ). In the high- 

temperature region given by (16.22) and (16.23) Eqn. (16.21) is clearly very 


accurate. Even at high temperatures Eqn.(!6.24) is rather accurate only when 
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hv/k,T >1 (when hv/k,T «1 one must multiply €, by (73/m) £0 (4k_T/1.781 hv) 
vide infra). Equations (16.28) to (16.30) are approximate in connection with 
the use of classical expressions up to the frequency v = my*/2h. The exact 
formulae differ from (16.29) and (16.30) by the presence of an additional 
factor g(v,T) which is usually called the Gaunt factor. Greene (1959) and 
Karzas and Latter (1961) give the appropriate expressions and curves for 
g(v,T). The factor g~ 1 and this is just the reason, as we have already 
mentioned, that when we are concerned with calculations with an accuracy of 
tens of percents one can usually employ Eqns.(16.20), (16.21), and (16.24) for 
all temperatures. This conclusion, like the majority of similar ones, must be 
treated with caution, as the accuracy depends, of course, on the energy range 
of the X-ray considered. For instance, for a plasma with kpT = 6keV in the 
photon energy range 2 to 20kevV the Gaunt factor changes from 1.35 to 0.55, 
that is, by a factor of about 2.5. Such a change, especially in conditions 

of an ever increasing accuracy of measurements in the X-ray astronomy region, 
is rather important and should not be ignored (Margon, 1973). We must also 
bear in mind that at low temperatures recombination occurs and it is usually 


not possible to assume the plasma to be completely ionized. 


The maximum power of recombination radiation 4Té€ es 1077! n*//T and 
rec,max 


hence 
Kec : 8x10° 


“brems T 


Thus for T <10°°K we must take the recombination radiation into account 


: (16.32) 


(that is, the free-bound and the bound-bound transitions; see Bethe and 
Salpeter, 1957). When T>10° °K a hydrogen plasma emits practically only 
bremsstrahlung (see (16.21) and (16.24)). By virtue of the presence of recon- 
bination radiation the inaccuracy of Eqns.(16.21) and (16.24) is usually even 


less important in the range T < 10° °K, 


The absorption coefficient for the radiation which is connected with free-free 
transitions (that is, the process which is the inverse of bremsstrahlung) is 


under the conditions (16.26) equal at 


t We have elsewhere (Ginzburg, 1970b, §37) given a detailed derivation 


(by the Einstein coefficient method) of Eqn. (16.33a) which follows 
beloy. Equation (16.33) is obtained in exactly the same way, but 
with Eqn. (37.7) of the above reference replaced by (37.7a) and the 
difference N,-N, = Nhv/k,T replaced by N,-N, =N[1! - exp(-hv/k,T) ] 


as now we do not use the condition hv « kT. 
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167727 e° NN 
a 


es 375 ho(2mm)e(k_t)? v3 f “ee Go) ; 
ya) 


2 
= 3.68 10° a : [ - exp (- ey) em? , (16.33) 
Vv 


where the last expression refers to a hydrogen plasma (Z=1,N=N,). We note 
that in the factor [1 - exp (- hv/kpT) J the induced emission has been taken 
into account which leads to a decrease in the observed absorption. When 


hv «k,T Eqn. (16.33) becomes 
0.018 N? 
= ‘ (16.34) 


u 
T2 vy? 

However, in this limiting case Eqn.(16.33) and, hence, also (16.34) is inaccu- 
rate as in its derivation we have assumed the frequency to be rather large 


(condition (16.26)). When hv <kp,T the following formula holds: 


3 
Lb Se ——— 
3 72m (mk,T)2 c v7 2.115x2ne7m2 vy 
—2 472 3 
es LOE 7.7 + tn (E)| : (16.33a) 
T2y* Lt " 
or, for T >» 10°°K the same formula but with the substitution of 
3 
4k,T (2k,T)2 
B B 
n —— for &n oo ee 
1.781 hy 2.115x2T7e?m?v 


or, in the last expression in (16.33a) by replacing 2n (T 2/v) by an(10°72/v). 
If we use for wu Eqn. (16.33a) with the logarithmic term replaced by 

Qn (4k,T/ 1.78) hv), as should be done under the conditions (16.22), through 
the method indicated below we are led to Eqn.(16.24) with an additional 
factor (/3/T) 2n(4k,T/1.781 hv). This fact had already been noted earlier (we 
are talking about making Eqn.(16.24) more accurate for hv« kpT). If we 
do not consider the logarithmic term, Eqns.(16.33a) and (16.34) depend in the 
same way On N=N,,T, and v and give the same result, as far as order of 
magnitude is concerned. The region of applicability and the accuracy of Eqn. 
(16.33) is the same as (16.29). Moreover, one of them follows from the other 


(this is just the reason why we have gone into this problem in detail). 


Indeed, according to Kirchhoff's theorem (law) the emittance is in a state of 


thermal equilibrium equal to 
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2hv® bw) 
€,) = B, y,, aarrey Ta Wy 0 exp ( kT. > (16.35) 
where 
2hv3 ] 


Vo G2 exp (hv/k,T) -1 

is the black-body spectral density, per unit volume and unit solid angle, and 
where we have used the notation My = Hy» [1 ~ exp (- hv/kpT) J. Substituting 
expression (16.29) into (16.35) we arrive at Eqn.(16.33) and vice versa. At 
first sight this might indicate a particular case as Kirchhoff's theorem, 
strictly speaking, refers to a state of local thermodynamic equilibrium. How- 
ever, in actual fact the region of applicability of Eqn.(16.35) is appreciably 
wider by virtue of the weak interaction between electromagnetic radiation and 
matter. For this reason, for instance, bremsstrahlung by a gas is, in general, 
independent of the state of the radiation field and will be equilibrium 
(thermal) radiation even when there is no equilibrium with the radiation. In 
somewhat more detail and more precisely one can state this as follows. The 
condition for the applicability of Eqn.(16.35) consists in the presence of 
thermal equilibrium for the electrons (in other words, the velocity distribu- 
tion function of the electrons must be Maxwellian). Under conditions of a 
weak interaction between the radiation and the particles’ the state of the 
radiation field does usually or at least in a whole number of cases not affect 
the electron distribution function and, provided the latter remains an equili- 


brium one, the emittance also remains the equilibrium one. 


In the foregoing we have everywhere calculated and discussed expressions for 
the emissivity (the quantities E and €= fe, dv). In order to determine 
the radiation intensity or flux emitted from a source we must, in general, 
solve a transfer equation which takes into account the absorption of the 
radiation and, in particular, its reabsorption (see Chapter 9). The result, 
however, is at once known for two limiting cases — for a 'thick" and for a 


'thin' layer. If the layer of radiating plasma is ‘thick’, that is, if it is 


Formally, the weakness of the electromagnetic interaction manifests 
itself in the fact that the fine structure constant a=e7/ficey 1/)37 
is small. For a meson field with g7/fic 2! the analogue of Kirchhoff's 
law would, in general, turn out to be applicable for a non-equilibrium 
meson field. On the other hand, even in the electromagnetic case 

there are situations possible in which the non-equilibrium character 
of the radiation leads to a violation of Kirchhoff's law (the result 
depends both on the intensity of the radiation field and on the proba- 
bility for certain radiative transitions in the system). 
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completely non-transparent, it emits as a black body — the spectral density of 
the radiation is proportional to v°/[exp (hv/kpT) - 1]. In the case of a com- 
pletely transparent (‘thin’) layer, its emission is simply proportional to 
él (L is the thickness of the layer which is assumed to be uniform). It 
then follows from (16.24) and (16.29) that the spectrum is exponential ~— it 
has the form exp (-hv/kpT) (it is true that when hv« kpT the spectrum is 
not constant but depends logarithmically on the frequency; see (16.33a)). It 


is clear that one can consider the layer to be thin as long as WL «1. 


In the case of X-ray sources of a brems nature (clouds or atmospheres of a hot 
plasma) it is particularly convenient to use Eqns. (16.2!) and (16.24) for 
estimates. For instance, for a uniform source of volume V the X-ray lumino- 


sity (radiation power) is 


Ly = 1.6x10°77 N? YTV. (16.36) 


Here we have, of course, assumed that the source is ‘thin’. Im the case of a 


quasi-uniform density distribution the average value of N~ /(N*) and, hence, 


for a gas mass M=M)NV and an internal energy Wo * 3 kpTNV in the source we 


M~ 2x 10724 v/(N?) = g , 
2x 10'° r (16.37 
Wh ~ /(N?) kpTV ~ 3x 10 (1,0) ri erg . 


One can use these simple formulae to reach some conclusions about the ‘brems 


model’ of X-ray emission of various sources. 


We now consider the bremsstrahlung of relativistic electrons. The bremsstrah- 
lung of relativistic electrons (and positrons) can be an important mechanism 
for energy losses (radiative losses). From that point of view we have already 
mentioned bremsstrahlung in Chapter 15. Here, on the other hand, we shall be 
interested in the bremsstrahlung itself, but only in the case of ultra- 
relativistic electrons and of rather high energies of the emitted photons 


(gamma-ray region) . : 


Let us, thus, consider bremsstrahlung by ultra-relativistic electrons and let 
, and E,, respec~ 


tively, and the energy of the emitted brems photon by E,. In the case of 


us denote the initial and final electron energies by E = E 


This problem is nonetheless discussed in the present chapter and not in 
Chapter 17, as bremsstrahlung by relativistic electrons should logically 
be discussed at once after bremsstrahlung by non-relativistic electrons. 
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bremsstrahlung when electrons are scattered by nuclei (we restrict ourselves 
now to this case) ome can normally assume the nucleus to be fixed. Under such 
circumstances the nucleus only receives momentum, but one can neglect its 


kinetic energy, that is, the electron energy after the emission equals 
E, = E-E,. 


If 2 


E>me° , E, = E-E, > mer , (16.38) 


the photons fly mainly away within angles @ ~ mc*/E with the direction of the 
momentum of the incident electron p=p,. The cross-section then equals 

o (Ey sE) dey = 4 = 2? (=) = {1 +( -xy'} o 4 {1 x ®, | » (16.39) 
where Z is the charge of the nucleus of the scattering atom, while the func- 
tions 6, and $, are given below, By definition the probability for the 
emission per unit time by an electron of energy E *mc” of a photon of energy 
Ey in the range Ey, Ey+dEy is equal to P(E, »E) dE, = O(Ey » E) FdE, , where 
F is the flux of electrons through unit area. If we are dealing with a ‘bare’ 
nucleus, that is, with scattering by a Coulomb centre, 
= tn (2B -1\- , o,=-2 6). (16.40) 

me? Ey / 


2 


Nh [= 


1 


In the scattering by atoms the electrons in the atomic shells screen the 
nuclear charge, and as a result the cross-section changes. The amount of 


screening is determined by the parameter 


The meaning of this parameter becomes clear if we take into account that when 
an electron is scattered by a nucleus the latter acquires a momentum Ap ~ fi/r, 
where r is the effective distance at which the electron passed the nucleus 
(for details see, for instance, Heitler, 1947, §25). Moreover, it follows 


from the conservation laws that 


and thus 


On the other hand, in the statistical model of the atom the radius of the atom 
a~a, 273 , where a, = fi?/me* = (M/mc)(e7/fic) ' = 5.3x107% cm. The parameter 


E— introduced a moment ago is clearly of the order of the ratio a/r. The 
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harder the emitted photon, the closer the electron mst pass the nucleus and 
the less the screening will be; in that case, if the parameter —& >» 1, Eqns. 
(16.40) are valid. Softer photons are emitted when the electron passes at 
appreciably larger distances from the nucleus. When €< 1 the screening ig 


large and for heavy atoms we have 


o = an(I9ixz?) , o=-Fen (19x29) +5. (16.41) 


It is clear from Eqns. (16.39) to (16.41) that the E-dependence of o(E, » E) is 
a weak one and that the E~dependence is given by the factor 1/Ey (this 
remark is especially valid for complete screening, (16.41)). Moreover, Eqn. 


(16.41) is imaccurate for light elements. 


If we are talking about errors which are not less than a few percent the cross- 


section for bremsstrahlung under conditions of complete screening can be 


written in the form 
MdE, 
0 (Ey : E) dEy rc : (16.42) 
rfy 
where t, is the radiative unit length (in g/cm?) in a gas of atoms of mass 


M; under the conditions of (16.41) 


2 1 
+t 24 £227 gn (191 xz?) 
Ce fic 
and for hydrogen (Z=1, M=1.67*10°°2" g) we would have t, © 73 g/em?. In 
fact, because of the inaccuracy of Eqn.(16.4]) for light elements the value of 
t. for hydrogen is somewhat lower even when we take into account the contri- 
bution from electron-electron collisions. Detailed calculations (Dovchenko 
and Pomanskii, 1964) lead to the following values for t,: ty = 62.8, tye = 93-1, 
tc = 43.3, ty = 38.6, t= 34.6, tre = 13.9 g/em? (we have dropped here the index 
r and replaced it by the symbol for the relevant element). For the un-ionized 
interstellar medium (about 90ZH and roughly 10%He) we can with good accuracy 
put M=2x10°7"g and t, = 66g/cm’. 
The intensity of brems gamma-photons is equal to 
L w 
y,brens y) | dR | Na (R) o (Ey , E) J (E.R) d » ( ) 
oy 


where Je is the intensity of the electron component which produces the 


J 


gamma-rays and N(R) is the density of atoms in the interstellar medium. 
Using Eqn. (16.42) and assuming that the intensity J, is constant along the 


line of sight we get 
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mN(L) J,(> Ey) one Je(>E,) 
Jy prems (Ey) ers a 1.5107? M(L) a es » (16.44) 


where M(L) = MN(L) is the mass of gas along the line of sight (in g/em*) 


and ; f 
J,(>E)) = | Jg(E) dE. 


EY 


In un-ionized hydrogen with EY SE the parameter & = 10*mce?/E and E<« | 
for E» 5107’ eV; under those conditions one can use Eqns. (16.42) and (16.44). 
In a fully ionized medium it is practically always permissible to neglect 
screening. Indeed, in that case the screening radius is the Debye radius 
Tp = vf (kpT/8 7Ne? ) which is, for instance, for T~10° °K, N~O.) cm? of the 


order of 10° cm. In that example r.~r~(W/mc)(E/me”) (vide supra) only when 


E/mc? ~ 3 10!°, that is, E~ 10'? a, In an 1onized gas we have therefore 
usually r«rp), and screening is unimportant. When there is no screening one 
must under the conditions (16.38) use Eqns. (16.39), (16.40), and (16.43). We 
note that the bremsstrahlung is then not taken into account which arises in 
the collisions of the incident electron with the atomic electrons (and in 
general with the electrons in the medium, for instance, in a plasma). Toa 
rough approximation ome can take the effect of the electron-electron colli- 
sions on the cross-section (16.39) into account by replacing the factor 2? by 
Z(Z+1). The meaning of that substitution consists clearly in the fact that 
the cross-section o(E, ,E) is for electron-electron collisions approximately 
the same as for electron-proton collisions; moreover, we have, of course, used 
the fact that there are Z electrons in the atom. We emphasize that this 
approximate way of taking the electron-electron collisions into account is 
integrated over the angles. Just because of this the contribution to the 
integral cross-section o(Ey »E) from processes connected with transferring a 
large momentum to the atomic electron turns out to be insignificant. The 
value t, = 66 g/em? given above for the interstellar medium was obtained 
taking into account the bremsstrahlung in electron-electron collisions (see 
Dovzhenko and Pomanskii, 1964). Below we shall also take the electron-electron 
collision into account by replacing Z* by 2(2+1) or by the appropriate 


choice of the value of tr: 


Due to bremsstrahlung the electrons lose energy — the corresponding losses 
are, as we have already mentioned, called brems or radiative losses. We 
emphasize that radiative losses occur mainly in large amounts (that is, they 


belong to the class of ‘'catastrophic' losses; see Chapter 15). It is, for 
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instance, clear from (16.42) that the transferred energy is 


~ const.E , 


E 
| Ey o(E, , E) dE, ~ | const. dE, 
) 


that is, it is determined by the emission of photons of energy E~ E. The 
radiative losses therefore fluctuate wildly. We restrict ourselves, however, 


to evaluating the average losses per unit path length 
dE\ _ 
= (<2) es { Na EY O(E,, E) dE, : (16.45) 
0 


where N, is the density of atoms and where we have used the fact that the 
cross-section o(E, ,E) is normalized to unit electron flux (moreover, by 
virtue of (16.38) we have replaced the upper limit of the integral E-mc’ by 
E); for the ultra-relativistic electrons considered here the losses (= : 
per unit time are obtained simply by multiplying the value (16.45) by 
c = 3x10'° em/s. 


In a completely ionized gas (plasma) or when there is no screening we have 
from (16.39), (16.40), and (16.45) 


(~ shin ly 2E | 
ae (gS he 


-) 


dt/; m2 c* fi mez 3 
= 1.371078 Na {in aE ip 0. 36} 7} 
mc 
- ~3 E oa eee 
mac 
= 4,6 x 10-77 NL jen — + 0.36} em~! , (16.46) 
he 


where we have put Z=1 (hydrogen) in going over to the last three expres- 
sions. 


For complete screening for heavy elements we find 


4Z(Z+1)N_e® x 
: (2) = ES fon (191 x28) + a} 
rt 


Bvt m?c' fh 


= 7.26 107" N. So (16.47) 


where the numerical values refer to hydrogen (Z=1) when Eqn.(16.47) is 


PS 


We explain once more that the losses evaluated per g/cm* are obtained 
from the losses per unit path length by replacing the density of the 
atoms N, by I/M, where M is the mass of an atom. 
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already inaccurate. We gave nonetheless the numerical result in order to 
compare Eqns.(16.46) and (16.47) for hydrogen. It is clear that the losses 
(16.46) and (16.47) become the same for E/mc?=140; in un-ionized hydrogen 
Eqn. (16.46) must be used for E/mc”? «107, and (16.47) for E/mce?>107. In 
the latter case (complete screening) one obtains a more exact value for the 
interstellar medium if we take the radiative unit length t, to be equal to 
66g/cem?. We then get directly from (16.42) and (16.45) 


1 (a8) oe ete de 
ty 


E\dt/,  ¢ 


hem? = 1.51072 g ! cm? 
r 


ew 10725 Na s~) w 3x 10726 N, em7! . (16.48) 


By virtue of (16.48) an electron loses energy on average according to the law 
E=E, exp (-L/66), where E, is its initial energy and L the path traversed 
in g/cm? . As the radiative losses are mainly ‘catastrophic’ in nature (the 
energy loss in a single act AE~E) one may assume that to a rough approxima- 
tion the electron has a chance equal to exp (-L/66) to traverse a path L (in 


g/em*) without any radiative losses. 


Apart from gamma-photons ultra-relativistic electrons can produce electron- 
positron pairs e*, e when being scattered, and also other particles (for 
instance, u*,u pairs). The corresponding total cross-section for e*, e~ 


pair production in electron-photon or electron-electron collisions is of the 


1 e? 2 e2 2 i E 
Sins Go) (23) _ (=) ae 


(to be more precise, for electron-proton collisions one should have a factor 


order of 


E/Mp c* under the logarithm sign, where M, is the proton mass). Moreover, 
when there is no screening (as in (16.49)) the cross-section for bremsstrah- 


lung in hydrogen (see (16.39) and (16.40)) is equal to 


(By) az, ~ 4($-)(£5)° an = 
of = O(E . E E ~ — n e 16.50 
r | Y Y fic mc2 me2 ( ) 
Thus A 

o , wl 2g pn? (+,) ~ 10°? o en? (= ) 

Pair an fic * me * me? 
and if there is no screening o aie OG, as long as E/mc* «10! to 10'? (or 


E « 10! ev). 


Let us now consider the radiation arising when electrons and positrons are 


+ + . . 
formed as a result of the Tt 7+ u + e* decay. The intensity of such 
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radiation is usually very small compared to the other kinds of radiation 
(bremsstrahlung by electrons, gamma-rays emitted in m°-decay). We shall 
therefore restrict ourselves only to some estimates. 


When particles of charge e and energy 


me” 2 


E = »> mc 
R (1 -v7/c7) 
are produced we have in the classical approximation the emission of the follow- 


ing amount of energy (see Chapter 7 and Landau and Lifshitz, 1975, § 69) 


afc ctv ) 2a. ( 2E ) 
= —|(— - dE. s&s — {ln — Ss - 1] dE. , 
q a (¢ eae Y qu mc” Y 
(16.51 
; 
qa@aeoee--A =. 
fic 137 


For estimates this expression is adequate also when Ey < E (the quantum con- 
stant fi=h/2m does, in fact, not appear in (16.51) as dE, =hdv). The 
number of photons produced equals dW, /E., and, hence, the intensity is 


r dW, qe(E)dE 
i cited oe Se od 
Y,prod Y At dE, E 
E 
. 2E Q,(E >E.) 
cs 4x 107" G = (16.52) 
me 
where 
Q,(E > Ey) =L | q,(E) dE 
EY 


is the mumber of electrons with energies E >Ey produced per sec along a 


path length L along the line of sight while E, is some average value. Actual 


Y 


estimates for the Galaxy indicate that the intensity J is, for instance, 


Y» prod 
for E, = 5107 eV several orders of magnitude smaller than the bremsstrah- 


lung intensity Jy prems: AS to a comparison of the intensity J (we 


rod 
are talking here about the formation of the decay produces of eee 
with Jy qos the intensity of gamma-rays from 7° decay, an estimate is possi- 
ble without knowing the spectrum and the intensity of the proton-nuclear and 
the electron components of the cosmic rays. Indeed, m°=-mesons are produced 
in numbers approximately half of those of 1 “mesons. From this it is clear 
that in the 7° 2y decay approximately as many gamma-photons are produced 
as electrons and positrons from the 1 + us > e* decay. Moreover, the proba- 
bility for the emission of a photon when an electron (positron) is produced 


contains an additional factor a = e*/fic = 1/137. Hence, the intensity of 
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; t t é 
gampa-photons accompanying the 7 *+U + a decay is smaller by two orders of 


magnitude than the gamma-ray intensity due to 1° -decay. 


The next and, moreover, an especially important, process to which we now turn 


is the scattering of relativistic electrons by photons, which is often called 
+ 


the inverse Compton effect. 


K | 


Mu 


P, gic Vi- 27/2 


Fig. 16.1 Scattering of a photon of momentum [ik 
and energy €ph, 1 = ph by an electron with 
momentum P, = p and energy E, = E. 


The scattered photon has a momentum fik, and 
energy €ph,2 = Ey~- The vectors k,,k,, and p 
do in general not lie in one plane. 


Let there be in the laboratory frame of reference (in the case of interest to 
us this is a reference frame fixed in the Earth or some other astronomical 


frame of reference) an electron of momentum 


mv, 
P, = —_—_—_——_ 
V (1 -v2/c?) 
and energy 
me? 
E 


U0 =v27e) 

1 
and also a photon of momentum Mk, and energy €oh.! =fiw (k= 2n/d, 
w= 2mc/A=ck); let, moreover, there be no medium or let it not exert any 


influence; this is admissible if w> uw, = f (40Ne7/m) = 5.64 10"°/N. When 


This terminology arose because the Compton effect was discovered and is 
usually studied in laboratories where the gamma-photon is scattered by 
an electron at rest or a slow electron. In what follows we talk in all 
cases, independent of the photon and electron energies, simply about the 
Compton effect. 
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they scacter one another, the electron and photon exchange energy and momentum 
so that in the final state the corresponding quantities are equal to Pi» Eo» 
hk,» and €oh,2° As E = (m2 c*+c?p?) and oh =fick, overall there are 
in the scattering problem for given p, and k, six unknown quantities (the 
momenta p, and fik,). The energy and momentum conservation laws give four 
relations and we can thus find the energy of the scattered photon, Eh, 2 ‘ 
only by giving two other parameters. For those one normally takes the angle 


) 
2 2 
direction of k, is fixed; see Fig. 16.1). For the sake of convenience, 


between k, and Pp, and the angle 6 between k, and k, (in that way the 
bearing in mind applications to the case of hard scattered photons (photons 


number 2) we shall usually use the following notation: 


mv 
Ni (1 -v?/c?) 
and p, 8, the angle between k, and p and 6 the 


P, = Pp = E, = E ) €oh, | ~ €oh , €oh, 2 = Ey , (16.53) 


0, the angle between k 


angle between k 


1 


; and kK, . 


The energy of the scattered photon equals 
€ nll - (v/e) cos 0; ) 


=e 1- (v/c) cos 8, + (Eo n/ ENC - cos 6) 
If 


= O(€>,.E.9,,6,, 8). (16.54) 


E> EY >eE (16.55) 


ph” 


we have approximately 
Eph (1 - (v/c) cos 8,) 


a ee (16.56) 
ry 1- (v/c) cos 6, + (€5,/E) (1 - (v/c) cos 0.) cos 6, 


It is convenient to write the cross-section for the scattering of unpolarized 


particles in invariant form (see Berestetskii, Lifshitz, and Pitaevskii, 1971) 


5 e? 2 E2 l 1] 2 
a(k, »k »v) d°2 -2(25) a f«( P+) 
c| 1 2 2 me” m2 c* K? K, K, 


Sse Vv \ _ 2 v 
1 208 En E(t aa K, - Ay 5 E(t -Ycos0,), 
(16.57) 


where d? 2, is an element of solid angle corresponding to the direction of 


k, (the solid angle 2, used below refers to the direction of kK, ). 


If in the initial state the electron is at rest (that is, p = p, = 0) we get 


from (16.54) and (16.57) the well known expressions 
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Con 
E. @ pe es » (16.58) 
1+ (€,,/me*) (1 ~- cos @) 
2\ 2 2 /€ E 
g.4?72, © (+3) (=) (= ‘ zl - sin?6] a2, . (16.59) 
mc ph Y ph 


In the non-relativistic limit when in (16.59) Enh «me we can put EY = Eon 
(this is, of course, also clear from (16.58)) and then 

2 1 e? ‘ 2 2 

0.4°2, = gs) -—z) (1+cos*@)d'Q, . (16.60) 
mc 

Integrating the cross-section (16.59) over the solid angle a’ 2, = 27 sin 6d6 
(we can in this case identify the angle ®, with the angle ® betweeen k, and 
k,) we get the Thomson cross-section 


2 8n/ e? \? -25 _ 2 
or = | o,4 2, ae =a = 6.6510 cm (Cte (16.61) 


We emphasize once again that we assumed the electrons and photons in the 
initial state to be unpolarized and the cross-section given by (16.57), (16.59), 
or (16.60) is summed over the polarizations in the final state. The develop- 
ment of X-ray and gamma-astronomy leads, undoubtedly, to the very important 
and interesting possibility of measuring the polarization of cosmic X-rays and 
gamma-rays (this is important for elucidating the nature of the radiation; for 
instance, the X-ray synchrotron radiation from the Crab Nebula must be rather 
Strongly polarized which has been observed, whereas the bremsstrahlung from a 
hot gas is unpolarized; for details see below). However, for the sake of sim- 
plicity we shall assume in what follows that the scattered radiation (photons 
number 2) is not polarized. This should be the case if the soft radiation 
(photons number 1!) are unpolarized (see Berestetskii, Lifshitz, and Pitaevskii, 


1971, §87 for polarization effects in Compton scattering). 


We remind ourselves that according to the definition of the cross-section (see, 


for instance, Blumenthal and Gould, 1970) o d?0,F is the number of photons 


Cc 
scattered per unit time into a solid angle d? Q, while F=Ni,le -v cos 8.) is 


the flux density of the photons scattered by electrons (Non is the photon 


density, v =v, is the velocity of the scattering electrons, 0, the angle 


| 


between k, and v); the cross-section oO d72, is a relativistic invariant. 


C 
We shall now assume that photons of energy Eph are isotropically distributed 
in direction and we are interested in scattered photons of energy Ey also 


independently of the direction of their propagation. Under such conditions we 
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must evaluate the cross~section (see (16.54) and (16.57)): 


1 f 


Vv 
o(E, , Coh » E) an | (: ~~ cos 0.) On (ky »k, »v) x 


2 2 
x S(Ey~ o(€ »E, 8, , 8, O))d°Q, a°Q, . (16.62) 


Indeed, we denote the density of soft photons |! with arbitrary propagation 
direction and energies in the range €ph» Cph + d€,,, by Non (€pn) €€pn - The 
number of hard photons 2 produced per unit time as a result of the scattering 
of soft photons by an electron is equal to cfa (Ey »€5n > E) Non (Epp) d€ph : 
Let 


E 2 
4€é ——_— < wc (16.63) 
ph me 2 


and let, moreover, condition (16.55) be satisfied. Using then Eqns. (16.56) 
and (16.57) we can evaluate the cross~section (16.62) and after that also the 
quantity 0, = fo(E, €oh » E) a Under the condition (16.63) we get 


sets ; E (mc 2) 2E2 
alEy» En» E) = n( £5) Gee {2 -——1+ 


2 2 £3 3 
mc Soh E EonE 
E (mc*)*E 8E€ TE 
+4 + fal Ph} (16.64) 
where E, lies within the range €)} < E, < 4€ 5, (E/me?)*; in fact, the range 
of applicability of Eqn. (16.64) is somewhat wider. Moreover, 
8n/{ e* \? 
= S| ——— = e ] e 5 
Oo, | o(e »En> E) dE, ; (£5) oe (16.65) 


We did not discuss in detail the corresponding calculations as the result 
(16.65) is very translucent.’ In the frame of reference fixed in the electron 
the energy of photon | equals Eon, 1 = (E/me*) Eon(! -(v/e) cos @,). For iso- 
tropic radiation €5h (E/mc”) €oh and moreover when aa «me? Eqns. (16.60) 
and (16.6!) are valid — in other words, one can assume the scattering to be 


classical, However, the condition Eon « mc” is in view of what we have said 


We make only one elucidation regarding the dimensionality of Eqn. (16.62). 
It is equal to area x energy! or, to be precide cm? /erg as the dimen- 
sion of Og is cm”, while that of 6(Ey) is I/By, as f5(B,)dE, = 1. 
Hence it is clear that the quantity 6, is, indeed, @ cross~section (we 
also use the therm cross~section for oO(E,,€,,,E) although it would 
more correct to speak of the energy density of the cross~section), 
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2 


equivalent to the condition Epn(E/me’) « mc which is essentially the same 


as (16.63). 
Thus, provided 
1 me? 2 py OX 101! as 


(16.66) 


the scattering of photons by moving electrons is classical and the total cross- 
section equal to o,. When electrons are scattered by optical photons, 
ae l1eV (thermal radiation from stars) and condition(16.66) has the form 
E « 10'' ev; if, however, we are dealing with the scattering by radio-photons, 
condition (16.66) is, of course, even weaker. In the majority of situations 
encountered in astronomy condition (16.63) or (16.66) is satisfied and we res- 
trict ourselves in what follows mainly to that case (however, we shall give 
approximate expressions also for another limiting case and also indicate a 


realistic example when condition (16.66) is violated). 


We evaluate the average losses (Compton losses) which are suffered by an elec- 


tron of energy E as a result of scattering by photons. 


When the electrons are scattered by sufficiently soft photons when condition 


(16.66) is satisfied we have 


“ 


c | olFy » &pp 1 E) Non (€pn) Ey dEyd€ on = 
Bn(e*\?( EV tle x (€_,) d€ 
3 \me2) \y-2/ © TJ “ph “ph'<ph’ ““ph 


us—f( E \? _327/ e? \? E \4 
ph T 3 ph 9 me* ph 2 2 


mec? 


where the total photon density, their energy density, and the average photon 


density are determined by the relations 


It is clear from (16.65) and (16.67) that the average energy of a scattered 


photon (hard photon 2) equals 
aS 2 
E = +4€ (=) (16.69) 


An exact calculation requires here (see (16.67)) using the cross-section 


o(Ey + € > E) which is given by Eqn.(1!6.64). However, if we forget about the 
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factor ; the relation (16.69) can easily be established on the basis of an 
elementary calculation performed using the energy and momentum conservation 
laws. We shall not give here that calculation (see, for instance, Ginzburg 
and Syrovatskii, !964a) as one can obtain the result (16.69) even more simply 
using a wave representation or an actual formula for the Doppler effect. 
Indeed, we saw in Chapter 5 that taking the Doppler effect into account leads 
to the appearance of a factor of the order (E/me?)? or, in other words, a 
frequency v,, evaluated without taking the Doppler effect into account, 
becomes a frequency Vv ~ v,(E/mc*)? ; for magnetobremsstrahlung v,~eH,/2me 
and vw~ (eH, /2mmc)(E/mc*)? (see (5.7) and (5.40)). In the case of scatter- 
ing, on the other hand, V_ ~ €))/h, Vv ~ (€,),/b) (E/mc?)? and for Ey = hv 
we get an expression such as (16.69). 

Comparing the synchrotron losses (4.39) for a randomly directed magnetic field 
(in such a field H? = =H) with the Compton losses (16.67) we find for the 


total losses the expression 


“(Bh = {8 Be} SY e(E on) (- 


2 2 
= 2.65 x 1078 ( 5 +w )( 45) erge/s , (16.70) 
81 Ph} \ nc? 


where H*/81+w h is measured in erg/cm’®; we gave this formula already in 


Chapter 15 (see (15.65)). 


Such a result, the equivalent of the synchrotron and Compton energy losses 

for identical energy densities in, respectively, (on average) isotropic magne- 
tic fields and radiation is, of course, not accidental. The fact is that in 
the classical region (and Eqn.(16.67) refers solely to the classical region 
(16.66)) the radiation power is determined by the acceleration of the charge 
and, hence, by the force acting upon it. However, in an electromagnetic field 
in vacuo EH and for an ultra-relativistic particle the Lorentz force 
(e/c)[v a H] equals for v iH the force produced by the electric field eE, 
Moreover, as v+>c it is just the acceleration at right angles to the velocity 
which is important and as a result the total losses are in the isotropic case 
determined by the energy density (E* +H*)/8n of the electromagnetic field 
independently of the spectral composition of the field (this spectral composi- 
tion determines, however, the spectral composition of the Tesulting radiation; 
in the case discussed that of the synchrotron radiation and of the scattered 


electromagnetic waves). 
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It is important to emphasize that when condition (16.66) is violated the 


Campton losses increase weakly with energy. Indeed, in the limiting case 


E> fey (16.71) 
ph 
the energy of the photons ! satisfies in the frame of reference fixed in the 
electron the condition oh = (E/mc*) eon mc’, In that case the total 
cross-section for scattering, which one can obtain from (16.59), has the form 
(see Heitler, 1947; Berestetskii, Lifshitz, and Pitaevskii, 197!) 


mc” 2€ oh 1 
2 
Eph mc 
If (16.71) holds, there is emitted a eumma=phocon of energy Ey ~ E in each 


collision corresponding to the cross-section (16.72). In the scattering an 


electron therefore loses energy at the rate 


2E€ 
dE 3 me” 2 h 1 
aoe ~O, Non CE ry 2c op ¥pn (2) {in —e + 3} 


Eph nec 
2\2 2E€ 
ey 107!" (2=-) Wop 28 — ere/s , (16.73) 
€ mc 
ph 


ph ~ Noh €ph ° 
When (E/mc”) (€ ,,/me”) ~ 1 the losses (16.67) and (16.73) have the same order 


of magnitude, as should be the case. Compton losses thus increase proportional] 


where we have used the fact that oh ~ (E/me*) € and w 


to the square of the energy E? only as long as E& (me *)?/4€,),. On the other 


hand, in the limiting case (16.71) the Compton losses are practically constant. 


In the majority of cases which one so far has encountered in astrophysics con- 
dition (16.66) is satisfied (as we indicated, for scattering by optical] photons 
with €oh ~ tev this condition has the form E<«10!! ev, while the relativis- 
tic electrons corresponding to the observed cosmic radio-emission have usually 
energies E < !0/° ev). We can nevertheless already indicate some important 
exceptions. Firstly, in a number of sources (Crab Nebula, Virgo A, quasars) 
optical synchrotron emission is observed which corresponds to high-energy 


electrons (E » !0?° ev). Therefore, even for €oh ~ beV condition (16.66) 


When electrons are scattered by photons electron-positron pairs may 
be formed apart from photons, when (16.71) holds. The corresponding 
energy losses differ from the losses (16.73) by a factor of the 
order of 2x 107% &n(E Epn/m?c"). This factor is in the majority of 
Cases we meet with appreciably smaller than unity. 
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will be violated for those electrons. Secondly, powerful X-ray emission hag 
been observed from galactic and extra-galactic sources. In those sources aq 
close to them there is a latge energy density of X-ray photons with En™ 3 
to 5103 ev (On k,T » T~5™* 10’ °K). For the scattering by such photons 
condition (16.66) has the form E « 10’ eV and is violated already for the 
electrons corresponding to cosmic rays. The limitation to the classical 
region (16.66) in X-ray and gamma-astronomy has thus by no means an ubiqui- 


tous character. 


We now turn to the problem of the energy spectrum of the scattered (hard) 
photons. As always we denote by J,(E)dE the intensity of relativistic elec~ 
trons, that is the number of electrons passing per unit time through unit area 
(at right angles to the area) into unit solid angle with energies in the range 
E, E+dE. The intensity of the X-rays is then equal to (see (16.1!)) 
L oo L 
Jy (E,) = | dR | J (E, R) dE | 0(B, . € oh » E) Non (© pn? 9 d€n* 
0 EY . ° 
= Non (L) | o(E, » —£E) J, (E) dE, (16,74) 


Ey 


where in going over to the last expression we have assumed that J, is indepen- 
dent of R along the line of sight (the integration over dR is along the 
line of sight) and 


Non Gl) o(E,,£) = | o(Ey. € oh , E) Non (€ph »R) d€,), dR. (16.75) 


For a mono-energetic electron spectrum J,(E) = J, 6(E-E,) and the intensity 
Jy (Ey ) is determined by Eqn.(1!6.64) for o(E, » Eph» E,)- More often one is 


dealing with a power-law spectrum 


Je(E) = KE! . (16.76) 


For an isotropic distribution of relativistic electrons with density 
N(E) 2K, EY it is clear that 
c 
J (E) = — N(E) . 
2(E) = = N(E) 


In order not to perform complicated calculations (it is quite obvious how to 
perform them) we use for the evaluation of Jy (Ey) for the power-law spectrum 
(16.76) to begin with as the cross-section o(E,,E) averaged over the epec- 


trum of the thermal (soft) photons the expression 


— 2 
= 0 6 (Ey - + eh (+) ) : (16.77) 


anf e2 \? [ 
oy (Sa) + M7 | Sanlpn) oy 
In other words, we assume that al] soft photons have the average energy (6.69) 
and according to (16.77) the total cross-section for scattering equals Or: 
The cross-section (16.77) leads thus necessarily to the correct expressions 
for { o,(Ey . E) dE, and [E, 0(Ey»E) dEy. 
Substituting (16.77) into (16.74) we get for the case of a uniform distribution 


of all quantities along the length L (so that Nop CL) = Noh L) 
——7 ey 
Ji(E, ) = O7 Nop l | J, (E) 8 (By = +&n( +5) ) dE = 


Y3N_, Lowmec? 
_ VIN L Oy | (se, wea}) + 
ager IE? J. {me 3E /4E = 


= 1 Npp Lop (me?) !~* Gee tk ER? 


(Y+1) 
JY ° 


(16.78) 
The calculation given here is completely analogous to the one used in Chapter 
5 in the application to synchrotron emission (see (5.51)). In an exact calcula- 
tion (Ginzburg and Syrovatskii, 1964b, 1965; Ginzburg, 1969b) there appears a 
numerical factor f(y). This factor equals 0.84, 0.86, 0.99, and 1.4 for 


y=1!, 2,3, and 4, respectively. 


In the case of thermal radiation Con = 2.7k,T, where T is the temperature 


of the radiation. As an example we mention that for T= 5000 °K (Eon = 1.2 ev) 


_ sien 
J (E) = 2.8x10725(7.9x 1072)" x 
Ey) ( ) 


iy +1) phorens 


x f ( Lw K ae | 16. 
Y) ph Fy em*.sterad.s.GeV leet) 


where | — 
Woh = Noh Cobh a 


: ; P p -| = 
EY is measured in GeV and K, in units (Gev) ’ (cm*.s.sterad ) ae 


If we are dealing with the intensity in number of particles rather that the 


intensity in the energy scale, 1, (E,) = EL Je (E,)- 


y 
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In the case of the power-law spectrum (16.76) clearly L, (Ey) «ey (Y-l) g v%, 
a= 4(y-1). This result is the same as the behaviour (5.50) for synchrotron 
radiation, as one should expect for Compton radiation when (16.66) holds — we 
have seen that under chat condition synchrotron and Compton radiation are 


related to one another. 


We have already mentioned that synchrotron (magneto-brems) X-ray emission under 
cosmic conditions is ‘atypical’ in a certain sense, but it is observed and, 
probably, its specific weight in the course of further studies will increase. 
It is completely obvious that synchrotron emission can have arbitrarily high 


frequencies while it can be described classically as long as 
hv <E. (16.80) 


Cosmic synchrotron radiation most often lies in the radio-band, as the magnetic 
field strength in the corresponding regions is small (H «107? 0e) while the 
electron energy E is also not very large. To be precise, the intensity of 
the synchrotron radiation from an electron of total energy E > mc? is a 
maximum at a frequency (see (5.40) and (16.2)) 


2 
vo = 1.2%10°H (—,) = 4.61075 H, (oe)[E(ev) ]? Hz . (16.8!) 
m t \ me? 4 


Moreover, for instance, for H, = Hsin x= 10-30e and E=10!° ev the frequency 
Vv, 7 4.6% 10"? Hz (A, = chy ~ 6.5% 1072 em) . The cosmic optical and X-ray 
synchrotron radiation therefore arises either when there are electrons present 
with very high energies E>10!! eV (Crab Nebula, Virgo A), or when the magne- 
tic field strength is very large (H 2 10 to 1000e) and when there are 
electrons present with energies reaching 10°? to 10! ev (such a situation 
exists clearly for quasars; we do not yet mention pulsars with their enormous 
magnetic fields), 


To estimate the fields and energies for which waves of various frequencies are 


emitted it is convenient to use the formla 


vy H E? 
BE a ec (16.82) 
1 Hi E* 

which follows from (16.81). 

Let, for instance, v, =3x 10° Hz (QA, =c/v, =!m) ina field Ai =3x107* oe 


which is typical for the Galaxy. According to (16.81), the energy of the 


emitting electrons is then E, ~ 5* 107 eV. In the same field H, » = Ah y 
t : 


waves with optical frequencies v, ~ 10!" to 107° Hz (A, = 0.3 to 3pm) can 
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be emitted only by electrons of energies BE 5«10!2 ev, For X-rays 
vo 10'® Hz and, hence, for an unchanged magnetic field electrons must have 


an energy E, ~ 3x10!“ ey. 


We must bear in mind that synchrotron losses are proportional to Hi E* (gee 
(4.39)) and therefore particles with very high energies or when they move in a 
strong field are slowed down fast. An estimate of the energy and of the 'life- 


" in a magnetic field can conveniently be found by using Eqns.(4.41) and 


time 
(4.42). We can then express in Eqn. (4.42) the electron energy in terms of the 
characteristic frequency of its radiation (16.81) and, thus, obtain immediately 
a relation between the observed frequency and the characteristic lifetime (the 


time over which the energy reduces by a factor two) of the emitting electrons: 


8 2 11 & 
T ~ 2x10 mc gy 22x 10 s py 18X10 


yr. (19.83) 
m 2 
Hi UE He v He vt 


Here H, is measured in Oersted and v in Hertz. The time Ty expressed in 
terms of the frequency has, of course, a somewhat arbitrary character as we 
have chosen for v the frequency corresponding to the maximum in the radiation 


spectrum of mono-energetic electrons. 


In a field H, = 3% 10 °Oe the time T, for electrons with energies 5 10°, 
5x10!2, and 3x10!*ev is, respectively, 2x 10°, 210°, and 3103 year. 
For our Galaxy and, in general, for normal galaxies for which the value 
H-= 3% 107° Oe may be assumed to be typical a characteristic time Tn of the 
order of 10° year and, even more, one of the order of 10° year is very short 
and it is therefore natural that the optical and X-ray synchrotron radiation 
will be weak. The position can change only when there is a powerful injection 
of high-energy electrons into the interstellar space from some kind of sources, 


for instance, from supernova shells. 


As we have indicated, the optical and X-ray synchrotron radiation is completely 
described by the formulae given earlier (see Chapter 5; condition (16.80) is 
assumed to be satisfied). Moreover, there occurs even a simplification which 
is connected with the fact that at high frequencies one can neglect the fact 
that the refractive index n(w) differs from unity, as well as the reabsorp- 
tion and the rotation of the polarization plane in the cosmic plasma. One 
must, however, solely take into account the absorption of the radiation on its 


path to the Earth or in the source itself (by gas, dust). 


For the sake of convenience we shall nevertheless give a few expressions which 
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are useful for calculations. In the X-ray region and sometimes also in the 
optical region one often uses instead of the energy flux the particle number 
(photon) flux or intensity which we have denoted by F,, and J,,). The transi~ 
tion is clearly obtained by dividing the energy-expressions by the photon 


energy hv. The photon number intensity is thus according to (5.48) equal to 


I == 
3(v) = % = 3.26107? a(y) LK, HEOY*!) x 


1e\$(y +1) hotons 
: (S226 = 10 ) P ere 
v cm?.s.sterad.Hz 
or, 1f we change from the frequency v to the photon energy €oh =hv, expressed 
in eV, 
JE) = 0) = 79a LK WY) x 
ph 


(y +1) 
; (72 x Ls Y photons 7” (16.85) 


€ oh cm?.s.sterad.MeV 


5 ee 


here L is measured in cm, Ky in erg’ .cm~, H in Oe, and Eph in eV. 


Similarly, the photon flux from a discrete source (see (5.59)) equals 
4(y+1) 
(Vv) “15 VKAH 
= 3.26x 10715 a(y) —&-—___- x 
R? 
y (£-26% J (y+!) photons 
) 


F(v) = 


‘ (16. 86) 


cm? .s.Hz 
or, in terms of the photon energy €), =hv = 4.14x107'°v ev, 


+1) 
VKe H! Y (2:53 x icy (Y+1) photons 


2 e 


F(€ h) = 0.79 a(y) 
P Eph cm" .s.eV 


(16.87) 
R? 
Moreover, if we can assume the electron spectrum to be the same in the whole 
of the source, it is convenient to use the following expression for the ratio 
of the radiative fluxes ar different frequencies v, and v, (see (5.59) or 
(16.86) ) 
®,(V,.) Vv, fH CVtl) WiydC-1) 
tO) vy () (oy 


Vv 
1 1 


: (16.88) 


We have assumed here that the radiation at the frequency v, arises in a source 
of volume V, in which the magnetic field strength is H, and the radiation at 
the frequency v, comes from a volume V, with a field H,. In that case, if 


we are dealing with radiation by electrons with the same energy E,*E,, the 
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frequencies Vv, and V, are related through the Eqn. (16.82), while the ratio 
of the fluxes equals 

ae (16.89) 

$,(4,) VB, 
Equations (16.88) and (16.89) are useful if in a small region V, of the source 
with total volume v, the field H, »H, while there is in the electron spec™ 
trum a break at the high-energy side so that the electrons in the volume V, 
do not emit at frequencies Vv, >, while the emission from the volume V, at 
the frequency v, is small due to the fact that that volume is small. The 
observed flux ratio at the frequencies v, and v, from the whole source will 
then be determined by the flux ratio from the volumes Vv, and V,- Such 4 
situation can occur, for instance, in the case of nebulae in the central part 
of which there is a region (say, surrounding a pulsar) with a very strong mag- 


netic field. 


A characteristic feature of the synchrotron radiation is the fact that in an 
ordered field this radiation is polarized to a large degree. For instance, for 
a power-law electron spectrum N, {E) = K, EY in a uniform field the degree of 


polarization equals (see (5.46) ) 


£ -L:; +] 
y. = max _min _ ¥*! | (16.90) 

0 Tr +I. 7 

ax “min YtZ 

As we have mentioned, there are no depolarization factors in the X-ray region 
which are caused by the presence of a medium (various forms of Faraday rota- 
tion). The degree of polarization for a given index y reflects thus only the 
degree of the ordered field, and it reaches its maximum value (16.90) in a 


uniform field. 


Bremsstrahlung is polarized only when the electron distribution function is 
anisotropic (or, strictly speaking, the distribution function for the relative 
velocity of the colliding particles). For instance, polarization of brems- 
strahlung arises when there is a directed electron flux which is scattered in 
a cold plasma. Under cosmic conditions, forgetting the Sun and a few non- 
stationary regions, there are no special grounds to expect the existence of 
any strong anisotropy in the electron velocity distribution (see Chapter 15; 
moreover, when there are collisions, the relaxation of an anisotropic electron 
velocity distribution, that is, isotropization, will proceed even faster than 
in the collisionless case). When electromagnetic radiation is scattered by 


particles the degree of polarization can in principle be large. This is well 
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known, for instance, for the case of scattering of light in gages or in a 
plasma (see Chapter 14). However, in the case of scattering of soft, unpole- 
rized photons by relativistic electrons, forming hard (X-ray and gamma-ray) 
photons the degree of polarization of the latter is of the order of (mc? /E)? 


that is, very small. 


One should expect that under cosmic conditions (excluding possibly dense 
magnetospheres of white dwarfs, neutron stars, and so on) for all other radia- 
tion mechanisms, apart from synchrotron and synchro-Compton mechanisms (see 
end of Chapter 15) no appreciable polarization will occur either. The obserya- 
tion of polarization of cosmic X-ray or gamma-ray emission, as in the cage of 
the cosmic radio-emission, allows us therefore to assume that the corresponding 
radiation is synchrotron (or synchro-Compton) emission. In particular, the 
syfchrotron (and not brems) nature of the X-ray emission of the Crab Nebula 
was finally recognized only as the result of the observation of the polariza- 


tion of the X-ray emission. 


If the observation of the polarization of the X-ray emission indicates its 
synchrotron nature, the opposite conclusion is, of course, invalid — it is 
sufficient to say that synchrotron radiation in a random magnetic field is not 
polarized.’ It is thus always difficult to establish the nature of the cosmic 
X-ray emission. The main criterion (apart from polarization) is the shape of 
the spectrum. Bremsstrahlung from a hot plasma has an exponential spectrum 
(see, for instance, (16.24)) and, moreover, in the case of a hot plasma one 
can observe, in principle, characteristic X-ray lines from heavy elements 
(first of all iron). Compton X-ray emission is produced by relativistic elec- 
trons which normally have a power-law spectrum (16.76) with an index y so 
that for the X-ray emission J, (E) x ae B= a(y +1) (see (16.78)) and 

I, (Ey) « ES , a (¥-1). Moreover, for a given known object the relativis- 
tic electrons may also produce synchrotron radiation, the spectrum of which 
enables us to determine the index y (we remind ourselves once again that for 


synchrotron radiation, as for Compton radiation, I(v) « ae 


» a=s(y-1); see 
Chapter 5). We have already mentioned that one can in this way for a known 
radiation field in which Compton scattering occurs find also the magnetic 


field in the same emitting region. Unfortunately, in practice all this is not 


i One must, moreover, bear in mind that polarimetric measurementa in the 


X-ray region, particularly for low degrees of polarization and for 
relatively weak cosmic X-ray emission tluxes, are very difficult. 
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so simple: firat of all we must note that the spectra are not strictly power 
laws and the same relativistic electrons produce synchrotron and Compton radia- 
tion with a given a only in limited and a priori unknown frequency intervals 
Ay (in the radio- and X-ray bands). One may nevertheless expect in the future 
& great deal of progress along the line of combined (complex) studies of the 
radiation in a very wide range of (radio-, optical , and X-ray-) frequencies 
in conjunction with polarimetric measurements and also with measurements with 
a high angular resolution. This last requirement is connected with the fact 
that for a low angular resolution (so far characteristic for the majority of 
observations in X-ray astronomy) one cannot only not distinguish the structure 
of the discrete X-ray sources but the nature of the X-ray background also 
remains unclear — it may partially (and in principle even almost completely) 


be determined by a set of unresolved discrete sources. 


The present state of X-ray astronomy which has already produced brilliant suc- 
cesses (the observation of powerful X-ray sources — 'X-ray stars’, including 
pulsars, and so on) is on the whole in a stage of being established and of fast 
development and it seems particularly inappropriate to discuss here the avail- 
able observational data (Gratton, 1970; Schnopper and Delvaille, 1972; Friedman, 
1973: Stecker and Trombka, 1973; Culhane, 1978; Cooke, Lawrence, and Perola, 
1978). We conclude therefore the present chapter only for a certain orienta- 


tion with a few remarks on this subject. 


The observed discrete X-ray sources (X-ray stars) belong to a few types. 
Within the Galaxy mainly two kinds of sources are observed: supernova shells 
(these are in fact extended sources) and X-ray stars in the strict sense of 

the word — practically pointe sources which are bright in the X-ray band. In 
the majority of cases and, possibly, almost always the latter are part of 
binary system; the X-ray pulsars and ‘fluctuars’ (which are, possibly, ‘black 
holes’) belong to this class; the pulsar PSR0532 in the Crab Nebula is a well 
known exception — it is an X-ray “point” source (neutron star with its magneto- 
sphere) which is not part of a binary system. The X-ray emission from super- 
nova shells has either a synchrotron character (Crab Nebula) or it ig basically 
bremsstrahlung from 4 hot plasma (characteristic temperature 10° to 10° °K 
corresponding to an average particle energy of 107 to 10° eV). The appear- 
ance of powerful X-ray sources in tight binary systems is very understandable — 
in such a situation there occurs strong accretion, that is, transfer of plasma 
from the lighter to the heavier star. In that case, especially for a compact 


star (white dwarf, neutron star) the plasma fluxes when they approach the 
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stellar photosphere reach high velocities and when they are decelerated ('fagye 
on the star) the plasma is greatly heated up (T~ 10’ to 10° “K). If the seme 
has a Sufficiently strong magnetic field, one may expect that not only the 


brems- but also the magneto-bremsstrahlung will turn out to be significant. 


The power (X-ray luminosity) of galactic X-ray source Ly reaches 10°? to 19™ 
erase which exceeds the solar luminosity L, = 3.86% 1077 erg/sa by 4 to 5 
orders of magnitude. For Ly ~ 103° erg/s and an isotropic emission the X-ray 


flux at the Earth equals 


Ly L,/10°* a ed (16.91) 
47R? [R(pc)]? ([R(pc)]? cm*.s ” " 


where R(pc) is the distance to the source in parsec. 


According to this estimate we get for the Crab Nebula (R & 2000 pc) in the 
whole of the X-ray band %, es 21077 erg/cm*.s (the flux of photons of energy 
2 to 10 keV is Fy #3 2 photons/cm*.s). For a comparison we note that a black 


body of temperature T (in °K) emits from unit surface a flux 


2,2 
TT k 2 
o,=0T", o =——— = 5.67 x107§ —_"7B_ __, aqry = 6, =, (16.92) 
60 fi? c? cm?.s. (°K) * R 


where 6(R) is the flux from a black body sphere of radius r observed at 4 


distance R. 


The flux of the solar radiation is at the Earth equal to 


(Res 1.5«10!% cm, L = 4nxe o> Lot 5700 °K) , but the radiation is concen- 
trated in the optical part of the spectrum. The X-ray flux from the quiet Sun 
equals ox ~10°* to 1075 erg/cm’.s and only during powerful flares does 
it reach values ® OX ~ lerg/em?.s. Hence it follows that the X-ray emission 
from the closest stars (R~ 4x 10*8 cm), if they emit like the Sun, will be 
very weak: 6) ~ 1907 Oo OX <107!! erg/em?.s. This was just the reason why 
the observation in 1962 of a bright X-ray 'star' in Scorpio (Sco X-1) for 
which .~ 10-® erg/em?.s was unforeseen. As for Sco X-] the distance 

R < 500 pe, the total X-ray luminosity of this source does, apparently, not 
exceed that of the Crab Nebula and is, possibly, weaker by an order of 


Undoubtedly, our Galaxy is in that respect not at all exceptional. 
Similar sources have already been observed in the Magellanic Clouds 
and clearly exist also in other galaxies. 
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magnitude. Of course, a large X-ray luminosity is connected with a relatively 
large electron energy and, to be precise, for thermal sources with a high 
electron temperature. For instance, a star of the size of the Sun and a sur- 
face temperature T ~ 610° °K would have the enormous luminosity Ly ~ 
3x10°° erg/s, just in the X-ray region (the maximum of the intensity in the 


black-body spectrum occurs at a wavelength A, = hc/4.965 kpT # 3x 107/T (°K) B). 


An ordinary star cannot have such a high temperature (we are talking here about 
the photosophere which emits approximately as a black body) just because of 
the large, practically unsuppliable energy losses through radiation. For a 
neutron star of radius r~7x1l0°a~ 1o-* x, and T~6x10° °K we have 


already L,~ 3x10? ergs/s which is allowable for a certain time. As regards 


thermal nee which are not so compact, they are 'thin" sources (or, as one 
says, optically thin; we avoid using that term as in the X-ray band it may 
lead to confusions). If we, therefore, use Eqns.(16.36) and (16.37) we see 
easily that for T~ 6x10 °K a luminosity Ly ~ 1078 ereg/s is, for instance, 
reached by a plasma cloud of volume V~10?° cm? and with a comparatively 
small mass M~ 10**g ~ 1077? M, (the solar mass ae a 10°? g) the average 


electron density in the cloud is in that case N~ V(N2) ~ 10)% cm7?. 


Discrete extragalactic X-ray sources are galaxies (in particular, radio- 
galaxies), quasars, and clusters of galaxies. The X-ray luminosity of a normal 
galaxy (such as our Galaxy) does not exceed 1077 to 10° erg/s. The flux of 
such a galaxy at a distance of R~ 10’ pe (the distance from the radio-galaxy 
Virgo A = NGC 4486 = M87) would be 4y ~10-'* to 107)? erg/cm’.s (see 
(16.91) ). However, the radio-galaxy M87 emits an appreciably more powerful 
X-ray radiation so that for it Ly ~ 10"* to 10** erg/s. Both in this case 
and in the case of other powerful X-ray sources — galaxies, quasars, and clus- 
ters of galaxies — the emission does clearly not reduce to a system of 
radiation from ‘X-ray stars’ and the X-ray source is provided by the relativis- 
tic electrons (synchrotron and Compton mechanisms) or the hot plasma (brems 


mechanism) which f11l1l the galaxy, the cluster, or the ‘corona’ of the quasar. 


In principle the situation is particularly ‘simple’ in the case of the hot 
plasma in an extended source such as a cluster of galaxies. For instance, at 
a temperature T~ 610° °K a plasma of volume V~3x107? cm? will have 
a luminosity Ly ~ 10°" erg/s for N~10-° an? which corresponds to a mass 
M~ 21072" Ny ~ 1073 M3 such a mass is fully acceptable for a cluster of 
galaxies. However, even this example shows that it is not easy to explain the 


enormous luminosities of powerful extra-galactic sources or it 1S more correct 
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to eay that such an explanation is accompanied by far-reaching assumptions 
which mist be checked (and in principle can fully be checked) in a mumber of 


ways. 


From this it is also clear how exceptionally useful X-ray astronomy can be, 
for instance, for a study of the hot plasma in the Universe (see also 


Zel'dovich, 1975). 


Apart from the discrete sources, one observes an X-ray background, that is, 
radiation coming from all directions without on the celestial sphere having 
any pronounced ‘granular’ structure. It is not excluded that such a back- 
grouod is nonetheless connected (partially or even completely) with a system of 
discrete sources which our instruments do not resolve. It is at the same time 
fully possible and even probable that there exists some (true) X-ray background 
which is produced in interstellar and particularly in intergalactic space. The 
background arises as the result of the bremsstrahlung of the hot intergalactic 
gas and/or of the Compton scattering of relativistic electrons by the relict 
thermal radiation (in intergalactic space) and in the Galaxy, moreover, by 
other kinds of radiation (we have in mind, in particular, Compton scattering 


by infra-red and optical photons). 


The spectrum of the X-ray background (in the energy range Ey? lkev, 4<10 J), 
as that of the discrete sources is a decreasing one — the radiative intensity 
decreases with increasing energy of the photons EY = hv,- So far the shape of 
the spectrum has not been established reliably, but for orientation purposes 


we give here as an example such a spectrum (20 < Ey < 1000 kev):" 


E -2.] . h t 8 
J_(E.) = 25 ( . ) ee : (16.93) 
X X | keV cm?.s.sterad.keV 


where the photon energy is measured in keV (this is, strictly speaking, 
already reflected in the way we have written the formula. but we repeated it 


here to avoid misunderstanding. 


There is a widespread discussion in the literature of the problem of the shape 


of the Spectrum for Ey < 20 to 40keV; for instance, there were indications 


T ; 
We have here clearly already included the soft gamma-ray region and 


we could with the same effort denote Jy (Ey) by Jy (Ey) - We note 
that in the literature such a differential intensity in terms of 
photon numbers is also denoted as dN/dE,N(E), and go on. 
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of a 'break' in the spectrum for E, ss 40 keV, and the spectrum itself could 


for 0.2 < Ey < 20 keV be written in the form 


-1.8 
Jy (Ey) = 15 (E,/1 keV) photons/cm’.s.sterad.keV . 


Another approximation of the spectrum is (see Gratton, 1970; Schnopper and 
Dalvaille, 1972; Friedman, 1973) 


1.7+0.2 


Jy (Ey) = 12.4(E,/1 kev)” photons/cm’*.s.sterad.keV, 


l< Ey < 40 kev 


Jy (Ey) = 20(E,/1 kev) - photons/cm’.s. sterad. keV, EY > 60 keV. 


The mechanism leading to the appearance of the X-ray background is as yet not 


clear and we have already indicated the various possibilities. 


X-ray astronomy, that is, the study of the cosmic X-ray emission and the con- 

parison of the appropriate data with the theory and with all other astronomical 
information opens up exceptionally wide and for astronomy as a whole important 
possibilities for studying hot cosmic plasmas and relativistic cosmic electrons 


One can hardly overestimate the value of this astronomical method. 


Chapter XVII 


GAMMA ASTRONOMY 


Gamma-radiation produced by the proton-nuclear 
cosmic ray component. 

Example of the Magellanic Clouds and their central 
region of the Galaxy. 

Absorption of X-rays and gamma-rays. 


We have already considered in Chapter 16 two important mechanisms for 
gamma-radiation, namely, the brems- and Compton mechanisms. The same is true 
for synchrotron radiation which is of less interest in the gamma-ray region 
as in practice it can turn out to be important only in regions with a very 
strong field (for instance, near pulsars). As to bremsstrahlung of relativis- 
tic electrons and especially their Compton scattering, their contribution may 
be naticeable and even play a decisive role in the whole gamma-band. For 
instance, in the case of scattering by optical] photons (oh ~ lev) the classi 
cal region (16.66) extends up to electron energies E~ 5x 10!° ev and the 
photons produced in that case have energies Ey, ~ Eph (E/me” )?< 10'° ev (see 
(16.69)). In the region of even higher electron energies, especially in the 
quantum region (16.71), the energy of the Compton photons Ey ~ E. True, at 
very high energies the ’existence condition" for electrons due to their large 
losses is less favourable than for protons or nuclei. Moreover, electrons are 
in the Universe accelerated less efficiently than protons and in any case in 
the Galaxy the intensity of the electron component is two orders of magnitude 
smaller than that of the proton component (see Chapter 15). We can thus 
assume that with increasing energy and, quite possibly, already for E>50 to 
100Mev (vide infra) the cosmic gamma-radiation is mainly produced by the 
proton-nuclear component of the cosmic rays. In the experimental plane there 
is here no clarity, and in general in the field of observations gamma-astronomy 
is as yet only taking the first steps (for a survey of the available data see 
Gratton, 1970; Stecker, 1971; Schnopper and Delvaille, 1972; Gal'per, Kirillov—- 
Ugryumov, Luchnov, and Prilutskii, 1972; Stecker and Trombka, 1973; Friedman, 
1973; Cal'per, Kirillov-Ugryumov, and Luchkov, 1974; Plovdiv, 1977; 
Ginzburg, 1978). 
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All mechanisms for cosmic gamma-emission and all energy ranges are of interest 
but such a rather trivial statement is made here only to isolate one, 
particularly interesting and important possibility. For us, namely, of 
most importarice is the possibility to use gamma-astronomy to obtain reliable 
conclusions about the proton-nucleus component of the cosmic rays far from 
the Earth. We have already emphasized in Chapter 5 and 15 that the absence 

of the corresponding direct data presents us with difficulties as a matter of 
principle when we develop the astrophysics of cosmic rays (formally the 
question is the lack of knowledge of the coefficients Ke = w., /we and 
Ky=¥y/w. ps see (15.16)). 

Let us discuss this problem in detail without being afraid of repeating our- 
selves. Moreover, we shall use observational data which will already be 
obsolete by the time this book appears. However, our aim is not just the 
discussion of actual results but an illustration of che nature of the estimates 


and arguments which are used in high-energy astrophysics. 


Protons and nuclei which form part of the cosmic rays undergo collisions with 
the protons and nuclei of the intergalactic or interstellar gas. As a result 
of nuclear collisions 1° mesons and [° hyperons are formed which decay fast, 
producing gamma-rays. The m° decay goes with a probability of 98.8% (that is, 
practically always) through the n° + 2y channel, so that the energy of the 
gamma-rays from the decay of a w° at rest equals Ey = Jmic? = 67.5 MeV; the 
average lifetime of a m° is 0.84 10°'® s, For the £° decays (with practic- 
ally a probability of 100%) through the channel £° +A+y, the energy Ey * 77 
MeV, and the average lifetime of the L° is less than 107!*s. Apart from the 
direct w° production in nuclear collisions, they are also formed as a result 
of the decay of various mesons and hyperons (x? > r +7° ,A*+n+7°, and 
so on), as a result of which y-rays are emitted. The probabilities and kine- 
Matics of all possible reactions are rather well known (Ginzburg and 
Syrovatskii, 1965; Ginzburg, 1969b; Stecker, 1971) and this enables us to 
evaluate the gamma-ray spectrum with an accuracy which is fully sufficient 

for the astrophysical applications discussed here. It is in that case impor- 
tant that the cosmic gamma-ray flux is generated, of course, not by mono- 
energetic particles, but by the cosmic rays which are isotropic in direction 
and have an intensity Jo.r,(E). There is thus an averaging over the spectrum 


and, to be precise, the intensity of gamma-rays of energy Ey is equal to 
@ 


3) = Ha) ff o(ey,E) J, p (ED aE , (17.1) 


EY 
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where o is the appropriate cross-section averaged using the chemical composi- 
tion of the cosmic rays and of the gas (and also, of course, using the fact 


that two photons are produced in the 7m” decay), while 


as L 
N= | N(R) dR 
0 
is the number of particles in the gas along the line of sight (we have assumed 


in Eqn.(17.1), which is the same as (16.11), and also in the form lae given 
below that the intensity J, , does not depend on position). The integral 


intensity equals @ 


J, (> EY) = | J\(E,) dE, ‘ 


For the gamma-ray flux from a discrete source we have 


—SS 


2 (oI - )N(V) 
F >E = >E d ea Eine ee 
YY Jy y). 2 a8 R? 
5 x 1073 (o1 )M 
Fa oe ee oe ee Laas , (17.2) 
R? cm”.s 


where { is the solid angle, R the distance from the source (in cm), N(V) = 
NV the number of particles (nuclei) in the source (V is the volume, N the 
average gas density), and M = 2x10°°*N(v) the mass of gas in the source in 
grammes (we have assumed the chemical composition of the source to correspond 
to the average distribution of elements and thus the mass of the ‘average’ 
nucleus of the gas is assumed to equal 2x 107°" g, due to taking especially 


the He nuclei into account). We show in Fig.17.1 the value of 


a @ 
oJ, (>E,) = | oe J dE o(E, » E) Jor. 0») dE , 
i Y 
197<6 
1 
ae] ; : 
0 Fig. 17.1 The quantity 
@ —— 
o oJ, (>E,) » averaged over 
1 the galactic cosmic rays, 
- ee as function of the energy 
= 10 of the gamma-rays produced. 
b 
10 100 1000 
E Mev 
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taken from Stecker's book (1971) for the spectrum of the cosmic rays at the 
Earth (intensity J,.7, o(E) = J,(E)). Below we shall use the value 
oJ, (Ey > 100 MeV ) = 1077© s~!_sterad? » and, hence, 


107? ° Nuw. : Iw, 
F (E > 100MeV) = ————————__ = 
YY 


R? 
=3 
5x 10 Mw s/w, photons 
= i en > (17.3) 
R e 


where Yor is the cosmic ray energy density in the source, and where we have 


assumed that the shape of their spectrum is the same as at the Earth (so that 


We.r./, s Jer. SJe.r.,0 » where w o=%7 1071? erg/cm? is the cosmic 


ray energy density at the ce (15.9)). Within the limits of the 
approximations made for sources such as the Galaxy where the neutral hydrogen 
atoms dominate, Mw 1.2 Muy» Where Myy is the mass of neutral hydrogen; the 
accuracy of the calculations can be increased as one can immediately find the 
ratio Myy/R? from the hydrogen line (A = 21 em) data, We shall in what 


follows not aim at such a refinement, which is as yet not pressing. 


We note, finally, that the gamma-ray spectrum of nuclear provenance about 
which we are talking is for obvious reasons concentrated in the energy range 
Ey 2 50 to 100MeV (the cosmological red shift is here, of course, not taken 
into account and we are therefore considering sources which are not too far 
away). What we have said is clear from Fig.17.1 and more precisely from the 
following example (Fichtel, Hartman, Kniffen, and Sommer, 1972); for gamma- 


0 


rays from m decay we have the retio 


Moreover, for relativistic electrons with a spectrum J, (E) aK p 7-6 


in the 
case Of brems gamma-rays [€=2.03 and for gamma rays of synchrotron provenance 
or emitted in the inverse Compton effect £€=0.74. The spectral measurements 
of the gamma-ray flux thus allow us in principle to establish relatively 
easily their ‘nuclear’ nature. If this is done, we get at once from measuring 
the flux F, (Ey > 100 MeV) or the corresponding intensity Jy the ratio wo. /Mo 
in the source, that is, the basic parameter which is now lacking. In that 
case we make, of course, an assumption about the similarity of the cosmic ray 
spectra in the source and at the Earth. There are, however, good grounds for 
such an assumption and, moreover, under realistic conditions it can, apparently, 


lead only to the appearance of a numerical coefficient of the order of unity. 


GAMMA ASTRONOMY 43§ 


At any rate, even such a determination of the energy density or the tetal 
density Wor. =. -,V of the cosmic rays in the sources would be an impor~ 


tant step forward. 


We can make what we have said more concrete using the Magellanic Clouds and 


the central region of the Galaxy as examples. 


It is of interest by itself of course, to conaider the Magellanic Clouds. 
However, this example is even more important in connection with attempts to 
answer the question: how to elucidate most convincingly the fate of the meta- 
galactic model of the origin of the cosmic rays. It is clear from what we 
said in Chapter 15 that for this it is sufficient to determine the energy 
density “Mg in the region surrounding the Galaxy. If it turns out that 

Mo « Meee 10°)2 erg/cm? , the metagalactic model can be dismissed. The 
best solution from all possible ways to solve this problem which we know is at 
once the measurement of the gamma-ray flux from the Magellanic Clouds. For 
these Clouds (the Large Magellanic Cloud — LMC and the 6mall Magellanic Cloud — 
SMC) the distances from the Sun and the mass of the neutral hydrogen are, 


respectively, equal to 
R(GMC) = 55 kpc , R(SMC) = 63 kpc , 


My ,(LMC) = 1.1x10"% g , Myy(SMC) = 0.8%10"72 


Therefore we have, from (17.3) for w _=w 


c.r 0 


FY imc (Ey > 100MeV) » 2107’ photons/cm’.s , 


FY smc (Ey > 100 Mev) & 1 10°” photons/cm’.s . 


(17.4) 


As we have already mentioned these fluxes can also be calculated more exactly. 
Here something else is important — the fluxes (17.4) are directly obtained for 
any known metagalactic models as in those models the role of the intrinsic 
cosmic ray sources in the Magellanic Clouds, as in the Galaxy, is small so 
that w, Ww Yow ww 


Mg “c.r.,G LMC SMC" 
expecting the observation of such an equality in galactic models. Even for 


On the other hand, there is no ground for 


equal cosmic ray source activity it is very probable that w w >w 


> 
c.r.G LMC SMC 
because of the smaller size of the Clouds and the corresponding faster depar- 


ture from them of the cosmic rays. 


Thus, for a convincing refutation of the metagalactic models of the origin of 


cosmic aye! it would be sufficient, for instance, to establish that from the 


+ 


eee footnote on next page 
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two clouds taken together FL uc (By > 100 Mev) «31077 photons/cm?.s or that 
F.SMC « 2Fy ome’ When the calculations have been made more accurate one can 
in principle replace the «-sign by a <-sign. It is in thia case important 
that any contribution to the gamma-ray flux connected with relativistic elec-~ 
trons leads only to an increase in'the fluxes Fy and, hence, in no way affects 
the interpretation given, say, of the result FY uc (Ey > 100 Mev) « 3107’ 
photons/cm?.s. Such a result we call a negative one and we note that there is 
a certain asymmetry, as often is the case, when interpreting positive and nega- 
tive results of an experiment. For instance, if the measurement of the gamma-~ 
ray flux from the Magellanic Clouds would indicate the presence of an 


appreciable flux F >3x10’ photons/cm?.s (such a result we would 


customarily call sant ive) this would not yet prove the validity of metagalac- 
tic models, as in principle such a flux could also be generated by the cosmic 
rays (and also by the relativistic electrons) which are accelerated in the 
Clouds themselves. Unfortunately, the measurement of the gamm-ray flux from 
the Magellanic Clouds is a difficult problem and its solution lies in the 
future. It is appreciably simpler, but also very interesting, to study the 
gamma-emission from the central region of the Galaxy. Such radiation (with 
EY > 100 MeV) has already been observed and the intensity of the corresponding 
(*equivalent') linear source is 1 to 2.5 10° photons/cm”?.s.radian (see 
Fichtel, Hartman, Kniffen, and Sommer, 1972; Kraushaar, Clark, Garmire, Borken, 
Higbie, Leong, and Thorson, 1972; Ginzburg, 1973a). If we multiply this value 
by the angular resolution (about 7/6) we get for the flux from the central 


galactic source 


F(E, > 100 Mev) = 3 to 10% 107° photons/cm’.s . (17.5) 


Doubts have been expressed about the reality of the obtained result and the 
validity of its interpretation as evidence for the presence of an extended 
gamma-ray source in the direction of the centre of the Galaxy, but it 


is now clear (Stecker and Trombka, 1973; Puget and Stecker, 1974) that the 


t 


It is important that we are talking here about all known metagalactic 
models, whereas a measurement of the isotropic background of gamma- 
rays generated in the intergalactic space (see Ginzburg and Syrovatskil, 
1964a, 1965; Ginzburg, 1969; Stecker, 1971; Gal'per, Kirillov-Ugryumov, 
Luchkov, and Prilutskii, 1972; Stecker and Trombka, 1973; Gal'per, 
Kirillov-Ugryumov, and Luchkov, 1974) can serve as a refutation only of 
those models in which the cosmic rays fill a very large volume, in par- 
ticular, the whole of intergalactic space (moreover, the density of the 
metagalactic gas has not yet been established). 
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corresponding gamma-emission exists although its source is not concentrated ia 
the galactic centre itself (this was assumed earlier; see Fichtel et al., 
1972; Kraushaar et al., 1972; Ginzburg, 1973a). We shall assume below that 
the value (17.5) is real. In that case, both on the basis of spectral measure- 
ments and also from a series of indirect considerations it is probable that ve 
are dealing with gamma-rays generated by cosmic rays (that is, mainly with 7° 


decay products). Accepting this interpretation we draw a few conclusions: ” 


Substituting the value (17.5) into Eqn.(17.3) we reach the conclusion that in 
the central galactic source (we indicated the corresponding quantities by an 


index GC) cosmic rays are concentrated with a total energy 


W 3 to 10x10°§ a 3x10 10°" (17.6) 
=ywywy Vv ~ a) x ——— 7 4 erg é 
cc ~ “cc “ec Nec Nec 
as We = wi. 9~ 107'? erg/cm’, while the distance from the Sun to the cen- 
e *9 


tral source R=10kpc. If we assume that the central source is not small 
(characteristic size Lec less than or of the order of 300 pc) the gas density 


Ncc cannot be put larger than approximately unity (for L,, ~ 1077 cm, the 


GC 
~ 1Nn83 3 sad ~24 ~ 1nf : 
volume Voc 10°" cm* and the gas mass Moc 2x10 Nec Yee 10 Noc Mo: 
for Noc ~ 10cm7? we have already Moc ~ 10’ M, which is, probably, the 


limit for a region with the volume chosen). 


When Non ~ ! cm? we get from (17.6) the estimate Wee ™ 3 tO 10x 10°" erg 
which is only one order of magnitude smaller than the total energy of all 
cosmic rays in the Galaxy (see (15.18)). On the other hand, a value of the 
order of 10°° erg is just obtained from an analysis of astronomical data 
which give evidence for an outburst of the galactic nucleus about 10’ 


years ago. 


If the size of the central gamma-ray source turned out to be less than 200 to 


300 pc, a value Noc 2 10cm? would not be excluded. The energy Woc 


of course, becomes smaller (see (17.6)), but the intensity of the cosmic rays 


then, 


Je.r.,6c = Yec is, in general, not changed. For instance, for Ne¢c ~10cu7° 


As the result of more recent measurements (Plovdiv, 1977; Ginzburg, 
1978) it has, apparently, become clear that an appreciable part of 
the gamma-emission from the region of the galactic disc is connec- 
ted not only with 7° decay, but also with discrete sources and, 
perhaps, with bremsstrahlung from relatively soft electrons 

(Eo 2 100 MeV). We must therefore treat the actual estimates and 
values given in the present chapter for the galactic gamma-~ 
emission as having merely an illustrative value. 
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we get from (17.6) 


W..~3 to 10x10°% erg , 


GC Hd, 


Joc wr. 0 “oc/¥o~ 300 to 3000. 


It is very difficult to contain cosmic rays for 10’ years in a smaller regions 
(for instance, for Tae =3* 10)" s the diffusion path is V2D Tc ~ 107+ cm for 
D~1077 cm?/s which corresponds to a very small value of £~0.03pc for the 
effective mean free path 2~ D/v, v ~ 10'° cm/s). The value Woc ~ 31053 
erg therefore seems to us to be the smallest possible one and one should rather 
have Wop ~ 310°" erg. In that case the presence of a central cosmic ray 
source would have an important value for the whole energy balance of the 


cosmic rays in the Galaxy (average power of injection U..~ W../T,, 210°° 


GC GC GC 
erg/s which is of the eame order of magnitude as the total power of injection 


in galactic models; see (15.20)). 


If the value (17.5) is valid the total flux from the central source equals 
ee? 100 MeV) = 4mR? Fy ~3 to 10x10"! photons/s, corresponding to a lumi- 
nosity Ly ~ Ey dy ~ 1032 erg/s. Moreover, the whole Galaxy, if it were filled 
uniformly with cosmic rays would emit By, GlEy >100MeV) = 4x10 ° 4nM, ~ 10"? 
photons/s as the total mass of gas in the Galaxy is Mc ~ 3™ 10"? Be 


This is not the end of the story, as one can (and must) compare the gamma- 
astronomy data with radio-astronomy results. Unfortunately, in the case of an 
extended source of non-thermal radio-emission in the central region of the 
Galaxy we dispose only of obsolete data (for references see Ginzburg, 1973a). 
According to those data the flux from an extended source of size 1° 3° 
(probable volume V ~ 10°? om’) is %) = 3x 10°*° erg/cm?.s.Hz at a frequency 
v= 85.5MHz with a spectral index a=0.7 (y=2a+1=2.4). Substituting those 
parameters into Eqns.(5.70) and (5.71) we arrive for the central radio-source 
at the values (the index r indicates that we are here using radio-data) 
Woc.r “Ke Wer ~ 9% 10° K,? «7 erg , H~ 10-5 (KK, )? Oe, (17.7) 
where we have assumed that the radio-emission has a spectral index a@#0.7 in 
the range 10’ to 10? Hz; the estimates are not very sensitive to the choice 
of this range or, within certain limits, to that of the other parameters. If 
we now put, as at the Earth, Ko 100 and Ky ~ |} we have (for v~i10® cm’) 


= 52 2 50 
Woo. r. 3x10°° erg , ee 3x10°° erg , 
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Wec r 1} 3 
= a x ~ cm ~ 
“cC,r Vv aye erg/ Jv Yo.r.,G 
= ee 4a Ak ~ 3 
ee 3x10 erg/cm 30 “ec 


Even with all inaccuracies of the initial data (and therefore also of the 
estimates to a certain extent) the value of Woc : 
b J 


smaller than the value Woe ~ 310°? to 10°° erg determined above from the 


given here is appreciably 


gamma-data. 


One might find a rather natural explanation for such a discrepancy (Ginzburg, 
1973a) but we have very strong arguments for not discussing this problem. The 
fact is that the estimates given above to some extent are based upon the 
assumption that the gamma-radiation sources with an enhanced intensity which 
are observed in the direction of the galactic centre are concentrated in some 
region close to the centre itself. Just this interpretation (Fichtel et al., 
1972; Kraushaar et al., 1972; Ginzburg, 1973a) was thought to be the most 
probable one until the appearance of measurements which became known in 1973/4 
(Stecker and Trombka, 1973; Puget and Stecker, 1974). According to these 
later data the observed radiation does not come from the central galactic 
region itself, but from a very extended section situated between the Sun and 
the centre of the Galaxy. One possible interpretation of the results consists 
in assuming that the cosmic ray intensity (perhaps, only as far as particles 
with energies E~l to |0GeV are concerned) in a toroidal region at a dis- 
tance between 4 and 5 kpc from the galactic centre is about an order of 
magnitude higher than that near the Earth. The increased cosmic ray intensity 
might in turn be explained to be due to their additional acceleration and 
trapping in that region (Puget and Stecker, 1974). It is, however, possible 
that the cosmic ray intensity in that region is the same as at the Earth but 
that the gas density there is appreciably higher due to the presence of mole- 
cular hydrogen (Fichtel et al., 1975). However, as we are dealing with pre- 
liminary data and hypotheses, it is inappropriate to go into details, the more 
so as we here have another aim. Namely, we wanted not only to state, but also 
to illustrate by an actual example how one can use data on cosmic gamma-raya 
in the energy range Ey > 50 MeV, which are formed in the decay of 7°-mesons 
and other particles which are produced in the gas by the cosmic rays (see also 


Ginzburg and Ptuskin, 1976a,b; Plovdiv, 1977; Ginzburg, 1978). 


Above we concentrated our attention on gamma-rays of nuclear origin, that is, 


those which are formed in the gas during nuclear collisions of cosmic rays. 
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Moreover, in that case we were talking only about energies Ey 2 50 to 100 Mev. 
lt is at the same time well known, of course, that there are a whole number of 
other possibilities. For instance, the energy range Ey=1 to SOMeV is of 
interest; this is the range of energies of gamma-rays emitted in the 1° decay 
in regions with a large red-shift parameter z (to be precise, we are talking 
about gamma-radiation in the Lemaitre cosmological model, about the observa- 
tion of matter-antimatter annihilation with z*I1, and so ns ru Of course, 


when E,<50MeV, the competing processes, other than um 


decay are much more 
important than for E,>50MeV. There are undoubtedly certain possibilities 

to perform measurements in the energy range Ey~ 1] to 50MeV (see Gal'per 

et al., 1972, 1974; Stecker and Trombka, 1973). One can say the same about 
observations of gamma-rays with energies E,> 10'! ev which are performed by 
the method of Cherenkov fluorescence in the atmosphere (Gal'per et al., 1972, 
1974). Particular mention deserve gamma-rays emitted by excited nuclei which 
appear in nuclear reactions and the ganma-radiation from positron-electron 
annihilation (if we neglect the red shift the energy of those gamma-rays must 
be concentrated near an energy of 0.51 MeV). We have already mentioned these 
gamma-radiation processes at the start of Chapter 16. Ginzburg and Syrovatskii 
(1965; Ginzburg, 1969b), for instance, have given a scheme for calculating the 
corresponding intensities (see also the books by Stecker (19/71; Stecker and 
Trombka, 1973; and the literature quoted by Ginzburg, 1973a and by Gal’per et 
al., 1972, 1974). It is very well possible that the various possibilities 
for gamma-astronomy enumerated here, or most of them, will be developed in the 
future. Nevertheless at the present time it seems that none of them has such 
a potentially wide and universal character as the ganma~aStronomical study of 
the proton-nuclear cosmic ray component. This was the reason why we paid here 
so much attention to it; we shall not discuss in detail any other, particular 
possibilities (see also Ginzburg and Ptuskin, 1976a,b; Plovdiv, 1977, Ginzburg, 
1978). 


Concluding this chapter we shall touch upon the problem of the absorption of 
gamma-rays (and also partially of X-rays) as this problem is one of interest 


because of the principles involved. 


gn a SS SSS PS SY Ss I 


+ 


For a source with a distance from us characterized by the parameter 
z the energy observed on the Earth is Ey * Ey o/ ( +z), where 
i) 
EY 0 is the photon energy in the source. 
® 
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To evaluate the absorption coefficient |W for gamma- and X-rays it is usually 
important to take into account how the primary flux of the radiation ig 
attenuated, that is, to pay attention to absorption and to scattering. By 


definition, the quantity wu oceurs in the éauation 


az7 "Wy, H=ON, (17.9) 


where O is the total cross-section for absorption and scattering and N the 
particle (atom, electron) density responsible for the absorption and scatter- 
ing. In the geometric optics approximation (it is always applicable in the 
cases of interest to us), and this is just the case to which Eqn. (17.9) refers, 
T 


we have for the intensity J = Je and for the optical length T = J dR 
0 


(or in a uniform medium T = UL). 


We assumed in (17.9), moreover, that there is no emission of photons along the 


line of sight. If, on the other hand, emission takes place, the transfer equa- 


tion becomes 


ar) q(v) -~ulv) J(y) , (17.10) 


where q(v) is the emittance (in the photon number seale) at the frequency 
considered v= E,/h (see (16.7)). 


There are, in principle, very many processes which contribute to o, namely: 


1. Photoeffect (ionization of atoms). 

2. Compton scattering. 

3 Transitions in the continuous spectrum (free-free absorption). 
4. Transitions between atomic levels (excitation of atoms). 

5. Formation of e*,e pairs in the medium. 

6. Formation of e*,e pairs on thermal and, in general 'soft' 


photons (the y+y’ +e*+e7 process, where y’ is a soft photon). 


Ts Absorption by nuclei (nuclear photoeffect and excitation of 
nuclei. 
+ s 
8. Production of ™ and m° mesons at protons and nuclei. 


Production of other particles. 


We have already considered some of the processes listed here. For instance, 
the absorption coefficient for free-free transitions (process 3) in a hydrogen 


plasma is given by Eqn. (16.33). AbSorption due to bound-bound transitions 


We do not consider here the posaibility of induced absorption or 
scattering; as far as one can judge this assumption is justified 

in the X-ray and gamma bands, but on the whole this problem requires 
a more detailed analysis. 
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(process 4) in the X-ray region can play a role only for comparatively beavy 
elements for the simple reason that the ionization potential for light 
elements, even for the K-shell, is too small (for instance, for Al atoms with 
Z=13, it equals approximately 1500V, which for the edge of the K-band corres- 
ponds to absorption at a wavelength of 8 A). The cross-section for Compton 


scattering (process 2) was given in Chapter 16. 


For low energies the main part in the absorption is played by the photoeffect, 
while with increasing energy Compton scattering starts to dominate. A 
consideration of the photoeffect (process 1) requires, in general, taking into 
account the actual chemical composition of the medium and its degree of ioniza- 
tion. We shall not dwell upon this process which determines the absorption of 
Not too hard X-rays (see Bell and Kingston, 1967; Vainshtein, Kurt, and Sheffer, 
1968; Brown and Gould, 1970; Fireman, 1974), but we emphasize that a detailed 
study of the absorption of soft X-rays in the interstellar and intergalactic 
medium is of exceptional interest. Possibly, that is the way to obtain useful 
information about the density, composition, and degree of ionization of the 
gas in regions about which we know very little at the moment (particularly in 
the intergalactic medium). However, this is a special problem and it is not 


possible to elucidate it here in the necessary manner, 


When the energy increases absorption due to the photoeffect decreases and in 
air the contributions from Compton scattering and from the photoeffect are 
equal at am energy Ey 25keV. At Ey = 50 keV photo-absorption is already 
about five times smaller than Compton abSorption. For X-rays with Ey > 50 keV 
and up to energies 2mc? = 1MeV when e*,e pairs start to be formed, one 


therefore needs take into account only Compton scattering. For 


E, =hv « me* #9 5x10° ev 


the total cross-section for scattering 0, which occurs in (17.9) is, when we 


neglect other processes, equal to the Thomson cross-section 


= = (e7/me*)* = 6.65% 10775 em? 


When the frequency increases the cross-section diminishes and for hv = mc” 
we have already 0, = 0.430). Therefore with the usually (but not always!) 
encountered ‘astrophysical accuracy' one can put On ~ Op for all gamma-ray 
energies Ey «& 1 MeV. When EY » mc? one must use Eqn. (16.72) and, for 
instance, for E, = 103 mce2 =5x 10% ey we have 0.=3%*1072G_. One can find 


Y C T 
more detailed formulae and algo tables with oO, in §436 of Heitler's book 
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(1947). We note also that when Compton scattering is taken into account we 
must in (17.9) understand by N the total electron density in the medium. If 
we put O=O,=07, we have in the interstellar medium (N is the total density 
of all electrons) 


Uo =OpN = 6.65%10°7° Ns 0.4 cm7/g , (17.11) 


In the energy range E,< 10° eV Compton scattering in the interstellar medium 
makes the dominating contribution to w. Pair production (process 5) is 
responsible for the absorption of the gamma-rays in the range Ey <10° ev. In 
a neutral gas in the energy range Ey ? 10° eV pair production occurs to a first 
approximation under conditions of complete screening. The corresponding value 


of the absorption coefficient in the interstellar medium equals 


u = 1,2 107? cm*/g = 210775 N, cm”? ; (17.12) 


pair 
we have used here the value of the t-unit length equal to 66g/cm* (see Chapter 
16) and N, is the density of atoms. In a plasma (a completely ionized gas) 
one can neglect screening in the cases of interest to us and 


4Z(Z+1)e2 2\2 2E 
Mgiy “a (25) Na {FZ tn 1-H} - 
pair fic me 3 me? 4 


E 
3.6 x 1072? (sn +t - 1.9) N, co! 


mc 
E 

= 254107" (t0 — - 1.9) em*/e , (17.13) 
mc 

where the numerical values are given for hydrogen (Z=1). We have restricted 


ourselves here to merely giving the results, as we have already discussed the 
role of screening of Chapter 16 (see Heitler's book (1947) or the book by 
Berestetskii, Lifshitz, and Pitaevskii (1971) for details about the pair produc- 
tion process). The values (17.12) and (17.13) are approximately the same for 
Ey ~ 10° ev. 


The Compton ‘absorption’ (17.11) is appreciably larger than the absorption due 
to pair production (at least as long as Qn (E, /me*) «100). However, as we 
have already emphasized this coefficient refers only to the energy range 


are equal for EV~ 10° ev. 


pair 


Ey, « 10° ev. The coefficients Uc=OcN and Daaie 


Already for E, = 5x 10° eV the coefficient un ~ 2x 10-77 N~ O.1u 
(17.12)). 


(see 


In the direction to the centre of the Galaxy N(L) #NL ~3%102* cm’ and 
the corresponding gas mass is M(L) = 2*10°2"N(L) ~ 6107? g/cm’; in the 
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Met agalaxy M(L) ~0.1 g/cm? (for L= Roh ~ 107%cm). It is thus at once clear 
fran (17.12) that under the conditions discussed the absorption of gamma-rays 
is small (for EY 210° ey); for instance, for M(L) ~0.1 g/cm? the optical 

depth t~10 ° and the factor e 'ml-t can be assumed to equal unity with 
an accuracy of the order of 0.1%. This conclusion remains valid also when we 


take into account the absorption of gamma-rays by nuclei (process 7). 


One must consider especially process 6 — the absorption of gamma-rays con- 
nected with the production of e*,e pairs by thermal photons (Nikishov, 1962; 
Berezinskii, 1970). Ina frame of reference in which the total momentum of 
the two photons vanishes, pair production starts at an energy E, = me*, In 
the laboratory frame in which there is a gamma-photon of energy Ey and a 
thermal photon of energy Eph the threshold for pair production corresponds 

to an energy 


mc? 


2 
Eg = er me? = 5x10° Fev . (17.14) 
ph 

For optical photons €oh ~ lev and EY a 2x10!! ev; for photons of the 
relict metagalactic background with a temperature T~3°K the average energy 
€. ~ 7 i i re 4 ~ is 

€ oh 10°" eV (for thermal radiation €p) = 2.7k,T) and Ey. 2x 10°* eV. Only 
in the case of pair production on X-ray phtons with Eh ~ 10? to 10° eV the 
energy E, a 10’ to 10° eV and the corresponding absorption can be impor- 
3 

tant for comparatively soft y-rays. However, on average in the Galaxy and in 
the Metagalaxy the energy density of the X-ray radiation is very small (in the 
Galaxy “ph x~ 10-& ev/cm*); | it is appreciable only in the sources for cosmic 
X-rays. For optical photons in metagalactic space the energy density 

w ~ 10°? eV/cm? and for the relict metagalactic radiation w ~ 0.3 
ph, 0 ph,T 

ev/cm*. The absorption coefficient caused by the optical photons was calcu- 


lated by Nikishov (1962) and by BereZinskii (1970); the corresponding value 


This result can, apparently, be obtained most simply without even 
transforming from one frame of reference to another. Indeed, at 
threshold for the production of pairs in the laboratory we have 
according to the energy and momentum conservation laws 


2mc* 2mcv 
E +€ = E -€ = 
yo "ph  Y(1-v?/e2) 7 “Y “Ph V (1 -v?2/c?) 


where v is the velocity of the pair which is produced. Hence 


_ uc’ (1 +v/c) vi. EY ©ph 
eg eee 
Y if (1 -v?/e?) c E+ pn 


and when eS > e we at once get (17.14). 
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of py is a maximum for EY = 10!2 ey: 


H 


a, —26 -1 
aes 710 Yon ome (17.15) 


where oh 


radiation with a temperature T = 5800 °K (kgT = 0.5eV) the magnitude of the 


is the energy density of the radiation in eV/cm’. For thermal 


ratio W/Woh is given in Table 17.1. 


Table 17.1 


Energy of gamma- 107° H/ Woh . Energy of gamma- 1076 W/Wop 


photons, eV cm=!(ev/cm*?)7! photons, eV cm7! (eV/cm?)~? 


For Woh ~ 10 *eV/cm*? the optical thickness 1 a 7x 10 2° L (cm) and at 


028 


the photometric radius of the Metagalaxy Roh ~ | cm we have already 


Ties ~ 7. The absorption by photons of the relict background is one and a 
half orders of magnitude larger, but reaches its maximum only for Ey~10'* ev, 
For gamma-rays with a very high energy Ey > 107? ev and particularly 

Ey > 10'* ev the absorption of gamma-rays due to pair production on thermal 
photons (process 6) may thus be large. We note that for collisions of cosmic 
rays (protons and nuclei) of rather high energy with thermal photons photo- 
nuclear reactions occur (process 7). However, in this case (in the laboratory 
system) these processes are not directly related to the problem of gamma-ray 
absorption. Another fact is that they may play an important role when we 


° decay and when we 


consider the generation of gamma-rays as the result of 7 
discuss the problem of the change in chemical composition of the cosmic rays 
and the problem of the cut-off’ in their spectrum at E~ 10/9 to 107% ev 


(see Berezinskii and Zatsepin, 1971). 
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